
 
 

 
 

 
 

 

   UNIVERSIDADE FEDERAL DE SANTA CATARINA 

 

   DEPARTAMENTO DE MATEMÁTICA 

 

 
 

 

 

 

 

 

 

 

 

S U M Á R I O  
 

Requerente(s):  Prof. Mario Rodolfo Roldan Daquilema 

Título do Projeto: Entropia e Comportamento Histórico de Difeomorfismos Não-

Hiperbólicos 

Assunto: Relatório Final de Projeto de Pesquisa. 
 

 
 



� � � � � � � � � 	 
 � � � � �  � � � 
� � � � � � � � � �  � �  � � � � � �� � � � � � � � � � � � � � � � � � � � � � � �  � ! �  � � � � � " # $ % & ' ( ) * + , - & $ . / # ) 0 # 1 & - , 2 & 3 / ) 4 & ' ( )5 6 2 , / ) * 7 8 9 : 8 ; < : 7


\ ] ^ _ ` a b c de ] f g h a i c dS 1 $ / ) 3 # & , j ) 2 3 ) / $ & 2 , 1 $ ) W # A $ . / # C ) @ , L # H , ) 2 ) / H # A 2 ) A 5 ( ) K W # 3 , / > . - # C ) A

k ] l c c m n _ o p n c m d5 ) 2 , * q & / # ) + ) @ ) - H ) + ) - @ & 1 L & B % # - , 2 &L , 3 & / $ & 2 , 1 $ ) * q R q r j 0 q K L S s T + R T q S 5 R = L S q T R S q t R u j T r q R q r j 0 qR # 3 ) * s / ) H , A A ) /+ , Q # 2 , @ , R / & > & - D ) * L Sv & - ) / q , 1 A & - * " , 2 / , 2 % 1 , / & ' ( )0 ) / 2 & @ , + , 2 % 1 , / & ' ( ) * " , 2 > ) - A &j & / Q & W ) / G / # & " , 2 & 1 & - * 9 8 O 8 8 Dw ] x o h y n p n _ ` z p m h y { y | p o h _ ` d0 # 1 & 1 C # & @ ) / , A *v & - ) / R ) $ & - * + } 8 F 8 80 % 1 @ & ' Z , A *R # 3 ) @ , u 1 A $ / % 2 , 1 $ ) j ) 1 $ / & $ % & - * 5 ( ) A , / G C , - , > / & @ ) # 1 A $ / % 2 , 1 $ ) ? % / ~ @ # C ) C ) 2 & � 0 " j O
� / & 1 @ , t / , & @ ) j ) 1 D , C # 2 , 1 $ ) * j u S 5 j u T " S � T R T " S L T R S + + Tt / , & @ ) j ) 1 D , C # 2 , 1 $ ) * q T R S q T R u j T� ] � m _ p n c z m c � _ h c d

z p i p � m p ` � { � p � _ dS 1 $ / ) 3 # & R ) 3 ) - . Q # C & � S 1 $ / ) 3 # & q U $ / # C & � R , ) / , 2 & S / Q . @ # C ) �

s / , 4 # A ( ) @ , u 1 # C # ) * � 8 r 8 ; r 7 8 9 :u 1 ~ C # ) S H , $ # 4 ) * � 8 r 8 ; r 7 8 9 :L % / & ' ( ) * 7 ; q , A , AR U / 2 # 1 ) * � 8 r 8 ; r 7 8 7 9T 3 / ) 4 & ' ( ) * 8 9 r 8 � r 7 8 9 :
� ] z _ m g c n c d

� � � � � � � � � � � � � � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   � � � � ¡ � � ¢ £ � � � ¤ £ ¥ ¦ ¥ § £ ¥ ¦ ¨ © £ ¨ ¥ ¥ § £ ª ¦ ª s G Q # 1 & 9 @ , ;



� � � � � � � � � 	 
 � � � � �  � � � 
� � � � � � � � � �  � �  � � � � � �� � � � � � � � � � � � � � � � � � � � � � � �  � ! �  � � � � � " # $ % & ' ( ) * + , - & $ . / # ) 0 # 1 & - , 2 & 3 / ) 4 & ' ( )5 6 2 , / ) * 7 8 9 : 8 ; < : 7
5 ( ) A , & 3 - # C & �« ] l c b y h ¬ n _  h y { p d" % > G / , & @ ) C ) 1 D , C # 2 , 1 $ ) * � S = q S R + u T S R = s = X = � u T� / % 3 ) @ , s , A B % # A & *

� � � � � � � � � � � � � � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   � � � � ¡ � � ¢ £ � � � ¤ £ ¥ ¦ ¥ § £ ¥ ¦ ¨ © £ ¨ ¥ ¥ § £ ª ¦ ª s G Q # 1 & 7 @ , ;



� � � � � � � � � 	 
 � � � � �  � � � 
� � � � � � � � � �  � �  � � � � � �� � � � � � � � � � � � � � � � � � � � � � � �  � ! �  � � � � � " # $ % & ' ( ) * + , - & $ . / # ) 0 # 1 & - , 2 & 3 / ) 4 & ' ( )5 6 2 , / ) * 7 8 9 : 8 ; < : 7® ¯ ° ± ² ³ ´ µ ¶ · ¸ ³ ¯ µ ¹ º ³ » ³ ¼ µ ¸ ½ ³ ± ® ¾ ¹ ¿ ³ À Á Â ³ ¹ Ã µ Ä ¿ Á Â ±À Á Â ³ ¹ ¶ ³ ½ Á Â ® Á ¹ Å Á Æ ³ ¹ Á ÇÈ µ ´ Á Ä Á Â ¯ Á Á » È · ½ ¾ Á É Ê ³¶ µ ½ ³Ë Ì Í µ » · »� � � � � � � � � Î � � � � Î � � � � Ï � � Î � � �¦ Ð ¦ � Ñ ¥ ¨ � Ð ª Ò £ Ó ¥ � � � � � � � � �� � � � � � � � � � � Ó ¦ � ¦ Ñ � ¥ ¦ § ª ÔÓ ¦ � ¦ Ñ � ¥ ¦ ¥ § Õ Ö Õ × Ø Ù Õ Ú Û Ü Ý Þ ß Ö Þ Õ Ü à Ö á Û ÜÕ Þ Ö Ü Õ â Ö ã Ø Þ × Õ Ö Õ × Ø Ù Õ � ä ¦ å ¦ ¦ � � ä ¦ å ¦ ¦ æ ç è ç ç é ê ë ì í î ï ð ñ ò ó ð5 6 2 , / ) $ ) $ & - @ , 3 & / $ # C # 3 & 1 $ , A 1 & , B % # 3 , @ ) 3 / ) ? , $ ) * 99 4 # 1 C % - & @ ) A ô � 0 " j J 9 8 8 F 8 8 õ N8 , [ $ , / 1 ) A ô � 0 " j J 8 F 8 8 õ N
ö ] x ÷ a y | _ n c z m c � _ h c d

� � � � � � � � � � � � � � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   � � � � ¡ � � ¢ £ � � � ¤ £ ¥ ¦ ¥ § £ ¥ ¦ ¨ © £ ¨ ¥ ¥ § £ ª ¦ ª s G Q # 1 & � @ , ;



� � � � � � � � � 	 
 � � � � �  � � � 
� � � � � � � � � �  � �  � � � � � �� � � � � � � � � � � � � � � � � � � � � � � �  � ! �  � � � � � " # $ % & ' ( ) * + , - & $ . / # ) 0 # 1 & - , 2 & 3 / ) 4 & ' ( )5 6 2 , / ) * 7 8 9 : 8 ; < : 7ø ] ù y o p o { y p b _ o h c d5 ( ) A , & 3 - # C & Oe ú ] z m c | m y _ n p n _ û o h _ i _ { h a p i d5 ( ) A , & 3 - # C & Oe e ] ^ _ i p h ü m y c ù y o p i dL & $ & , H , $ # 4 & @ , $ U / 2 # 1 ) * � 8 r 8 ; r 7 8 7 9 ý þ ÿ � � � � � ý � � ÿs / ) @ % ' ( ) > # > - # ) Q / G H # C & T 3 / , A , 1 $ & ' ( ) @ , $ / & > & - D ) ) % j ) 1 H , / , 1 C # & * � 5 � q S + = L Ss / ) @ % ' ( ) > # > - # ) Q / G H # C & = % $ / & 3 / ) @ % ' ( ) > # > - # ) Q / G H # C & s / , 3 / # 1 $ A % > 2 , $ # @ ) 1 ) & / [ # 4= / # , 1 $ & ' Z , A L # A A , / $ & ' ( ) @ , 2 , A $ / & @ ) " % 3 , / 4 # ' ( ) @ , $ / & > & - D ) @ , L # A , / $ & ' ( ) 1 )s / ) @ % ' ( ) > # > - # ) Q / G H # C & T / $ # Q ) A , 2 3 , / # . @ # C ) A # 1 $ , / 1 & C # ) 1 & - s % > - # C & ' ( ) 1 & / , 4 # A $ & 5 ) 1 - # 1 , & / # $ � @ &+ , C , # $ & $ ) $ & - J # 1 C - % # / , 1 @ # 2 , 1 $ ) N * + } 8 F 8 8L , A 3 , A & / , & - # M & @ & * + } 8 F 8 8" & - @ ) * + } 8 F 8 8e \ ] 	 c � y b _ o h p 
 � _ ` d� �  � � � � þ ÿ � � � � � � � � � ÿ � ÿ  ý � ý � � � ÿ � ! ÿ � � �  � � ý ÿ �¦ Ò � ¦ Ñ � ¥ ¦ § ª £ § © � Ó ¥ � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � � � � � � � � � � � � � � �§ ¥ � ¦ Ñ � ¥ ¦ § ª £ § Ò � § ¨ � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � � � Î � � � � � � � � � � � � � � � �
 � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � å� �   � � � � �   � � � � � � � � � � � � � � � � � Ï � � � � � � � � � � �� � � � � � � � � � � � � � � � �¥ Ð � ¦ Ñ � ¥ ¦ § ª £ § ¥ � Ñ ¦ � � Î � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � �� � Î � � � � � � � Î � � � � � � � �¥ Ð � ¦ Ñ � ¥ ¦ § ª £ § Ó � ¦ Ñ � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � � � Î � � � � � � � � � � � � � � � �
 � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � å � � � �   � � � � � � � � � � � � � � Î � � �� � � � �   � � � �¦ ¥ � ¦ ¨ � ¥ ¦ § ª £ § § � Ó § � � Î � � � � � � � � � � � � � � � � 
 � � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � �� � Î � � � � � � � Î � � � � � � � �¦ ¥ � ¦ ¨ � ¥ ¦ § ª £ § ¨ � ¥ Ò � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � � � Î � � � � � � � � � � � � � � � �
 � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � �¦ Ó � ¦ ¨ � ¥ ¦ § ª £ § Ò � Ñ ¥ � � Î � � � � � � � � � � � � � � � � 
 � � � Î � � � � � � � � 
 � � � � � � � � � �� � � � � �� � � � � � � � � � � � � � �¦ Ó � ¦ ¨ � ¥ ¦ § ª £ § Ò � Ñ Ñ � � Î � � � � � � � � 
 � � � � � � � � � �� � � � � � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � �� � � � � � � � � � � � � � �¦ Ð � ¦ ¨ � ¥ ¦ § ª £ ¥ ¦ � ¦ © � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � � � � � � � � � � � � � � � � � � � � � � � �Ó § � ¦ Ó � ¥ ¦ ¥ § £ ¦ Ð � ¦ ¦ � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � � å� � � � � Î � � � � � � � Ï � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � � � � � � � � � � Ï � � � �Ï � � � � � � � � � � � � �¥ § � ¦ Ñ � ¥ ¦ ¥ § £ § Ñ � ¨ ª � � � � � � � � � � Î � � � � Î � � � � Ï � � Î � � � � Î � � � � � � � � � � � � � � � �
 � �� � � � � � � � Î � � � � � � � � � � Î � � � �� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � Ï � � � � å� � � � � � � � � � � � �   � � � � � � � Î � � � � � � � � � � � � � � � � �� � � Ï � � � � � � � � � � � � � � � � � � � � � � � � � Î �
� � � � � � � � � � � � � � � � � � � � �  � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �   � � � � ¡ � � ¢ £ � � � ¤ £ ¥ ¦ ¥ § £ ¥ ¦ ¨ © £ ¨ ¥ ¥ § £ ª ¦ ª s G Q # 1 & ; @ , ;



Relatório de Projeto de Pesquisa

PROJETO:

Entropia e Comportamento
Histórico de Difeomorfismos
Não-hiperbólicos

NUMERO:

No: 201904892

COORDENADOR:

Mario Roldán

PERÍODO:

30/04/2019 – 30/04/2021

Resumen

O presente, constitui o relátorio de atividades
do projeto de pesquisa intitulado Entropia e

Comportamento Histórico de Difeomorfismos Não-

hiperbólicos aprovado na Câmara de Pesquisa no
dia 30/04/2019, conforme a Ata da 242

a re-
união. O presente relatório responde o período de
30/04/2019 à 30/04/2021.

Palavras chaves

Entropia métrica, entropia topológica, teorema
ergódico.

1



Relatório 2019.1

1 Descrição de Atividades

O objetivo principal do projeto foi o estudo do conjunto com comportamento histórico
para sistemas dinâmicos não necessariamente hiperbólicos, más especificamente con-
sideramos dinâmicas em dimensões baixas e dimensão alta e estudamos dinámicas
parcialmente hiperbólicas e o fluxo geométrico de Lorenz. É bem conhecido que em
certos sistemas dinâmicos, como o sub-shift de tipo finito, a contribuição do con-
junto de pontos irregulares (irrelevantes em Teoria Ergódica) resulta ser eficaz uma
vez que estes conjuntos carregam entropia total. A contribuição dinámica de tais
conjuntos é considerado importante nesta área.

Como coordenador do evento da Escola de Verão 2019, aproveitei a oportu-
nidade para convidar ao professor Pablo Barrientos da Universidad Federal do Rio
de Janeiro para ministrar um minicurso durante a Escola, e também para trabalhar
no artigo de pesquisa.

2 Atividades Realizadas

2.1 Artigos

1. Artigo publicado:
M. Roldán, R. Saghin, J. Yang. “Entropy of partially hyperbolic flows with

center dimension two”- Publicado em 30 de dezembro de 2019.

O trabalho pode ser acesso no endereço  !!"#$%%&'"#(&)*()+&'"+',-%.,!&(/)%
01+0122%034054677%.86064.

2. Artigo a ser submetido:
P. Barrientos, Y. Nakano, A. Raibekas, M. Roldán. “Topological Entropy and

Hausdorff Dimension of Irregular Sets for Non-hyperbolic Dynamical Systems”–
2021.

Para fines de este relatorio, no dia 20 de março, o trabalho foi colocado no
arxiv, e pode ser acessado no endereço  !!"#$%%.,9&:+',-%.8#%;013+00;4;.
Pretende-se submeter o trabalho na revista Ergodic Theory and Dynamical

Systems da Cambridge University Press.

Afirmo que, o trabalho ainda não foi submetido na revista mencionada pois
estamos depurando um resultado que acreditamos será muito bem-vindo nesta
revista.

2.2 Apresentação de Trabalho

(a) Seminario Grupo de Geometria:
Título: “Número de Intercámbios Polinomiales” – 14 de setembro de
2020.

Trabalho apresentado no Seminario do Grupo de Geometria da da Uni-
versidad Central del Ecuador-UCE.
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2.3 Participação em Eventos

(a) Conference Jacob Palis at IMPA: – Rio de Janeiro. This meeting
was focused on the presentation and discussion of the mathematical work
of Jacob Palis, focusing on the new perspectives that his mathematical
contributions have opened. Held at IMPA, Rio de Janeiro, RJ, Brazil,
from March 11 – 12, 2020.

2.4 Participação Banca

(a) Defessa de Disertação: – Banca Examidadora De Defesa De Disser-
tação de Mestrado.

• Aluno: Anderson Zilio
• Curso: Mestrado Proissional em Matemática - ProfMat
• Data de defesa: 04 de dezembro de 2019.

2.5 Orientação

(a) Trabalho de Disertação: – Taxa de Crescimento de Número de Per-
mutações Permissíveis.

• Aluno: Jeison Wilberstaedt
• Curso: Mestrado Proissional em Matemática - ProfMat
• Data de Defesa: Previsto para Julho de 2021.
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Abstract

In this article we study the regularity of the topological and metric entropy 

of partially hyperbolic "ows with two-dimensional center direction. We 

show that the topological entropy is upper semicontinuous with respect to 

the "ow, and we give an example where the lower semicontinuity fails. We 

also show that if such a "ow has no !xed points, then it is entropy expansive, 

and consequentely the metric entropy function is upper semicontinuous, there 

exist equilibrium states (and measures of maximal entropy), and principal 

symbolic extensions.

Keywords: topological entropy, entropy measure, partially hyperbolic "ows

Mathematics Subject Classi!cation numbers: 37D30, 37A35, 37B40, 37C40

1. Statements and results

The topological and metric entropy are important invariants in dynamical systems, they mea-

sure the complexity of the systems, and they were extensively studied during the last decades. 

On one hand one would like to understand the dependence of topological entropy with respect 

to perturbations of the system, and there are many studies in this direction, starting with works 

by Yomdin and Newhouse. On the other hand the dependence of the metric entropy with 
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TOPOLOGICAL ENTROPY AND HAUSDORFF DIMENSION OF IRREGULAR

SETS FOR NON-HYPERBOLIC DYNAMICAL SYSTEMS

PABLO G. BARRIENTOS, YUSHI NAKANO, ARTEM RAIBEKAS, AND MARIO ROLDAN

Abstract. We systematically investigate examples of non-hyperbolic dynamical systems hav-

ing irregular sets of full topological entropy and full Hausdorff dimension. The examples in-

clude some partially hyperbolic systems and geometric Lorenz flows. We also pose interesting

questions for future research.

1. Introduction

Let us consider a continuous map f of a totally bounded metric space X. We define the

irregular set I( f ) of f as the set of points x ∈ X such that there exists a continuous function

φ : X → R for which the time average

lim
n→∞

1

n

n−1
∑

i=0

φ( f i(x))

does not exist. It turns out that I( f ) has zero measure for any invariant measure by Birkhoff’s

ergodic theorem. Although this set is negligible from the point of view of Ergodic Theory, it

is still possible to be topologically large or to have large topological entropy and Hausdorff

dimension. In fact, dynamical systems with irregular sets of full topological entropy and full

Hausdorff dimension have been intensively studied in the literature [PP84, BS00, FFW01,

EKS05, Tho10, Tia17, MY17a, DOT18, FKKOT21]. However, most of these works only deal

with continuous/smooth maps having inherent properties from (non)uniform hyperbolicity,

such as the specification-like property or the shadowing property. In this paper, we establish full

topological entropy and full Hausdorffdimension of the irregular set for abundant examples

of dynamics without such properties, but well approximated by some hyperbolic structures.

To our best knowledge, this is the first systematic investigation of such phenomena beyond

the specification-like or shadowing property.

In Section 2 we study the topological entropy of irregular sets. In lower dimensions,

we show that I( f ) has full topological entropy when f is a continuous map or a piecewise

monotonic map of a compact interval (Theorem 2.3) and when f is a C1+α-diffeomorphism

of a compact surface (Corollary 2.4). We obtain the same result for some interesting higher
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