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Abstract

We extend the construction of generalized fixed point algebras to the setting of locally
compact quantum groups following the treatment of Marc Rieffel, Ruy Exel and Ralf
Meyer in the group case. We mainly follow Meyer’s approach analyzing the constructions
in the realm of equivariant Hilbert modules.

We generalize the notion of square-integrable Hilbert modules and prove that they are
characterized by the equivariant Version of Kasparov’s Stabilization Theorem. We also
generalize the notion of continuous square-integrability, which is exactly what one needs
in order to define generalized fixed point algebras. As in the group case, we prove that
there is a correspondence between continuously square-integrable Hilbert modules over an
equivariant C*-algebra B and Hilbert modules over the reduced crossed product of B by
the underlying quantum group. The generalized fixed point algebra always appears as the
algebra of compact operators of the associated Hilbert module over the reduced crossed
product.

As an application, we analyze the case of group coactions and show that the class of
Fell bundles over a locally compact group G can be characterized by means of continuous
square-integrability of coactions of G on C*-algebras. We construct Fell bundles over G
from continuously square-integrable coactions of G and vice-versa. Under certain circum-
stances, this correspondence provides an equivalence of categories. In this picture, the
generalized fixed point algebra coincides with the unit fiber of the associated Fell bundle.
Our results can be used to classify the Fell bundle structures for a given coaction.
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Zusammenfassung

Wir untersuchen die Konstruktion verallgemeinerter Fixpunktalgebren fiir Kowirkun-
gen lokalkompakter Quantengruppen, wobei wir den Arbeiten von Marc Rieffel, Ruy Exel
und Ralf Meyer im Gruppenfall folgen. Hauptséachlich folgen wir der Arbeit von Meyer,
indem wir die Konstruktion dquivarianter Hilbertmoduln analysieren.

Wir verallgemeinern den Begriff der quadrat-integriebaren Hilbertmoduln und be-
weisen, dass sie durch die dquivariante Version von Kasparovs Stabilisierungssatz charak-
terisiert sind. Wir verallgemeinern auch den Begriff der stetigen quadrat-integriebaren
Hilbertmoduln. Dies ist genau, was man braucht, um verallgemeinerte Fixpunktalge-
bren zu definieren. Wir beweisen, dass — so wie im Gruppenfall — die stetigen quadrat-
integriebaren Hilbertmoduln iiber einer dquivarianten C*-algebra B zu den Hilbertmoduln
iiber dem reduzierten veschriankten Produkt von B korrespondieren. Auf diese Weise kor-
respondiert die verallgemeinerte Fixpunktalgebra zur Algebra der kompakten Operatoren
auf dem entsprechenden Hilbertmodul iiber dem reduzierten verschrankten Produkt.

Als eine Anwendung untersuchen wir den Fall von Gruppen-Kowirkungen und be-
weisen, dass die Klasse der Fell-Biindel iiber einer lokalkompakten Gruppe G durch stetige
Quadrat-Integrierbarkeit von Kowirkungen von G auf C*-Algebren charakterisiert werden
kann. Wir konstruieren Fell-Biindel tiber G aus stetigen quadrat-integriebaren Kowirkun-
gen von G und ungekehrt. Unter bestimmten Voraussetzungen ist diese Beziehung eine
Aquivalenz von Kategorien. Die verallgemeinerte Fixpunktalgebra ist immer gegeben
durch die Eins-Faser des entsprechenden Fell-Biindels. Unsere Resultate konnen benutzt
werden, um die Fell-Biindel-Strukturen fiir Kowirkungen zu klassifizieren.
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Chapter 1

Introduction

1.1 The group case

Let G be a locally compact group and let X be a G-space, that is, a locally compact
(Hausdorff) space with a continuous action of G. The action of G on X is called proper if
the map G X X — X x X, (t,z) — (t-z,x) is proper in the sense that inverse images of
compact subsets are again compact.

Properness is a concept that enables properties of the actions of non-compact groups to
resemble those of compact groups. Proper actions have many nice properties. One of the
most important ones is that the orbit space G\ X is again a locally compact (Hausdorff)
space.

A program to extend this notion to the setting of noncommutative dynamical systems,
that is, groups acting on C*-algebras, was initiated by Marc Rieffel in [65]. His idea
relies on one basic result, namely, the fact that for a proper G-space X, the commutative
C*-algebra associated to the orbit space (that is, the algebra Co(G\X) of continuous
functions on G\ X vanishing at infinity) is Morita equivalent to an ideal in the reduced
crossed product Cj(G,Co(X)), where we let G act on Co(X) in the usual way. If, in
addition, the action is free, then this ideal is the whole crossed product.

The imprimitivity bimodule implementing the Morita equivalence between the algebra
Co(G\X) and the ideal in the crossed product turns out to be a suitable completion of
the space C.(X) of compactly supported continuous functions on X. Based on this fact,
Rieffel called a (not necessarily commutative) G-C*-algebra, that is, a C*-algebra A with
a (strongly) continuous action of G, proper if there exists a dense -subalgebra Ag of
A with some suitable properties (which recover more or less the properties of C.(X) in
the commutative case) such that from Aj one can define a generalized fixed point algebra
Fix(Ap) (which is the noncommutative analogue of Co(G\X)) and an ideal Z(Ap) in the
reduced crossed product algebra C)(G, A). Moreover, one can complete Ay to give rise to
an imprimitivity bimodule between Fix(Ag) and Z(Ap). If, in addition, Z(Ap) is the entire
reduced crossed product, then the action is called saturated.

In the commutative case, it makes no difference to work with full or reduced crossed
products because they are isomorphic if the action is proper. However, in the general
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1. INTRODUCTION

case, this is not true and, as observed by Rieffel in [65], one meets some problems in
trying to construct an appropriate inner product (and hence an imprimitivity bimodule)
taking values in the full crossed product algebra.

The choice of Ay = C.(X) in the commutative case seems to be canonical in some
sense. Also, if G is compact, any G-C*-algebra is proper for Ag = A and the generalized
fixed point algebra Fix(A) is the usual fixed point algebra Fix(A) = {a € A : ay(a) =
a for all t € G}, where a denotes the action of G on A. In general, it was not clear
to Rieffel how canonical the choice of Ag is, or how the generalized fixed point algebra
depends on the choice of Ag. Of course, the best case would be to have only one generalized
fixed point algebra or even only one choice of Ay by requiring some additional properties.
At least, it would be desirable to have some intrinsic process which could produce some
canonical choice of Ag.

Focusing on this point, Rieffel has further investigated his first definition of proper
actions in a second work [66]. He came out with another definition of proper action
including the first one, which we explain in some detail. A positive element a € A is called
integrable if there exists b in the multiplier algebra M(A) of A such that for any positive
linear functional € on A, the function ¢ — 6(ay(a)) is integrable in the ordinary sense,
and [ 0(oq(a))dt = 6(b). In this case, it is natural to write b = [ oy(a)dt. However,
we should point out that this integral does not converge in Bochner’s sense, unless G is
compact or a = 0, because the integrand has constant norm. The G-C*-algebra A is called
integrable if the space of integrable elements (that is, elements of A that can be written
as a sum of positive integrable elements) is dense in A.

Integrability is closely related to the notion of properness discussed previously. Indeed,
Rieffel proved in [66] that if A is proper, then it is also integrable. Furthermore, he also
proved that in the commutative case A = Cy(X), where X is some locally compact G-
space, A is integrable if and only if X is a proper G-space. Moreover, in this case C.(X)
consists of integrable elements and the generalized fixed point algebra is generated by the
averages [ ay(a)dt with a € C.(X). Note also that if G is compact, then any G-C*-algebra
A is integrable. In fact, in this case, any element of A is integrable and the (generalized)
fixed point algebra is also generated by the averages [ ay(a)dt, with a € A. Due to this
close relation, an integrable G-C*-algebra was also called proper by Rieffel in [66].

However, it was not clear to Rieffel in [66] whether, given an integrable G-C*-algebra
A, there is a dense subspace Ay C A yielding the properness of A (as defined in [65]) and
hence the desired generalized fixed point algebra. He defined a “big generalized fixed point
algebra” generated by averages that worked in the commutative case, but, in general, it
was really too big to be Morita equivalent to an ideal in the reduced crossed product. As
explained by Ruy Exel in [18] 19], the problem appears already in the case of Abelian
groups.

Exel was more interested in another point, namely, to characterize the G-C*-algebras
appearing as dual actions on cross-sectional C*-algebras of Fell bundles (also called C*-
algebraic bundles; see [23]). In order to explain this, let us assume that G is not only
Abelian, but also compact. In this case we have not only the fixed point algebra, but a
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1.1. THE GROUP CASE

family of spectral subspaces of A:

Ay i={a€A:a(a) = (z|t)-aforallte G}, (1.1)

for any « in the Pontrjagin dual G of G, where (z|t) := z(t). Note that A; is the fixed
point algebra. Since a acts by x-automorphisms, we have

Ay - Ay C Ay and A, =A,—1 forallz,ye G. (1.2)

Thus the family A = {A;} a5 forms a Fell bundle over G. There is no continuity condition

because G is discrete.

The cross-sectional C*-algebra C*(A) of a Fell bundle A over G always comes with
a canonical action & of G, the so-called dual action which is characterized by ay(a,) =
(x|t)ay for all t € G and a, € A;.

The subspaces (1.1) yield a dense embedding from the algebraic direct sum B, caAs
into A which extends to a natural G-equivariant s-isomorphism C*(A) = A, that is, a
*-isomorphism compatible with the G-actions.

Conversely, if we start with a Fell bundle A over G and equip C*(.A) with the dual
action of G, then the spectral subspaces (1.1) recover the original bundle A (up to natural
isomorphism). As a result, we get an equivalence between the categories of G-C*-algebras
and of Fell bundles over G.

What happens if G is Abelian but not compact? We can still consider a Fell bundle
B over G and the associated cross-sectional C*-algebra C*(B) with the dual action of G.
However, not every G-C*-algebra A has this form. For instance, the C*-algebra C*(B) is
never unital, unless G is discrete, that is, G is compact. Moreover, the subspaces (1.1)
do not help for non-compact G because they are {0} if A is the cross-sectional C*-algebra
of a Fell bundle over G. In order to find the right spectral subspaces one has to consider
larger subspaces in the multiplier algebra M(A) of A:

Mz (A) :={a € M(A) : ay(a) = (z|t) - a for all t € G}. (1.3)

These spaces contain the fibers B, if A is C*(B), but they are too big in general (even if
G is compact, M (A) is only the multiplier algebra of A;). This is strongly related to the
problem previously discussed of finding a generalized fixed point algebra.

The solution to the problem of describing the class of G-C*-algebras appearing as cross-
sectional C*-algebras of some Fell bundle over G was given by Exel [18,19]. First, in [18],
Exel proved that the G-C*-algebras of the form C*(B) are integrable. In fact, he defined
a notion of integrability for functions with values in Banach spaces, called unconditional
integrability, generalizing the notion of integrability in Bochner’s sense. When applied in
the correct way to the context of groups acting on C*-algebras, this notion recovers the
integrability of the underlying action as previously discussed: a positive element a of a G-
C*-algebra A is integrable if and only if the functions ¢ — ay(a)b and t — bay(a) are uncon-
ditionally integrable which means that the nets ( [} ay(a)bdt)xec and ([} bay(a) dt)kec
converge in A, where C is the set of all measurable relatively compact subsets of G [66),

3



1. INTRODUCTION

Proposition 4.4]. In this case, we also say that t — «(a) is strictly-unconditionally in-
tegrable and denote its strict-unconditional integral by fgu a¢(a) dt which is an element
of M(A). Moreover, whenever a is an integrable element, one can define the Fourier
coefficients .
u
E.(a) := / (x|tyoy(a)dt for all x € G,
G

and a short computation shows that F,(a) belongs to the spectral subspace M (A).

The main result of [18] says that if A is the cross-sectional C*-algebra C*(B) of a
Fell bundle B = {B,}, cg over @, and if we equip it with the dual action of G, then any
element a in the linear span Wg of C.(B) * C.(B) (where C.(B) is the space of compactly
supported continuous sections of B and * denotes the convolution product) is integrable
and E,(a) = a(z) for all z € G. This implies in particular that the fibers B, of B can be
recovered from the Fourier coefficients:

B, ={E.(a):a € Wg}, (1.4)

where the overline above denotes the norm closure in M(A).
In the converse direction, Exel proved the following result [18]:

Theorem 1.1.1. Let G be an Abelian locally compact group and let A be a G-C*-algebra.
Then A is isomorphic to the cross-sectional C*-algebra of some Fell bundle B over G if and
only if there is a dense subspace W C A with W* = W consisting of integrable elements
and such that the following property holds:

Relative continuity: for all a,b € W, we have

lim || Eyy(a) B (b) = Ex(a)By(b)| =0 uniformly in z, = € G.
’y—)

If A is of the form C*(B) for some Fell bundle B over G, then the subspace Wy satisfies
the hypothesis above, that is, it is relatively continuous. And in this case, the Fell bundle
constructed by Exel recovers the original Fell bundle B which essentially follows from the
equation E(a) = a(z), a € Wi mentioned above.

At a first glance, it is not transparent what relative continuity really means. But, as
proved by Exel, it is equivalent to the requirement that some natural operators belong to
the crossed product algebra [19, Theorem 7.5]. Due to this fact, if relative continuity is
present, then it is possible to construct a generalized fixed point algebra which is Morita
equivalent to an ideal in the crossed product [19, Section 9]. For instance, if A is the
G-C*-algebra C*(B), and if we choose the relatively continuous subspace Wg, then the
corresponding generalized fixed point algebra is the unit fiber 3;. Thus relative continuity
is closely related to the notion of proper action defined by Rieffel in [65] and, in particular,
this is a sufficient condition to find the generalized fixed point algebra that Rieffel was
looking for in [66].

However, some things were not clear in [19] (see Questions 9.4, 9.5 and 11.16) and
essentially these were the same doubts that Rieffel had in [66]:
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1.1. THE GROUP CASE

Question 1.1.2. (1) Suppose that A is an integrable G-C*-algebra. Is there a dense,
relatively continuous subspace of A7

(2) Are the generalized fixed point algebras associated to two different maximal rela-
tively continuous subspaces always the same?

The answers to these questions were given by Ralf Meyer in [48] where he also gener-
alized the notion of relative continuity to non-Abelian groups.

First, let us recall a previous work of Meyer [47] where he generalizes the notion of
integrability to the setting of group actions on Hilbert modules. Let G be a (not necessarily
Abelian) locally compact group, let B be a G-C*-algebra and suppose that £ is a Hilbert
B, G-module, that is, a Hilbert B-modules with a continuous action v of G compatible
with the action 8 of G on B. Given an element £ € £, we can define the following maps:

(€]: € = GG, B),  ((EM®) = (u(€) ),
€): C(G, B) — €, ) f = /G () - F(1) dt.

We call € € € square-integrable if (£|n € L*(G, B) for all n € €. In this case, (| becomes
an adjointable operator & — L?(G, B), whose adjoint extends |¢)) to an adjointable op-
erator L2(G, B) — &; we denote these extensions by ((¢| and [£)) as well. Conversely, if
|€)) extends to an adjointable operator L?(G, B) — &£, then ¢ is square-integrable. We say
that £ is square-integrable if the space & of square-integrable elements is dense in £.
The basic example of a square-integrable Hilbert B, G-module is L?(G, B) endowed
with the diagonal action 8 ® ), where we identify L*(G,B) = B ® L*(G) and write A
for the left regular representation of G. Moreover, one can prove that direct sums or
G-invariant direct summands of square-integrable Hilbert B, G-modules are again square-
integrable. In particular, Hp := @, ¢y L?(G, B) is square-integrable, and this turns out
to be the universal example in the sense that it contains all the other countably generated
square-integrable Hilbert B, G-modules. In fact, concerning square-integrability, the main
result in [47] is the following G-equivariant version of the Kasparov Stabilization Theorem:

Theorem 1.1.3. Let £ be a countably generated Hilbert B, G-modules. Then the following
assertions are equivalent:

(i) € is square-integrable,

(il) KC(E) is integrable (or proper in Rieffel’s sense [66]),
(i) € ® Hp = Hp as Hilbert B, G-modules,
(iv) & is a G-invariant direct summand of Hp.

Now we turn our attention to the second work of Meyer [48]. Given square-integrable
elements &, n € £, we write (£ |n)) := (&|o|n) and |£)(n] := |£))o((n|. A short computation
shows that the operators (¢| : € — L*(G, B) and |n)) : L*(G, B) — £ are G-equivariant.
In particular, so are the operators (£ |n)) € L£(L*(G,B)) and [£)){(n] € L(E), where for
any two Hilbert B-modules & and &, we denote by L£(&1,E2) the space of all adjointable
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1. INTRODUCTION

operators &1 — £. We also write EG(&, &;) for the subspace of G-equivariant operators.
Note that the space of G-equivariant operators L& (€) is (canonically isomorphic to) the
big fixed point algebra /\/ll(IC(E )) and should contain a generalized fixed point algebra.
This indicates that the operators |£))(n| may generate a candidate for the generalized fixed
point algebra. On the other hand, the reduced crossed product algebra C}(G, B) has a
canonical realization as a C*-subalgebra of £ (LQ(G, B)) Our basic principle is that a
generalized fixed point algebra should be Morita equivalent to some ideal in the reduced
crossed product. This naturally leads us to the following definition (48, Definition 6.1]):

Definition 1.1.4. A subset R C & consisting of square-integrable elements is called
relatively continuous if (R|R)) :={{(&|n)) : &,n € R} C CHG, B).

Given a relatively continuous subset R C &, we define
F(E,R) :=span(|R)) o C}(G, B)) C LY(L*(G, B),&).

By definition of relative continuity, (€, R) is a concrete Hilbert C} (G, B)-module in the
sense that it is a closed subspace of LY (L%(G, B), £) satisfying

F(E,R)oC(G,B) CF(E,R) and F(E,R)*oF(E,R) CCIG,B).

A concrete Hilbert C}(G, B)-module can be regarded as an abstract Hilbert C} (G, B)-
module in the obvious way. Conversely, any abstract Hilbert C}(G, B)-module F can be
represented in an essentially unique way in £&(L?(G, B),£x), where £ is the balanced
tensor product F ®c» (¢, p) L*(G, B) (|48, Theorem 5.3]).

The algebra of compact operators on F(&£,R) is canonically isomorphic to the closed
linear span of F(E,R) o F(E,R)* C LY (&) which we denote by Fix(£,R) and call the
generalized fixed point algebra associated to the pair (£,R). It is therefore Morita equiv-
alent to the ideal Z(£,R) := span(F(£,R)* o F(E,R)) C Ci (G, B) (and F(€,R) can be
viewed as an imprimitivity Hilbert bimodule implementing this Morita equivalence).

In general, there are many relatively continuous subspaces R C & yielding the same
Hilbert C}(G, B)-module F = F(E,R). However, we can control this by imposing some
more natural conditions on R. We say that R is complete if it is a G-invariant B-submodule
of £ (that is, %(R) € R and R - B C R) which is closed with respect the si-norm:
1€]lsi == €I+ 111EN . The completion of R is the smallest complete subspace R, containing
R. If R is complete, then the Hilbert module F (&, R) is just the closure of |R)) and, as a
consequence, the generalized fixed point algebra Fix(€,R) and the ideal Z(£, R) are just
the closed linear spans of |R)(R| and (R |R)), respectively. Moreover, we always have
F(E,R) = F(E,R.) for any relatively continuous subset R and hence we can replace R
by its completion to get the same results.

If we restrict to complete subspaces, then R is uniquely determined by the Hilbert
module F(&,R). In fact, Theorem 6.1 in [48] says the following:

Theorem 1.1.5. Let £ be a Hilbert B,G-module. Then the map R — F(E,R) is a
bijection between complete, relatively continuous subspaces R C £ and concrete Hilbert
C} (G, B)-modules F C LY(L*(G,B),£). The inverse map is given by the assignment
F = Ry =1 €& :|£) € F}. Moreover, R is dense in £ if and only if F(E,R) is
essential, that is, the linear span of F(E,R)(L*(G, B)) is dense in E.
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1.1. THE GROUP CASE

A continuously square-integrable Hilbert B, G-module is a pair (£, R) consisting of a
Hilbert B, G-module £ and a dense, complete, relatively continuous subspace R C £. This
class forms a category if we take R-continuous G-equivariant operators as morphisms, that
is, G-equivariant operators that are compatible with the relatively continuous subspaces
in the obvious way ([48]).

The construction (£,R) — F(E,R) is a functor from the category of continuously
square-integrable Hilbert B, G-modules to the category of Hilbert C}(G, B)-modules with
morphisms as usual. Theorem [1.1.5/ and the fact that any abstract Hilbert module can
be realized as a concrete one imply that (£,R) — F(&,R) induces a bijection between
the isomorphism classes. Moreover, this construction is natural and yields an equivalence
between the respective categories ([48, Theorem 6.2]).

Using this correspondence, Meyer could give a negative answer to the above questions.
In fact, considering the case where G is an Abelian second countable locally compact group
and B = C, we get that separable continuously square-integrable G-Hilbert spaces corre-
spond to Hilbert C}(G) = Co(@)—modules, that is, continuous fields of separable Hilbert
spaces over G. On the other hand, the G-equivariant version of Kasparov’s Stabilization
Theorem implies that separable square-integrable G-Hilbert spaces correspond to mea-
surable fields of separable Hilbert spaces over G ([48, Section 8]). Analyzing the subtle
difference between these two classes one arrives at the conclusion that not every square-
integrable Hilbert space has a dense relatively continuous subspace. In fact, the examples
considered in [48] show that there are square-integrable Hilbert spaces where {0} is the
unique relatively continuous subspace. And it is also shown in [48] that maximal relatively
continuous subspaces do not yield isomorphic generalized fixed point algebras in general.
Moreover, there is a canonical correspondence between relatively continuous subspaces of
a Hilbert module and of its algebra of compact operators ([48, Theorem 7.2]).X Thus these
counterexamples also yield counterexamples in the realm of G-C*-algebras.

Rieffel introduced integrability as a non-commutative generalization of proper actions
on spaces but the results above indicate that integrability is closer to stability than to
properness and that some special properties of proper actions are not captured by inte-
grability. There are, however, some special situations where this in fact happens. In [48],
a G-C*-algebra B is called spectrally proper if the induced action of G on the primitive
ideal space is proper ([48, Definition 9.2]). This generalizes the notion of proper actions
in the sense of Kasparov [35]. If B is spectrally proper, then every Hilbert B, G-module £
is square-integrable and there is a unique dense, complete, relatively continuous subspace
of £ ([48, Theorem 9.1]). As a consequence, the functor

F— f®Cr*(G,B) LQ(G, B)

is an equivalence between the categories of Hilbert C;(G, B)-modules and Hilbert B, G-
modules (][48,, Corollary 9.1]).

L This correspondence is bijective if G is exact. In particular, it is bijective if G is Abelian which is the
case here.
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1.2 The quantum case: the main results of this thesis

The main goal of this thesis is to generalize the concepts and results above to the setting
of locally compact quantum groups in the sense of Kustermans and Vaes [41].

This work is divided into five parts. The first part (Chapter 2) is a preliminary back-
ground containing notions and results necessary throughout the rest of the work.

In the second part (Chapter 3) we define the notion of integrable coactions of a locally
compact quantum group G on C*-algebras generalizing the notion of integrable (or proper)
actions of groups mentioned above. The basic ingredient here is the existence of a Haar
weight on G which naturally leads us to the setting of locally compact quantum groups.

As an immediate consequence of the definition, we get that every coaction of a compact
quantum group is integrable. On the other hand, if the locally compact quantum group G is
not compact, then we always have non-integrable coactions. For instance, trivial coactions
or coactions on unital C*-algebras are not integrable, unless G is compact. However, the
class of integrable coactions is always very huge. A natural coaction to consider is the
comultiplication of G itself. We prove that it is always integrable, for any locally compact
quantum group. Moreover, given coactions v4 and v of G on C*-algebras A and B,
respectively, and given a nondegenerate G-equivariant x-homomorphism 7 : A — M(B),
if v4 is integrable, then so is yg. As a consequence, we get that any dual coaction
is integrable. In particular, if G is regular, the dual coaction of G on the algebra of
compact operators K := K(L?*(G)) is integrable, where L?*(G) denotes the L?-Hilbert
space associated to the Haar weight of G. Moreover, even if G is not regular, K always
has a canonical coaction of G, and it is always integrable. More generally, we can always
furnish the tensor product A ® K with a coaction of G (whenever A has a coaction of G)
and this coaction is also always integrable. In particular, any coaction is Morita equivalent
to an integrable coaction.

In the third part of this work (Chapter 4) we generalize the notion of square-integrable
actions of groups to the setting of coactions of locally compact quantum group on Hilbert
modules. After defining the notion of a square-integrable element £ in a G-equivariant
Hilbert module, the main point is to define the bra-ket operators ((¢| and |£)). This uses
the notion of KSGNS-constructions for the Haar weight of G. Once we have the bra-ket
operators, an important step is to establish their equivariance. This is straightforward in
the group case, but it requires some work in quantum setting.

Let B be a G-C*-algebra, that is, a C"*-algebra with a continuous coaction of G. As in
the group case, the basic example of a square-integrable Hilbert B, G-module is B® L%(G)
endowed with a canonical coaction of G. In fact, concerning square-integrability, our main
result is the quantum version of the equivariant Kasparov Stabilization Theorem.? After
establishing some basic properties of the bra-ket operators, the proof of this theorem is
almost the same as in the group case. The basic difference comes from the fact that the
L'-algebra of a locally compact quantum group G does not have a bounded approximate
unit in general. This happens if and only if G is co-amenable. This brings about some
technical problems because we need to use the Banach L'-action induced by the underlying

2See Theorem [4.5.6
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coaction.

The main part of this work (Chapter [5) contains the definition of relative continuity
and generalized fixed point algebras in the setting of coactions of locally compact quantum
groups on Hilbert modules. Once we have the bra-ket operators, the definitions are exactly
the same as in the group case. Given a relatively continuous subset R in a Hilbert
B, G-module &, we define, as in the group case, a concrete Hilbert module F(E,R) over
the reduced crossed product B X, G* (the reason for this notation will be clear later).
Again, the algebra of compact operators on F(£,R) is (canonically isomorphic to) the
generalized fixed point algebra Fix(€, R) and therefore, it is Morita equivalent to the ideal
Z(E,R) :=span(F(E,R)* o F(E,R)) in B x, G . If Z(E,R) is equal to B x, G, then we
say that R is saturated.

One of the first examples that we analyze is the coaction of G on itself via the comulti-
plication. We already mentioned that this coaction is always integrable, but here is where
the first difference appears: there is a non-zero relatively continuous subset of G if and
only if G is semi-regular. Moreover, there is a saturated relatively continuous subset of G
if and only if G is regular.

If G is compact, then any subset R C & is relatively continuous and the generalized
fixed point algebra Fix(£) = Fix(€, £) is the usual fixed point algebra which is therefore
Morita equivalent to an ideal in the reduced crossed product.

The most important example is the Hilbert B, G-module B ® L?*(G). We prove that
we always can find a dense, relatively continuous subspace Ro € B ® L?(G) such that
F(B® L*G),Ro) = B %, G°. In particular, this shows that reduced crossed products
appear as generalized fixed point algebras.

Next, we analyze some completeness conditions of relatively continuous subsets. Again,
the possible non-co-amenability of G brings about some technical problems. As in the
group case, we can define complete subspaces, but it turns out that completeness alone is
not enough in general and we need an extra condition that we call s-completeness. This
is a sort of “slice map property” and this is where the script “s” comes from. If G is
co-amenable, then this condition reduces to completeness. Another natural condition on a
complete subspace R is essentialness which, roughly speaking, means that the L'-action
on R is nondegenerate. In this case, we also say that R is e-complete. Again, if G is co-
amenable, then essentialness is automatic. Having these completeness conditions we can
then define a continuously square-integrable Hilbert B, G-module to be a pair (£, R), where
£ is Hilbert B, G-modules, and R is a dense, complete, relatively continuous subspace. If,
in addition, R is s-complete (resp. e-complete) then we say that (£, R) is an s-continuously
(resp. e-continuously) square-integrable Hilbert B, G-module.

One of our main results is a quantum version of Meyer’s Theorem [1.1.5/ above. If
we replace completeness by s-completeness, then the result remains almost unchanged in
the quantum setting® As in the group case, this implies that the construction (£,R)
F(&E,R) is an equivalence between the categories of s-continuously square-integrable Hilbert
B, G-modules and Hilbert modules over the reduced crossed product B X, Q\ . The inverse
construction is given by the assignment F — (Ex, Rx), where E := F®py.g¢ (B®L2(g))

3See Theorem [5.4.4



1. INTRODUCTION

and R is the s-completion of the algebraic tensor product F ® Bx.G° Ro.

It is an important question whether there is a canonical choice for a dense, s-complete,
relatively continuous subspace in a given Hilbert B, G-module £. In particular, it is also
important to know when such a choice is unique. We say that £ is R-proper, if there is a
unique dense, s-complete, relatively continuous subspace of €. If G is compact, then any
Hilbert B, G-module £ is R-proper and R = £ is the unique dense, s-complete, relatively
continuous subspace of £. This implies that the functor 7 — F @5 e (B® L*(G)) is an

equivalence between the categories of Hilbert B X, G “-modules and Hilbert B , G-modules.
As already mentioned above, in the case of groups, if B is a spectrally proper G-C*-algebra,
then every Hilbert B, G-module is R-proper. For non-compact quantum groups, it is not
clear how to find non-trivial examples satisfying this strong form of properness. At least,
we prove that G itself is an R-proper G-C*-algebra if (and only if) G is semi-regular.

In the final part of this work we analyze group coactions, that is, coactions of the locally
compact quantum group C}(G), where G is some locally compact group. It turns out that
there is a strong connection between continuously square-integrable G-C*-algebras (that
is, C}(G)-C*-algebras) and Fell bundles over G.

Let B be a Fell bundle over G. Then we can still consider its cross-sectional C*-
algebra C*(B), and it comes with a dual coaction of G (which corresponds to the dual
action of G if G is Abelian). Moreover, we also have a reduced cross-sectional C*-algebra
C¥(B), which also carries a dual coaction of G. Thus, given a Fell bundle over G, we
have two G-C*-algebras C*(B) and C*(B). If G is amenable, these two G-C*-algebras are
isomorphic.

We can characterize the G-C*-algebras C*(B) and C*(B) by means of continuous
square-integrability. In fact, first we prove that C.(B) is a relatively continuous subspace
of C*(B), and the same is true for the copy of Cc(B) in Cy(B). This gives rise to two
continuously square-integrable G-C*-algebras (A(B), R(B)) and (A:(B),R:(B)), where

A (B) = Coy (B) and R (B) is the completion of C.(B) in Chy (B).

Conversely, given any continuously square-integrable @—C*—algebra (A,R), we con-
struct a Fell bundle B = B(A,R) over G together with two canonical equivariant surjec-
tions k : C*(B) — A and v : A — C#(B). Moreover, if A is a maximal G-C*-algebra, then
k is an isomorphism, and if A is a reduced @—C*—algebra, then v is an isomorphism. In
general, C;(B) is a reduction of A, and if C*(B) is maximal, then it is a maximalization of
A. Tt is an open problem whether C*(B) is a maximal @—C’*-algebra for every Fell bundle
B over G. This is the case if G is discrete or amenable. In general, we say that G has the
mazximality property if this happens.

The relatively continuous subspaces R(B) and R.(B) are essential. Thus the pairs
(A(B),R(B)) and (A:(B),R.(B)) are, in fact, e-continuously square-integrable G-C*-
algebras. Conversely, if we start with an e-continuously square-integrable @—C*—algebra
(A,R) and define B := B(A,R), then the canonical surjections x and v yield natural
isomorphisms (A, R) = (A(B), R(B)) if A is maximal and (A, R) = (A:(B), R.(B)) if A
is reduced. Moreover, if (A, R) is of the form (A(B),R(B)) or (A:(B),R:(B)) for some
Fell bundle B, then the Fell bundle B(A,R) is naturally isomorphic to B. As a result, the
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constructions

B (A:(B),Re(B)) and (A,R)+— B(A,R)

provide an equivalence between the categories of Fell bundles over G and e-continuously
square-integrable reduced G-C*-algebras. If G has the maximality property, then the
constructions

B (A(B),R(B)) and (4,R)~ B(A,R)

provide an equivalence between the categories of Fell bundles over G and e-continuously
square-integrable maximal @—C*—algebras. In this picture, the generalized fixed point
algebra fixed point algebra Fix(A,R) coincides with the unit fiber of B(A,R).

These last two results were the initial motivation for this work. We started trying
to generalize the theory of continuous square-integrability to coactions of groups. But
it turned out that the difficulties and techniques used in this case (weight theory) are
basically the same as for general locally compact quantum groups.

If G is discrete, our results specialize to the well-known fact that the categories of
Fell bundles over G and maximal (or reduced) G-C*-algebras are equivalent. Given a
@—C’*—algebra A, the corresponding Fell bundle over G is canonical one:

Bi={a€A:vya(a)=a® N} forallted.

Since G is discrete, there is no continuity condition. R

If G is amenable, (A(B),R(B)) = (A:(B),R:(B)), and any G-C*-algebra is both
reduced and maximal. Thus, if G is amenable, our results specialize to the fact that the
categories of Fell bundles over G and continuously square-integrable G-C*-algebras are
equivalent.

Our results not only generalize Exel’s Theorem [1.1.1/ above, but they also allow us to
say exactly how many Fell bundle structures a given CA;—C*—algebra A has. In fact, if the
coaction on A is maximal (resp. reduced), then isomorphism classes of full (resp. reduced)
Fell bundle structures for A, that is, isomorphism classes of pairs (B, ), where B is a Fell
bundle over G and 7 is an equivariant isomorphism 7 : C*(B) — A (resp. 7 : C}(B) — A),
correspond bijectively to dense, e-complete, relatively continuous subspaces R C A.

This implies, in particular, that A is a maximal (resp. reduced) R-proper @—C*—algebra
if and only if there is, up to isomorphism, a unique full (resp. reduced) Fell bundle struc-
ture for A. In general, there are integrable @-C*—algebras without or with several non-
isomorphic Fell bundle structures.
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Chapter 2

Preliminary background

This preparatory chapter contains a review of some important concepts that are neces-
sary in the subsequent chapters of this work. We start by recalling the notion of Hilbert
(bi)modules and some related concepts like (bi)module homomorphisms, internal and ex-
ternal tensor products and linking algebras. Next, we review some basic notions in weight
theory, which is one of the most important technical tools of this work. Of essential im-
portance are the concepts of slice maps with weights and their KSGNS-constructions. For
C*-algebras, these concepts have been developed by Kustermans and Vaes in connection
with their work on locally compact quantum groups. However, we also need an analo-
gous construction for Hilbert modules and we use linking algebra techniques in order to
generalize Kustermans and Vaes constructions to this setting. In the three final sections,
we review the notions of locally compact quantum groups and their coactions and crossed
products.

We will assume familiarity with the rudiments of the theory of Banach algebras and
C*-algebras, such as can be found in [10, 11} 50, 58, 68, [69].

2.1 Hilbert modules and their morphisms

This section contains some basic facts on Hilbert modules. We mainly follow [15].

Definition 2.1.1. Let B be a C*-algebra. A (right) Hilbert B-module is a (complex)
vector space £ which is a right B-module equipped with a B-inner product, that is, a
sesquilinear map

ExE—B, (&)~ &b
satisfying
(€ln-b)p = &lmpb, &y =mE)s, (€l§)p =0, and (¢[§)p=0=¢=0

for all &, € Sland b € B, and which is complete with respect to the induced norm
€Il == |1<€|€) B]|2. We say that & is full if span(€|E)p = B.

Analogously, one defines left Hilbert B-modules.

13
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Definition 2.1.2. Let A and B be C*-algebras. A right Hilbert A, B-bimodule is a right
Hilbert B-module which is also a nondegenerate left A-module (that is, span A - & = &),
and satisfies

(i) a-(€-b) = (a-€)-band
(i) (a &l = (Ela” - n)B,
forall§,ne & ae Aand be B.

We write 4€p to indicate all the data. If, in addition, £ is also a left Hilbert A-module
such that

A€l - ¢ =&ml¢)s

for all £, n, ¢ € £, then we say that & is a Hilbert A, B-bimodule or also a partial imprimitiv-
ity A, B-bimodule (see [15, Definition 1.5]). If both inner products 4(:|-) and (|-) g are full,
then £ is called an imprimitivity Hilbert A, B-module or also an A, B-Morita equivalence.
In this case, A and B are called Morita equivalent.

Given Hilbert B-modules &, F, we denote by L(&, F) the set of adjointable maps, that
is, maps T : & — F for which there is a (necessarily unique) adjoint map T* : F — &
satisfying

(T¢I = (E|T*n)p, forall €& neF.

Adjointable maps are automatically B-linear and bounded, and £(&, F) is a Banach space
with the operator norm ||T'|| := sup{||7¢]| : ||£|| < 1}. Moreover, L(£) := L(E,€) is a C*-
algebra. We denote by K(&, F) the set compact operators & — F which is, by definition,
the closed linear span in £(€, F) of the rank-one operators [£)(n| with {,n € &, which are
defined by:

)¢ =E&MmIC)p  forall C€&.
Then (&, F) is also a Banach space with the operator norm, and K(€) is a closed *-ideal
of L(&). Moreover, we have M (K(E)) = L(E).
We recall that £(€,F) has a natural structure of Hilbert £(F), £(€)-bimodule given
by (see [15, Proposition 1.10]):

P’TiZPOT, T‘Q::TOQ, E(j:)<T’S> = TOS*, <T|S>L(5) =T"0 S

for all P € L(F), T,S € L(E,F) and Q € L(E). Analogously, K£(€,F) has a natural
structure of Hilbert IC(F), K(€)-bimodule. Moreover, (€, F) can also be considered as
a Hilbert £(F), L(E)-bimodule, and in this way, it is a Hilbert £(F), £(€)-submodule of
L(E,F) (that is, a closed subspace which is invariant under the left and right actions).

Definition 2.1.3. Let £ be a Hilbert A, B-bimodule and define E=1{E:¢¢c &Y, where
E > & £ € £ is, by definition, an anti-linear map and satisfies:

b-E=E 0 E-a=a-& pEli)=(Emp and (Ef)a=a Eln).

Then € is a Hilbert B, A-bimodule, called the dual of €. If no confusion appears, we shall
also denote the dual of £ by &£*.

14
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If £ is just a Hilbert B-module, and we consider it as a Hilbert K(£), B-bimodule, then
the map € 5 { — [§) € K(B, &), where |{)b := £ - b for all b € B, is an isomorphism of
Hilbert (&), B-bimodules. The adjoint of |£), denoted by (£], is given by (&|n = (£|n)B.
Moreover, the map € 3 € — (£| € K(E, B) is an isomorphism of Hilbert B, K(&)-bimodules.
Thus K(&, B) is, up to isomorphism, the dual of £. Sometimes, we shall also identify
E 2 K(B,€), and in this way identify each & € £ with the operator |{) € K(B, ). In this
case, we shall also use the notation £* = (¢| € K(&, B) = £*.

More generally, assume that £, F are Hilbert B-modules and consider the Hilbert

K(F), K(E)-bimodule K(E,F). Then it is easy to see that the map IC/(c_‘Z\,./F) > I
¥ € K(F,€) is an isomorphism K(E,F) = K(F,E) of Hilbert K(E), L(F)-bimodules.
Analogously, considering the Hilbert £(F), £(€)-bimodule £(&,F) the map L(E,F) >

—

T a* € L(F,E) is an isomorphism L£(&, F) = L(F, &) of Hilbert L(E), L(F)-bimodules.

Definition 2.1.4. Let £ be a right Hilbert A, B-bimodule. The multiplier bimodule of &€,
denoted by M(E), is by definition, £(B, &) considered as a right Hilbert M(A), M(B)-
bimodule, where the actions and the M (B)-inner product are defined by:

(a-T)b:=a-(Tb), (T-c)b:=T(cb), and (T|S) ) :=T"S
for all a € M(A), T,S € L(B,&), c€ M(B) and b € B.

In other words, if we identify M(B) = L(B), then M(E) is the right Hilbert £(B)-
module £(B, £) and we forget the left Hilbert £(&)-module structure and replace it by the
left action of M(A) defined above. In general, even if £ is a Hilbert A, B-bimodule, M (&)
is not a Hilbert M(A), M(B)-bimodule. This happens if the A-inner product is full. In
fact, in this case one can identify M(A) = M(K(E)) = L(€), and in this way M(E) is
isomorphic to the Hilbert £(£), £(B)-bimodule L(B, ).

Note that, identifying £ = K(B, £) (as Hilbert K(£), B-bimodules), we get a canonical
embedding & — M(E) which is given by the map £ — |£). This embedding is also
compatible with the left A- and M(A)-actions on £ and M (E), respectively, in the sense
that |a-&) =a-|§) foralla € A and £ € £.

Definition 2.1.5. Let £ be a right-Hilbert A, B-bimodule. The strict topology on M(E)
is the locally convex topology generated by the seminorms m +— || T'm|| and m — ||mbl|| for
all T € K(€) and b € B. If a net (m;) converges strictly to m, then we write m = s-limm;.

Note that the strict topology on M(E) has nothing to do with the left A-action,
and it depends only on the Hilbert (), B-bimodule K(B,&) =) Ep. The natural
embedding £ — M(E) has dense image with respect to the strict topology, and we have
KE) - M(E) C & and M(E) - B C & (see [15, Proposition 1.27]). Moreover, M(E) is
maximal with respect to these properties (see [15, Proposition 1.28]).

Definition 2.1.6. Let 4€p and ¢Fp be right-Hilbert bimodules, and suppose that ¢ :
A — M(C) and ¢ : B — M(D) are *-homomorphisms. A linear map ® : £ — M(F) is
called a ¢, y¥-compatible right-Hilbert bimodule homomorphism if

15
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(i) ®(a-§) = ¢(a) - 2(8),
(il) ®(¢-b) = B(€) - b, and

(iil) ((E)I®(m)m(p) = »((ln)p) for all a € A, §;n € € and b € B.

We call ¢ and v the coefficient maps and write 4@, :4Ep — M(cFp) to indicate all
the data.

We say that ® is nondegenerate if both ¢ and ¢ are nondegenerate and & satisfies
span(®(€) - D) = F.

We say that ® is a right-Hilbert bimodule isomorphism of £ onto F if ¢ and v are
isomorphisms of A and B onto C' and D, respectively, and ® is a bijection of £ onto F.

Any right-Hilbert bimodule homomorphism is automatically norm-decreasing, and if
1) is isometric, then so is ®. In particular, any right-Hilbert bimodule isomorphism is
automatically isometric.

In the situation above, if £ and F are Hilbert bimodules and 4®,, is a nondegenerate
right-Hilbert bimodule homomorphism, then the extra structure is automatically preserved
(as well as possible; see [15, Lemma 1.18]). In this case, we also say that ® is a Hilbert
bimodule homomorphism.

Any nondegenerate right-Hilbert bimodule homomorphism 4®y, :a € — M(cFp) has
a unique strictly continuous extension, which we also denote by

6Py 1 a(a) M(E) M) — M(cFb).

Remark 2.1.7. Let £ and F be Hilbert B-modules and consider the Hilbert £(F), L(E)-
bimodule X := £(&,F) and also the Hilbert IC(F),K(E)-bimodule Y := K(&, F). Thus,
by definition, M(Y) is a right-Hilbert M (K(F)), M(K(E))-bimodule. Moreover, by the
maximal property of M()) (see [15, Proposition 1.28)]), it follows that there is an embed-
ding
®:L(E,F)— M(K(E,F))

of right-Hilbert M (K(£)), M (K(F))-bimodules (where we use the canonical identifica-
tions L£(€) = M(K(E)) and L(F) = M(K(F)) and forget the left-Hilbert structure of
L(E,F)). In fact, this map is given by ®(z)(S) :=z0 S, for z € L(E,F), and S € K(E).
Note that ®(x) is, in fact, an adjointable operator (€) — K(E, F) with &(x)*(T') = z*oT
for all T € K(&, F). It is not true in general that @ is surjective. In fact, we are now going
to describe the image of ®. For this, we need a preparation.

Proposition 2.1.8. Let &, F be Hilbert B-modules, and on the Hilbert L(F),L(E)-bimo-
dule X := L(E,F) define the following topology T¢ :

x; — x with respect to ¢ r if and only if ;S — xS, and T'z; — Tx (in norm)

for all S € K(€) and T € K(F). In other words, T¢ r is the locally convex topology
generated by the seminorms x +— ||zS| and x — ||Tz|| for all S € K(E) and T € K(F).
Then, with respect to 7¢ F,
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(i) K(&,F) is dense in L(E,F), and
(ii) L(&,F) is complete.
In other words, L(E,F) is the completion of K(E,F) with respect to T¢ F.

Proof. Let L := M(K(F @ €&)) = L(F @ E). Note that there are canonical identifications

- K(F) K(&,F) - L(F) L(E,F) .
KFa€) = ( K(F.€)  K(F) ) and L(F @ €) = ( LF.E) LF) > Under this

identifications, a net (x;) C L(€,F) converges to z € L(E,F) with respect to 7¢ r, if
. 0 = 0 =z . . . T ¢

and only if < 0 0 ) — < 0 0 > strictly in L. In fact, given < 0 S ) EK(FaE),

we have n € K(F,&), which is a Hilbert K(&), C(F)-bimodule. Cohen’s Factorization

Theorem implies that 7 = R(, where R € K(€) and ¢ € K(F,€). Thus, if ; — = with

respect to 7¢ F, then

B O-(0)-(35)-(D0 Y

Analogously, we have

GG a) -G s)

This means that ( 8 %’ ) — < 8 55 > strictly in L. Conversely, assume that

0 =z 0 =z . .
<O 0 >—> < 0 0 ) strictly in L. Thus

zin xS\ _ [ @n xS
0 0 0 O ’
in the norm topology and hence
0 85\ (10 xin xS 00
0 O L0 0 0 0 01
. 10 xn xS 00\ (0 285
0 0 0 0 01/ \o0 0 ’
in the norm topology. It follows that z;5 — xS for all S € I(£). Similarly, one proves

that Ta; — Tx for all T € K(F). Therefore z; — x with respect to 7¢ .
In the same way one proves that a net (z;) in £(€,F) is Cauchy with respect to 7¢

if and only if the net ( 0 @i ) is Cauchy with respect to the strict topology on L. The

0 0
assertions now follow from the fact that K(F @ &) is strictly dense in M (K(F @ £)) and
M(K(F @ £)) is strictly complete. O
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Definition 2.1.9. The topology 7¢ 7 defined in Proposition 2.1.8 will be called the bi-
strict topology. If (x;) converges bi-strictly to z, then we write x = ss-lim ;.

Remark 2.1.10. We have seen in the proof of Proposition 2.1.8 that, under the canonical
identification

MEKFaE))2LFDE) = ( LF) - LET) >

L(F,E) L(F)

a net < 0 @ ) converges strictly to < 0 ) in M (IC(]: e )) if and only if z; converges

0 0 0 0
bi-strictly to z in £(&,F). More generally, one can also show, using a similar idea, that a
net ( ;l ZZ ) converges strictly to ( ; ZC) ) in M(IC(]-"GB 5)) if and only if x; and y;

(2 (2
converge bi-strictly to z and y in £(&,F) and L(F, ), respectively, and z; and w; converge
strictly to z and w in M (K(F)) and M(K(E)), respectively.

Note that, if £ = B, then K(F & B) = L(F), the linking algebra of F, and (hence)
M (IC(}' ©B )) =M (L(]-" )) In particular, we get as a consequence, that the strict topology
on M(L(F)) coincides with the strict topologies on the corners M (K(F)), M(F) and
M(B), and with the bi-strict topology on the corner L(F, B).

Proposition 2.1.11. Let £, F be Hilbert B-modules and consider the embedding ® :
L(E,F) — M(K(E,F)) described in Remark 2.1.7. Then

Ran® = {y € M(K(E,F)) : K(F) -y CK(E, F)},

where - denotes the left action of M(IC(]-')) on ./\/l(IC (& .7-") and we have identified
K(E&,F) € M(K(E,F)). In particular, if K(K(E,F)) = K(F), then ® is surjective,
and therefore it is an isomorphism of Hilbert bimodules.

Proof. Since IC(F)L(E,F) C K(€,F) and since ® preserves the left module structures and
is the identity on K(&, F), we have

Ran® C {y € M(K(E,F)) : K(F) -y CK(E, F)}.

For the converse inclusion take y € M(K(€, F)) and suppose that T -y € K(&, F) for all
T € K(F). Let (e;) be an approximate unit for I(F), and define the net y; :=e; -y €
K(E,F). We have

Ty;=Te;-y—T-y, TeK(F),

and
yiS = (e;-y)S =e¢;(yS) — yS, S eK(€),

because yS € K(&,F), which is a Hilbert IC(F), (£)-bimodule. It follows that (y;) is
Cauchy with respect to the bi-strict topology in £(€,F). By Proposition 2.1.8, there is
x € L(E,F) such that y; — z bi-strictly. Finally, note that for all S € K(E)

O(x)S =xo0S =limyS =lim(e; - y)S = lime;(yS) = yS.
Therefore y = ®(z) € Ran ®. O
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Remark 2.1.12. We keep the notations of Remark 2.1.7.

(1) If K(Y) # K(F), then ® may not be surjective. In fact, take F = B, with B
unital. Then £(&,B) = K(&,B) = £*. So we have X =) = K(€, B) and hence X embeds
in M()), but this embedding is not surjective if we take, for example, &€ = I to be an
ideal of B without unit (considered as a Hilbert B-module), because in this case we have
X = T (considered as Hilbert M(B), M(I)-bimodules), and M(Y) = M(I) (considered
as right-Hilbert M(B), M(I)-bimodules), and ® is (identified with) the inclusion of I into
M(I) which is not surjective if I is not unital.

(2) One sufficient condition for K(Y) = IC(F) is when & is full. In fact, this is exactly
[43, Proposition 7.1]. But note that this condition is not necessary, because if £ = F, then
we always have IC()) = K(F).

(3) Note also that the condition IC()) = K(F) is not necessary for the surjectivity of
®. In fact, one can take the trivial example £ = {0} and F # {0}. In this case we have
X =Y = M(Y)= {0} and hence ® is surjective, but C(X) = {0} # K(F).

Later, we shall also need the following topology.

Definition 2.1.13. Let £ and F be Hilbert B-modules. The K-strong topology on L(E, F)
is the locally convex topology generated by the seminorms = — ||zS]| for all S € KC(E).

Since & = K(€) - &, if a net (z;) converges K-strongly to = in L(E,F), then it also
converges strongly, that is, x;§ — z for all £ € £. The converse also holds if the net (z;)
is bounded.

Note also that a net (z;) converges bi-strictly to x in £(&£,F) if and only if (z;)
converges K-strongly to x in £(E€,F) and (x}) converges K-strongly to z* in L(F,E).

7

2.2 Tensor products

Definition 2.2.1. Let 4 and gJF¢ be right-Hilbert bimodules. The balanced tensor
product € @p F is the right-Hilbert A, C-bimodule defined as the completion of the al-
gebraic tensor product £ ® F with respect to the C-inner product defined on elementary
tensors by

(&G @ml|& @n)c = (ml{&lé2) B - m)c
for all £&1,& € € and m1,1m2 € F. The module actions are defined by
a-(§®@n)=a-{®n, and ((®n) c:={@n-c

for all a € A, £ € £, n € F and ¢ € C. The balanced tensor product £ ®p F is
also sometimes called the internal tensor product. If B acts on F via a homomorphism

m: B — L(F), then £ ®@p F is also denoted by € ®, F. If £ € £ and n € F, then we also
write £ ®p 1 (or £ ®, 1) to indicate the respective element in € @p F (or € @, F).

Given right-Hilbert bimodules pXgr and g)Yp, there is a natural embedding
L M(X) @ ey M(Y) = M(X @ Y)

19



2. PRELIMINARY BACKGROUND

given by «(m)f =m - f and «(m)*z = (m|z) () for all m € M(X) @ pqp) M(Y), f € F
and x € X ®@p Y (see [15, Lemma 1.32]). We shall view M(X) @ r¢(g) M(Y) as a subspace
of M(X ®g Y) via the map ¢. The following result is Proposition 1.34 in [15].

Proposition 2.2.2. If 4®,: 4€p — M(p&XEg) and yV: pFc — M(gYr) are right-
Hilbert bimodule homomorphisms, then there is a ¢,vy-compatible right-Hilbert bimodule
homomorphism

PRpV: Ag(E®F)o — M(D(X QF y)F)

such that
(PepV)(Ewpn) =2 )e¥(n), (€& neF

If ® and ¥ are nondegenerate, then so is ® Qp V.
For C*-algebras, the symbol ® will always denote the minimal tensor product.

Definition 2.2.3. Let 4€p and ¢Fp be right-Hilbert bimodules. The external tensor
product €® F is the right-Hilbert A ® C, B® D-bimodule defined as the completion of the
algebraic tensor product & ® F with respect to the inner product defined on elementary
tensors by

(€1 @ml&2 ® m)Bep = (61l€2)B ® (mln2)p
for all £&1,& € £ and 11,12 € F. The module actions are defined by
(@@c)- (Eon) =a-Eocn, and (Eonbod) =E bon-d
forallac A, ce C, €&, neF,be Bandde D.

Given right-Hilbert bimodules pXr and )y, there is a natural embedding
L MEX) QM) > MXRY)

which is given by «(m)b = m-b and t(m)*z = (m|x) pmemm) for allm € M(X)@M(Y),
be F®H and x € X®). As for balanced tensor products, we shall view M (X) @ M(Y)
as a subspace of M(X ®)) via the map ¢. The following result is Proposition 1.38 in [15].

Proposition 2.2.4. If ,®y: a€p — M(gXFp) and g®~: cFp — M(cVu) are right-
Hilbert bimodule homomorphisms, then there is a ¢ ® §,9% ® y-compatible right-Hilbert
bimodule homomorphism

PRV gnc (£ R F)pep — M(E®G(X®y)F®H)

such that
(PaV)Een =2 ¥ @), (€& neF.

If ® and ¥ are nondegenerate, then so is ® @ U,

The proof of the following proposition is straightforward and we omit it.
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Proposition 2.2.5. Let &1, F be Hilbert B-modules, and let Eo, Fo be C'-modules. Then
the map
D L(E,F1) @ L(E, Fo) — LIEI @&y Fi @ F)

given by ®(z ® y)(&1 ® &) = 261 @ y& for all v € L(E,F1), y € L(E,F2), & € &
and & € & is an isometric ¢,¥-compatible Hilbert bimodule homomorphism (that is, an
embedding of Hilbert bimodules), where

¢ : ﬁ(]:i) (%9 ﬁ(fg) — ﬁ(f1 & .7:2) and P : ﬁ(gl &® 52) — ﬁ(gl ® 52)

are the natural (isometric) homomorphisms given by ¢(S @ T)(n @ n2) = S& ® Ty for
all S € L(F1), T € L(F2), m € F1 and 2 € Fa. And analogously for 1.

Moreover, when all the maps are restricted to the compact operators, we get an iso-
morphism

K(&1,71) ® K(&2, F2) = K(&1 ® &2, F1 ® Fa)
of Hilbert K(F1) @ K(Fa) = K(F1 @ F2),K(&1) @ K(&) = K(E ® &)-bimodules.

Definition 2.2.6. Let &£ be a right-Hilbert A, B-bimodule and let G be a C*-algebra. The
G-multiplier bimodule of £ ® G is defined by

MEG) ={meMERG) :m(1®G), 1G)mCEG}.

The G-strict topology on M(E ® G) is the locally convex topology generated by the semi-
norms m — ||m(1 ® z)|| and m +— ||(1 ® x)m|| for all z € G.

In particular, we have the G-multipliers M(A ® G) and M(B ® G) which are C*-
subalgebras of M(A®G) and M(B®G), respectively. The G-multiplier bimodule M(£®G)
defined above is, in fact, a right-Hilbert M(A ® G), M(B ® G)-bimodule with respect to
the bimodule structure on M(E @ G) restricted to M(£ ® G). Moreover, it is the G-strict
completion of £ ® G (see [15, Lemma 1.40]).

Proposition 2.2.7 (Proposition 1.42 in [15]). Suppose that 4Ep and cXp are right-
Hilbert bimodules and suppose that @y 14 Eg — M(cXp) is a (possibly degenerate)
right-Hilbert bimodule homomorphism. If G and H are C*-algebras and V : G — M(H) is
a nondegenerate x-homomorphism, then there is a unique bimodule homomorphism

7552 © Vang wiasg) ME ©G) wpag — MmEar) MX ©H)pmpon)

extending @@V : £ER G — M(X Q@ H). Th~e map ¢ QW is G-strict to strict continuous.
If ®(&) C X, then PR U (M(E®G)) C M(X ®@H) and ®®V is G-strict to H-strict
continuous.

We shall denote the unique extension ® ® ¥ above also by ® ® ¥. Of course, we
do the same for the coefficient maps. If ® and ¥ are isometric, then so is its extension
PRV : M(E®G) — M(X ®H) ([15, Proposition 1.45]). An important case is when ¥
is the identity map. In this case we have:
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Proposition 2.2.8 (Lemma 1.46 in [15]). Suppose that ® 4 Eg — M(cXp) is an
isometric right-Hilbert bimodule homomorphism with ®(&) C X. Then the isometry
®®idg : M(E®G) - M(X ®G) has image

M={meMXzG):m1xG), 1@G)mC (?®idg)(X ®§)}.
2.3 Linking algebras

Definition 2.3.1. Let £ be a Hilbert A, B-bimodule. The linking algebra of £ is the

x-algebra
L(S):—(? E,)—{(ﬁ g):aeA,g,nGS,beB},

with operations
< ar & > ( as & ) _ < araz +a(§1|n2) ar-&+&1-bo )
m b M2 bo M- az+ b -7 (M|ée)B + biba

(i) -(55)

There is a natural left action of L(€) on the right-Hilbert B-module £ ¢ B, that is, a
homomorphism L(£) — L(€ & B), which is injective on &, £ and B, and a natural right
action of L(E) on the left Hilbert A-module A @ &, that is, a homomorphism L(£) —
L(A @ &), which is injective on A, £ and £. The norm on L(€) is, by definition, the
maximum of the respective operator norms in £(€ @ B) and L(A @ £). With this norm,
L(&) is a C*-algebra (see [15, Section 1.5]).

Q

and

The linking algebra L(E) contains copies of A, &, £ and B that can be recovered by
the projections p,q € M(L(E)) defined by

(14 0 d o (00
P=\ 0 o) =0 15 )

For example, we have
A 0
pL(E)p-( 0 0>_A.

If £ is just a (right) Hilbert B-module, then we consider £ as a Hilbert (&), B-
bimodule, and in this way the linking algebra of £ is given by

L(E) = ( o) 2)
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In this case, we have & & K(€,B) and the linking algebra is isomorphic to (€ @ B).
Moreover,

,M@w»gAumw@B»zcw@sz<&g%)ﬁff))

N M/(IS(/E)) ME) '\ .
= < ME) M(B) ) = L(M(E)) (see [15, Proposition 1.51]).

Let £ be a Hilbert B-module and let H be a Hilbert space. Later, we shall need a
matrix representation of the Hilbert L(£)-module L(£) ® H which we describe in what
follows. Define the following linear space

o (KE)®H £oH
L& H) '_( & @H B®H)

{<il 22 ) :xlGK(5)®H,3£2€5®H7$3€5*®Handx4eB®H}
3 X4

Then L(E; H) is a Hilbert L(E)-module, where all the structure is given by matrix multi-
plication. Thus the L(&)-inner product is defined by

Ty X2 Y Y2 — Ty X2 )* ( Y1 Y2 )
T3 T4 Ys Ya ' T3 T4 Ys Y4
_ ( Ty 2 ) < Y1 Y2 > _ ( TIYL + 23Ys  T1Y2 + T3Y4 )
Ty T Ys Y4 T3Y1 + ThYs  T3Y2 + Tiya
All the products above make sense if we identify (€)@ H = K(£,EQH), EQH = K(B,E®

H),&*®@H=2K(E,B®H)and B H=>K(B,B® H). The right L(E)-module action is

defined in a similar way. Note that if j’ 3}’
(] K3

is a Cauchy net in L(&; H), then it follows

from the definition of the inner product that (x; — z;)*(z; — ;) + (zs — ;)" (2 — 2z;) — 0
and (v — y5)" (v — yj) + (Wi — wj)*(w; —w;) — 0 in K(E) and B, respectively, and
therefore (x;), (vi), (z;) and (w;) are Cauchy nets in K(§)@ H, E@ H, £*®@ H and B® H,
respectively. Thus L(E; H) is complete and therefore a Hilbert L(€)-module. Note that a
similar argument shows that a net

(“ %>e<my)euam
2y  Wj; zZ w

if and only if x; — x, y; — y, 2; — z and w; — w. In particular,

KE)oH £o0H
&oH BOH

is dense in L(&; H).
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Now note that there is a canonical map

KE)oH £o0H
&oH BOH

k¢ _( k®v {®v
(I)<<77* b)®v>_<n*®v b®v>

forall k € K(E),{,m €&, be B and v € H. Moreover, it is easy to see that ® preserves
all the Hilbert L(&)-module structure, and therefore it extends to an isomorphism of
Hilbert L(€)-modules L() ® H = L(E;H). Under this identification we can describe
M(L(E)®@ H) =2 M(L(£; H)). For this we define

@:L(E)@H—>< )gL(é’;H)

such that

e LEESH) L(B.EH)
L(&; H) ~—<L(5,B®H) E(B,B®H)>

As for L(&; H), one can prove that L(£; H) has a natural structure of Hilbert L(M(€)) =
M(L(E))-module, which is given by matrix multiplication, analogous to L(; H). More-
over, identifying K(E)@ H 2 K(£,EQH),EQH=K(B,E®H),E*®@H = K(E,B® H)
and B® H = K(B,B ® H), we get a canonical inclusion of L(E; H) into L(&; H), and
via this inclusion, L(&; H) is a Hilbert L(M(E))-submodule of L(E; H) (where L(E; H)
is considered as a Hilbert L(M(€))-module in the usual way). And it is easy to see that
L(E;H)-L(E) C L(&E; H). Tt follows (from [15, Proposition 1.28]) that L(E; H) embeds as
a Hilbert L(M(E)) = M(L(E))-submodule of M (L(E; H)) = L(L(E), L(E; H)). In fact,
this embedding is given by the map

U L(EH) — M(L(E; H)),
x|—>\I/(:U) = [a'—uv-a].

Proposition 2.3.2. The map ¥ above is surjective, and therefore is an isomorphism

L(&;H) =2 M(L(E;H)) = M(L(E) @ H) of Hilbert L(M(E)) = M(L(E))-modules.
Proof. Take any T € M(L(E; H)) = L(L(E), L(€; H)) and define the following maps

)
0 127

T :&E—-EQ®RH, Ti§:=

T :B—E®H, Tyb:=T

and
Ty: & > B®H, Tub:=T

(s
(
T3: £ - B® H, T<
(
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where we are using the notation mj;; for the (4, j)-element of a matrix m. The maps T},
k=1,2,3,4 are, in fact, adjointable operators, and the adjoints are given by the following

formulas:
0 x 0 x
T1*$::T*< ) , T;x::T*< > ,
0 0 12 0 0 99

0 0 0 0
THy . =T* , Tiy=T"
3y (0 y)12 Y (0 y>22

forallz € £E® H and y € B® H. For example, to check the formula for the adjoint of 77,
we use the relations

o =(El(85)), o =((3 ) ),
forall Ze L(E), €&, x €eEQRH,and W € L(E; H) to get
mio=(r (5 5) 9= (" (0 3)](3 5)),
S8, =G 85 5),) - eme

Analogously, one can check the formulas for the adjoints of T5,T5,Ty. Thus we get the

element z := < ;1 ;2 > € L(&; H), and now we show that U(x) = T. In fact, it is easy
3 1y

to check the following relations

mus=((06)), me=((05)),,
ma=(w (5 5)), = (v (5 3)),

foral W e L(E; H), ¢ € £ and b € B. So, for example, we have
k& _ k& 0 ¢
(), (e ) (0 6),
(0 K
_<T<O (77|C>)>12
B 0 kC 0 0
~(r(5 %)), (7 (5 ol ),

= Tik¢ + To(n|¢) = (T1k + Ton™)C.

And on the other hand

v (5 )= (B BY(ES)-
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Tik +Ton* Ti&E+ Tsb
T3kTyn*  T3E+Tub )

(3= b)),

Analogously, one proves that

(r (5 3)), = (5 3)),

for the other indexes i,j € {1,2}. Therefore ¥(z) = T as desired. O

Thus

Thus we have canonical isomorphisms

I

L(5)®H2<K(5)®H 8@[{)

K(E,E@H) K(B,E® H)
&®H BoH K ’

(,Bo H) K(B,B® H)

as Hilbert L(&)-modules, and
~ [ LEERH) L(B,E®H)
M(L(E) & H) = ( LE,BoH) L(B,BoH) )’

as Hilbert M (L(&)) = L(M(E))-modules.

Note that, by definition, £(B,& @ H) = M( ® H) and £(B,B® H) = M(B @ H),
and we also have L£(€,€ @ H) = M(K(E) @ H) (this follows from Proposition 2.1.11).
Moreover, £L(£,B ® H) can be embedded as a Hilbert £(£) = M (K(E))-submodule of
M(E* @ H) (see Remark 2.1.7), but this embedding is not surjective in general (it is if £
is full; see Remark 2.1.12(2)).

Remark 2.3.3. Let A, B be C*-algebras and let £ be a Hilbert B-module. Then there is
a canonical isomorphism L(£) ® A = L(£ ® A) (see [15, Remark 1.50]). More generally, if
F is a Hilbert A-module, then one can identify

L(€)®F§</c(5)®f €®}'>N<IC(€®A,S®}") K(B® A,E® F) )

E@F BoF ) \KE®AB®F) K(BoAB®F)
as Hilbert L(£) ® A = L(€ ® A)-modules, and also

M(LE) & ) g< LEDAERF) LBRAE®F) >

LE®ABRF) LB®AB®F)

as Hilbert M(L(€) ® A) = L(M(€ @ A))-modules, where all the structure is given by
matrix multiplication. In fact, a short proof for this assertions (and hence also for the
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case of a Hilbert space F = H) is the following. We can identify L(£) = K(€ & B) and
F 2 K(A,F). Proposition 2.2.5] yields

L) ® F 2 K(€ @ B)® K(A,F)
~ K((E®B)® A, (€@ B)® F)
2L(E@A)®(BRA),(EQF)D (B F))

L[ KE®RAERDF) KB AESF)
KE®AB®F) K(BRAB®F) |

Since (E® A) @ (B® A) is a full Hilbert B ® A-module, it follows from Remark 2.1.12(2)
and Proposition 2.1.11 that

M(LE) & F) = M(K((E® )& (Be A),(Ea F)a (Bo F)))

L(E@A)®BRA),(ESF) e (B F))

LEDAEDTF) LB®AESDF)
LEQABRF) LBRABRF) )

Il

12

2.4 Weight theory

It will turn out that one of the main tools in this work is weight theory. In this section,
we recall some basic notions. We refer to [42] for details.

Definition 2.4.1. Let G be a C*-algebra. A weight on G is a map ¢ : GT — [0, 0o] such
that

(1) ¢z +y) = ¢(z) +¢(y) for all 2,y € G7, and
(ii) ¢(rz) =re(z) for all z € G, r € RT (here we use the convention 0 - oo = 0).

The weight ¢ is called faithful if for every x € G, p(x*z) = 0 implies x = 0. For a
weight ¢ we use the following standard notations

MP ={ze g’ :p) <o}, My :=spanMS, N,:={zeG:z'ze M}

Then M, is a x-subalgebra of G, Nso is a left ideal of G and M., is the linear span of
./\/:;f/\/zo. Moreover, /\/l:g is a hereditary cone in Gt and /\/l:g =gt NM,. We have

./\/l[; is dense in GT < M, is dense in G <= Nso is dense in G.

If the equivalent conditions above are satisfied, then we say that ¢ is densely defined.
We also denote by ¢ the unique linear extension of ¢ to M,. We say that ¢ is lower
semi-continuous if {x € G : p(x) < ¢} is closed for all ¢ € RT or, equivalently, for every
net (z;) in AT and z € AT, z; — z implies ¢(z) < liminf(p(z;)).

' This means that if z,y € M; and r € RT, then z 4+ ry € ./\/lj,f (that is, M; is a cone) and if x € G,
y € M} and if z < y, then € M (that is, M is hereditary).
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A weight ¢ is called proper if it is non-zero, densely defined and lower semi-continuous.
We only consider proper weights in this work.
Define the sets

Fp={w e gt :w@) <p(z) forallz € G}
and
Gy ={w:weF, e (0,1)} C F,.

If we endow JF, with the natural order of G} then G, is a directed subset of F,, so that
G, can be used as the index set of a net. If ¢ is lower semi-continuous, we have ([42,
Theorem 1.6])

o(z) =sup{w(z) 1w € F,} forallz € GF. (2.1)
It follows that
o(z) = lirél w(z) forall z € M,,. (2.2)
wEY,

The weight ¢ can be naturally extended to the multiplier algebra M(G) by setting
@(x) :=sup{w(z) 1w € F,} forallz e M(G)T, (2.3)

where each w € G* is extended to M(G) as usual. Then ¢ is the unique strictly lower
semi-continuous weight on M(G) extending . We shall also denote the extension ¢ by
¢ and use the notations ./\;l$ = Mg, M, = Mg and N, = Njz. Equation (2.2) can be
generalized:

o(z) = lirél w(z) for all z € M. (2.4)
weYy

2.4.1 Slice maps

Let A and G be arbitrary C*-algebras. Given w € G* there is a unique bounded linear
slice map idg @w : A®G — A satisfying (idg ®w)(a®b) = aw(b) for alla € A and b € B.
It can be extended to a strictly continuous linear map M(A ® G) — M(A) which is also
denoted by id4 ® w (see, for example, [15] for further details). This can be generalized to
weights as follows. Let ¢ be a proper weight on G. We know that G, is a directed set and
hence, given z € M(A ® G), we can consider the net ((ida ® w)(z)) in M(A). We
define the following set

w€g¢

M, ={ze MA®G)" : ((ida @ w)(z))

ooy | converges strictly in M(A)}.

w6g<p

ida®p
for strict limit. We list some properties of the slice map idg ® ¢ (see [42, Result 3.6]):

For x € M, we define (idg ® ¢)(z) :=s- lilél (ida ®w)(z), where the script “s” stands
weYy

1. for z,y € M and ¢ € RT, we have = + ¢y € M nd

ida®y ida®p &

(ida ® ) (z 4+ cy) = (ida ® ¢)(z) + c(ida @ ¢)(y),
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2. ify e /\;liEA&o and r € M(A®G)" and if z < y, then z € MIIA&O
(ida ® @) (x) < (ida @ ¢)(y),

3. for a € M(A)" and b € M, we have a®b € M?&A@w and (ida ® ¢)(a®b) = ap(b).

and

+
ida®p
extension of id4 ® ¢ to Miq,s,. We also define

Nidyop i ={r € M(A®G) : 2z € M;QA@@}'

So like before, Mi—i_iA@@ = Mid, 00 N M(A® G)T is a hereditary cone in M(4A ® G)*,

Mid, e, is a hereditary *-subalgebra of M(A ® G), Mia g, is a left ideal in M(A ® G)
and Mia,ep = N, 9, Midaogp-
Notice that, given 2 € M(A®G)™, the net ((idA®w)(x))weg

The following two lemmas characterize strict convergence of such nets.

Lemma 2.4.2 (Result 3.4 in [42]). Let A be a C*-algebra, and suppose that (a;) is an
increasing net in M(A)T. Then (a;) converges strictly if and only if the net (b*a;b)
converges in norm for all b € A.

Finally, we define Miq AQp ‘= span M and also denote by id4 ® ¢ the unique linear

is increasing in M(A)T.
@

Lemma 2.4.3 (Lemma 3.12 in [42]). Let (a;) be an increasing net in M(A)* and suppose
that a € M(A)T. Then (a;) converges strictly to a if and only if 0(a;) converges to 0(a)
for all 0 € A%

Later we shall also need the following slight modification of Lemma [2.4.2:

Lemma 2.4.4. Let £ be a Hilbert B-module. Denote A = K(E) and identify M(A) =
L(E). Let (T;) be an increasing net in M(A)T. Then (T;) converges strictly in M(A) if
and only if (n|Tin) converges in B (in norm) for every n € £.

Proof. The proof is very similar to the one in [42, Result 3.4] (that is, Lemma [2.4.2) which
is exactly this lemma in the case £ is itself a C*-algebra. If (7;) converges strictly in M(A),
then (n|T;n) converges in B for every n € £ because & = K(€) - £. Suppose conversely
that (n|T;n) converges in A for every n € £. Since (7;) is an increasing net, the same
argument of [42, 3.4] using the uniform boundedness principle shows that (7;) is bounded.
Let M > 0 such that ||T;|| < M. If n,¢ € € and S := |n)((| then S*T;S = |{(n|Tin)){¢|, so
that (S*T;S) converges for every S € span|€)(£|. From [42, 3.2] we have

1738 — T38| < |T; — Tyl|I1*(T; — T))S|| < 2M|1S*(T; — T;)S].

It follows that (7;S) is Cauchy, and therefore convergent, for all S € span |€)(E]. Since (1;)
is bounded we get that (7;S5) converges for all S € A. Define T': A — A, T(S) = lim T;S.
The same argument of [42, 3.4] shows that 7' € M(A) and T; converges strictly to 7. O
Using the lemmas above one can prove the following useful result (Propositions 3.9
and 3.14 in [42]).
Proposition 2.4.5. Let v € M(A® G)*. Then x € M?&AQW if and only if there is
a € M(A)* such that (0 ®idg)(z) € M} and ¢((0 ® idg)(x)) = 0(a) for all 6 € A% In
this case, (ida ® ¢)(x) = a.
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2.4.2 KSGNS-Constructions

Given a weight ¢ on a C*-algebra G, we can associate to it a GNS-construction (see
[42, Definition 1.2]). It is by definition a triple (H,7,A) where H is a Hilbert space,
A : N, — H is a linear map with dense image such that

(A(a)|A(b)) = p(b"a) for all a,b e N,

and 7 is a *-representation of G on H such that w(a)A(b) = A(ab) for alla € G and b € N,,.
A GNS-construction is unique up to unitary transformation.

If the weight ¢ is lower semi-continuous and (H,w,A) is a GNS-construction for ¢,
then A is a closed map and 7 is a nondegenerate *-representation of G on H and we
have 7(a)A(b) = A(ab) for all a € M(G) and b € N, (see [42, Result 2.3]). Moreover,
the map A : N, — H is strictly closable and if we denote by A : D(A) — H its strict
closure, then D(A) = N, and (H, 7, A) is a GNS-construction for the extension of ¢ to
the multiplier algebra M(G) (here 7w : M(G) — L(H) denotes the strict extension of )
(see [38, Proposition 2.6]). We put A(a) := A(a) for all a € N, that is, we use the same
symbol for the strict extension of A.

Given a C*-algebra A, there is also a sort of KSGNS-construction? for the “C*-valued
weight” id4 ® ¢, which we describe in the next proposition (see [42), 3.18, 3.23, 3.27] for
the proof). This result will be one of the main tools in this work.

Proposition 2.4.6. Let A and G be C*-algebras, let ¢ be a proper weight on G and let
(H,7,H) be a GNS-construction for ¢. Then there is a unique linear map

ida @A : Nig,0p = M(AQH) = L(A,A® H)

such that (ida @ A)(z)* (b ® A(s)) = (ida ® ¢)(z*(b® s)) for all x € Nia,zp, b € A and
s € N,. One has the following properties:

(i) (ida® A)(y)*(ida @ A)(z) = (ida @ ¢)(y*z) for all 2,y € Nid p;
(ii) (ida ® A)(b® s) =b® A(s) for allb € M(A) and s € N,;
(iif) (ida ® A)(2y) = (ida @ m)(2)(ida @ A)(y) for all 2 € M(A® G) and y € Nia,ep;
(iv) z(b®1) € Ma, ey for all x € Nig, g, and b € M(A), and
(ida ® A) (z(b® 1)) = (ida ® A)(2)b; and

(v) idg ® A is closed for the strict topology of M(A ® G) and the strong topology of
MA®H)=L(AJA® H).

Remark 2.4.7. The converse of (iv) is also true: if z € M(A®G) and z(b®@ 1) € Ma ey
for all b € A, then = € -A_/idA(X)cp‘ In fact,

z(b®1) € Nig,op < V@ 1)z'z(b®1) e M} .

ida®¢p

2KSGNS stands for Kasparov, Stinespring, Gelfand, Naimark and Segal.
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Fs-lim (idg ® w)((b* @ 1)z*z(b @ 1)) = lim b*(ida ® w)(z*z)b.
Weg¢ Weng
Since b € A is arbitrary, the result follows from Lemma [2.4.4.

We shall need the following result of [42, Proposition 3.38].

Lemma 2.4.8. Let A and B be C*-algebras and suppose that p : A — M(B) is a
strict completely positive mapping (see [43]). Let ¢ be a proper weight on G with GNS-
construction (H, 7, N). Then the following holds:

(i) For all x € Miq, gy, the element (p ®idg)(z) belongs to Miqye, and
(idp ® ¢)(p ®idg)(z) = p(ida ® »)(z).
(ii) For all x € Niq, gy, the element (p ® idg)(xz) belongs to Miape,e and

(1p @ v*)(idp ® A)((p ®idg)(2)) = p((14a @ v*)(ida @ A)(z)) for allv € H?

Lemma 2.4.8 can be applied to nondegenerate x-homomorphisms and to bounded func-
tionals (because these are linear combinations of states). In fact, these are the only cases
we are going to use.

2.4.3 KMS-Weights

The idea behind KMS-weights is to control the non-commutativity of the underlying alge-
bra. We discuss some basic properties of KMS-weights.* We refer to [36] for full details.

Definition 2.4.9. Let G be a C*-algebra and let ¢ be a proper weight on G. Suppose
that there is a (continuous) one-parameter group of automorphisms o = (0¢)¢cr, that is,
an action of R on G, such that

(i) ¢(ow(z)) = p(z) for all z € G, that is, ¢ is invariant under o, and
(z)").

Then ¢ is called a KMS-weight and o is called a modular group for .

(ii) for all z € D(0:i) we have p(z*z) = (i (z)o
2 2

i
2

If ¢ is faithful, then the modular group is uniquely determined. We have used above
the analytic extension of o. By definition, for each z € C, o, is the closed densely defined
operator in G whose domain D(o,) is the set of elements a € G such that there is a
function f : S(z) — G, where S(z) denotes the horizontal strip {y € C: 0 <Imy < Im 2z},
satisfying

(i) f is continuous on S(z),

3Here we identify H = £(C, H), so that any v € H is seen as an operator v € £(C, H), v(z) =v-2 € H
for all z € C. Its adjoint v* : H — C is given by v*(w) = (v, w), where we suppose that the inner product
(-,-) is linear in the second variable.

4The expression KMS refers to the mathematicians Kubo, Martin and Schwinger.
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(ii) f is analytic on S(2)°, the interior of S(z) and
(ili) f(z) = o4(a) for all x € R.

Then, by definition, we have o,(a) = f(z). An element a € G is called analytic with
respect to o if a € D(o,) for all z € C. If a is analytic then the function z — 0,(a) is an
analytic function C — G.

The space of all analytic elements with respect to ¢ is dense in G. Moreover, given any
a € G the element

ap, = \;%/Rexp(nztz)ot(a) dt

is analytic for all n € N and the sequence (a,,) converges to a. Using similar ideas one can
also prove the following result (see [36] for details).

Lemma 2.4.10. Suppose that ¢ is a KMS-weight on G with a modular group o = {04 }1er.
There exists a bounded net {e;} in Ny of analytic elements with respect to o, such that
o.(ej) — 1 strictly for all z € C.

In connection with KMS-weights we introduce the Tomita x-algebra as follows:

71, :={x € G : x is analytic with respect to o
and o (x) € Ny NN, for all z € C}, (2.5)

where ¢ a KMS-weight and {0y };cr is a modular group of ¢. It can be proved that 7, is,
in fact, a dense *-subalgebra of G ([38]). The Tomita *-algebra is very useful in technical
situations.

Recall that a core of a closed (unbounded) linear map 7" is a subspace C' of the domain
D(T) of T such that the closure of the restriction T'|¢ is equal to T'.

Lemma 2.4.11 (Lemma 5.13 in [38]). The Tomita x-algebra 1, is a core for A.
The next result (Proposition 1.12 in [42]) gives some basic properties of KMS-weights.

Proposition 2.4.12. Let ¢ be a KMS-weight on a C*-algebra G with a modular group o.
Let (H,7,A) be a GNS-construction for ¢. Then the following properties hold:

(i) There is a unique anti-unitary operator J on H satisfying JA(z) = A(oi(z)*) for
allz e N,ND(oi).
2

[SIES

(i) Ifz € Ny, and a € D(01), then xa € N, and A(za) = Jr(0i(a)) JA(z).

N|=

i
2

(ili) If x € My and a € D(0—;), then ax and xo_i(a) belong to M, and
plaz) = (20 +(a).

32



2.4. WEIGHT THEORY

The anti-unitary operator J above is called the modular conjugation of ¢ in the GNS-
construction (H,m, A). There is a strictly positive operator V on H satisfying V¥ (A(a)) =
A(Ut(a)) for all a« € N, and t € R. The operator V is called the modular operator of ¢
in the GNS-construction (H,m,A). The modular conjugation and the modular operator
do not depend on o, but only on ¢. In fact, there is a densely defined operator T' on H
such that A(Ny, NN is a core for T' and T'(A(a) = A(a*) for all a € N, N N}. We have
V=T*Tand T =JV2 =V 2.

The next result shows that the properties above can be extended to slice maps with ¢
(see [42), Proposition 3.28]).

Proposition 2.4.13. Let A be any C*-algebra. Let J be the modular conjugation of @ in
the GNS-construction (H,m, A).

(i) If z € Nid ey and a € D(o1), then (1 ® a) € Nig, g, and

i
2

(ida @ A)(z(1®a)) = (1@ Jr(oi(a))"J)(ida ® A)(2).

3
(i) If * € Mia ey and a € D(o—;), then (1 ® a)z and z(1 ® o_i(a)) belong to Mia,zq
and
(ida ® ©) (1 ® a)z) = (ida ® @) (z(1 ® 0_i(a))).

2.4.4 Generalized KSGNS-constructions

Later we shall need a generalization of the KSGNS-construction in Proposition 2.4.6 to
the context of Hilbert modules. We develop this generalization in this section using linking
algebra techniques.

Given a Hilbert B-module £ and a C*-algebra G, we are going to see that there exists a
slice map idg @w : E®G — & (which is a bounded linear map satisfying (ide @w)({® s) =
Ew(s) forall¢ € £and s € G) for any w € G*. As for C*-algebras one can also extend idg @w
continuously with respect to the strict topology to get a map idg @w : M(E®RG) — M(E).
So we can try to imitate the case of C*-algebras to define the slice map idg ® ¢, for a
given proper weight ¢ on G. We have to take care here because it does not make sense to
speak of positive elements in a Hilbert module, so that we cannot define a set like M-

- ide®e*
However, we are going to see that we can define a set like Mjq, g, using the linking algebra

of £.
Recall that the linking algebra of £, denoted by L(E), is the C*-algebra of all 2 x 2
matrices of the form

<g; Z), where T' € K(&), n,( € &, c € B,

with natural operations and norm.
By Remark 2.3.3] we have canonical identifications

K€&)og E®g )

L(5)®gg( E&*®G B®G
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and
- L(E®QG) LIB®G,E®QG)
M(L(5>®g)=<c(5®g,3®g) LB®G) >

. T n .. . . T®r nr
in such a way that <<* c ) ® r is identified with <C*®7“ c®r> for all T €

M(K(E)), n,¢ € M(E), ¢ € M(B), and r € M(G). Using these identifications we
define for each w € G* a slice map idg @ w : M(E ® G) — M(E) by the equation

o (0 2)=(§ W0 )

Note that, if p := ( é 8 > and ¢q := < 8 (1) ) are the corner projections in M(L(€)),

then we have for all z € M(L(£) ® G)
p(idpe) @ w)(x)g = (idg) @w)((p®@ z(g® 1)).
In particular,
. 0 =z . 0 =z
p(idze) ®w) ( 0 0 >C]= (idr(g) ®w) ( 0 0 > :

Thus idg ® w is well-defined. Analogously, we can define a slice map

ide« Qw: LIE®RG,B®G) — L(E,B)

(id ey ® w) < S 8 ) = ( (idg- égw)(y) 8 )

Again using that ¢(idy e @w)(x)p = (idpe) Qw) ((¢@1)z(p®@1)) for all 2 € M(L(E)®G),
we see that idg+ ® w is well-defined. Moreover, using also the relations

by the equation

p(idpe) @ w)(z)p = (de) @ w)((p® Dz(p ® 1)),

q(id L) @ w)(z)g = (idpe) @w)((g@ Nz(g® 1))
for all z € M(L(E) ® Q), we get

: T1 o (idg(ey @ w)(w1)  (ide ® w)(z2)
d = . . 2.
(idpe) ®w) ( A ) ( (ide- ®w)(ws) (dpow)(z) ) 20
for all 1 € M(K(E) ®G), 12 e M(E®G), 23 € LIE®G, B®G) and 24 € M(B® Q).

Several properties of the slice maps ide ® w, w € G*, can be derived from the corre-
sponding properties of idy,g) ® w.

Proposition 2.4.14. Let £ be a Hilbert B-module, and let w € G*. Then the slice map
ide@w: M(E®RG) — M(E) is a strictly continuous bounded linear map with ||ide @ w|| <
lwl|. It restricts to a bounded linear map ide @ w : € ® G — E. Moreover, we have
(idg ® w)(M (E®G)) C € and hence idg ® w restricts to a map ids @ w : MERG) —E
which is G-strict to norm continuous. The following properties hold:

34



(i)
(i)

(iii)

2.4. WEIGHT THEORY

If ¢ € M(E) and a € M(G), then (idg @ w)(§ ® a) = w(a).

For a € G define aw,wa € G* by (aw)(b) := w(ba) and (wa)(b) := w(ab) for allb € G.
Then we have for alla € G and x € M(E ® G)

(ide ® aw)(z) = (ide @w) (z(1 ®a)), (ide ® aw)(z) = (idg @ w)((1 ® a)z).
Let F be another Hilbert B-module. If R € L(F,B) and x € M(E ® G), then
(ide ® w)(z)R = (idxy @ w)(z(R® 1)),

where X = K(F,&) considered as a Hilbert K(E), KC(F)-bimodule, and we identify
21(R®1) € LFRGERG) — MK(F®GERG)) = M(X®G) as in Proposi-
tion 2.1.8l.

In particular, if b € M(B) and z € M(E ® G) then
(ide ®@ w)(2)b = (ide @ w)(z(b® 1)),
and if T € L(E,B) and v € M(E ® G), then
(ide ® w)(2)T = (idgey) @ w) (x(T @ 1)).

IfRe LIE,F) and v € M(E ®G), then

R(idg ® w)(z) = (idr ® w) ((R® 1)z).
In particular, if S € L(E) and x € M(E @ G) then

S(ide ® w)(z) = (idg @ w) ((S @ 1)z),
and if T € L(E,B) and x € M(€ ® G), then

T(ide ® w)(z) = (idp @ w) ((T ® 1)z).

If € is a right-Hilbert A, B-bimodule, where A is some C*-algebra, and hence £ ® G
is a right-Hilbert A ® G, B ® G-bimodule, M(E) is a right-Hilbert M(A), M(B)-
bimodule, and M(E ® G) is a right-Hilbert M(A ® G), M(B ® G)-bimodule, and if
we denote all the left module actions by -, then for all a € M(A), and x € M(E®G)
we have

a-(ide ®@w)(z) = (Idg ®w)((a® 1) - z).

Proof. Since the strict topology on L(M(€ @ G)) (resp. L(M(E))), when restricted to
M(E®G) (resp. M(E)), coincides with the strict topology on M(E®G) (resp. M(E)), the
strict continuity of idg ®w follows from the strict continuity of idyg) ®w. Of course, idg ®w
is linear. Since (idyg) @w)(L(E) ®G) C L(E), it follows that (idg ®w)(£®G) C €. Using
that id ) @w : M(L(E)®G) — M(L(E)) is bounded with [|id ) ®w|| < [lw]|, and using
that the natural inclusions of M (&) into M(L(£)) and M(€ ® G) into L(M(E ® G)) =
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M(L(E) ® G) are isometric, it follows that ide ® w : M(E ® G) — M(E) is bounded with
llide ® w|| < |lw||. It is easy to prove property (i) from the corresponding property for
id,e) ®@w. Since idg ®w is strictly continuous, to prove property (ii), it is enough to check
it for x € £©G. But this is easy. The other properties are proved using similar arguments,
because all the operations involved are strictly continuous. For example, to prove (iii),
one only needs to check it for z € £ © G (and this is easy), and after that one proves that
the map M(E®G) 3 x— z(R®1) € M(X ® G) is strictly continuous (this uses the fact
that we have a canonical inclusion (&) C K(&) and hence also K(X ® G) C L(E ® G)).

Finally, let x € M(c‘f ® G). By Cohen’s Factorization Theorem, there is a € G and
6 € G such that w = fa. Using (ii), we get

(ide @ w)(z) = (idg @ 0) (1 @ a)z) € €,

because (1 ®a)r € £® G and (ide ® 0)(€ ® G) C €. The equation above also shows that
the map id®@w : M(E ® G) — € is G-strict to norm continuous. OJ

Remark 2.4.15. Applying Proposition 2.4.14] to £* instead of £, we get a slice map
ide» @w : M(E*®G) — M(E*) which is a strictly continuous linear map. In fact, it is the
strict extension of the slice map idgx @ w : £* ® G — £*, which is norm-continuous and
satisfies (idg+ @ w)(€* ® a) = *w(a) for all £ € £ and a € G. On the other hand we also
have defined a slice map idg+ ®w : L(E®G, BRG) — L(E, B) as the restriction of id ) ®w
to the corner L(E®G, B®G) = qL(M(E®G))p € L(M(E®G)) (where p, g are the corner
projections). So apparently there is notational problem: we are using the same symbol
idg+ ® w for two possibly different maps. But there is no confusion if we identify £(€ ®
G,B®G) > M(K(E®G,B®G)) 2 M(E*®G) and L(E, B) — M(K(E,B)) = M(E*) as
in Remark 2.1.7. In fact, under these identifications idgx ®w : L(E® G, B®G) — L(E, B)
is just the restriction of idg+ ®w : M(E* ®G) — M(E*). This can be seen in the following
way. Let us denote, for the moment, by S, for the map idg-®w : L(ERG, BRG) — L(E, B).
The notation idg« ® w is used only for the slice map idex @ w : M(E* ® G) — M(EX).
From the definition of S, it is easy to show that S, restricts to a linear bounded map
Sw: EF®G — E* satisfying S,(£* ®a) = EFw(a) for all £ € £* and a € G. Here we identify
FRaef*RGEKEB)RGEKERGB®G) C LE®G,B®G). In particular, S,
and idg+ ® w coincide on £*® G = K(E @G, B®G). Moreover, since the strict topology on
M (L(E) ® Q), when restricted to the corner L(€ ® G, B ® G), coincides with the bi-strict
topology, we see that S, is bi-strict continuous. Thus S, is the bi-strictly continuous
extension of idg« Qw : E*®G — £ to LIE®G,B®G) — L(E,B). Since the bi-strict
topology is stronger than the strict topology, we see that S, must be the restriction of
idg* R w.

Having the slice maps idg ® w for all w € G*, we can now define the set

Migegp = {:z: € M(E®QG) : the strict limit s-lim (idg @ w)(z) € M(E) exists}.

wEQp
We also define a slice map idg ® ¢ : ./\;lidg®@ — M(&) by

(ide ® p)(x) := S_whe%lw(idg ®w)(x).
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In order to generalize the case of C*-algebras and define a set like Mig,g, We use the
linking algebra of £ as follows.

Definition 2.4.16. For a proper weight ¢ on G and a Hilbert B-module £, we define the
following sets

Midg@ga =4I € ﬁ(B®g,5®g) = M(5®g) : ( 8 :8 ) € Midug)@tp}a

/\_/’idg®<.0 = {l‘ €ELBRGERG) =MERF): ( 8 98 > GMdL(S)@)SO}’

reLE®GB®G) CME @G): (2 8) 6Miduw®¢}v

Niaeoos = {r € L€ 06,800 cME ©0): (0§ ) Mo}

It follows from Equation (2.6) and the fact that the strict topology on M(L(£)),
when restricted to the corner M(E), coincides with the strict topology on M(E), that
/\;lid‘g@(p - ./\;lidg@w. In other words, if x € /\;lidg(gw, then there exists the strict limit
s helél (ide ® w)(x) in M(E), which is denoted by (idg ® ¢)(x). Moreover, we have

wEYe

( 8 (ide szo(p)(x) ) = (idre) ® ) < 8 g >

Analogously, since the strict topology on M(L(E)), when restricted to the corner
L(E, B) coincides with the bi-strict topology on L(€, B) (see Remark 2.1.10)), it follows
that for all z € Mig,.g, there exists the bi-strict limit ss- lilél (idex @ w)(z) in L(E, B),

weYy

which we denote by (idg+ ® ¢)(x). Moreover, we have

( (ide- @g@)(az) 8 ) = (idre) ® ¢) ( 2 8 )

for all x € Miqg,.@,. Note that, under the canonical embedding £(€, B) — M(E*) (see
Remark 2.1.7), the bi-strict topology on L(&, B) is stronger than the strict topology, and
therefore Miq,.0p, € Mide op-

Remark 2.4.17. Note that considering the dual £* = (&, B) of £, which is a Hilbert
B, K(&)-bimodule, we have

L(EY) = < B & >g< K(B) K(&

£ K(&) K(B,€) /C(’l)?) ) =K(B®&)=K(E®B) = L(E).

This also implies M (L(£*)) = M(L(E)). In the same way, if we consider the Hilbert
B ® G,K(£) ® G-bimodule £* ® G = K(£ ® G,B® G), then L(E*) ® G = L(£) ® G and
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2. PRELIMINARY BACKGROUND

(hence) M(L(E*) ® G) = M(L(£) ® G). Under these isomorphisms, an element of the

form ( o ) corresponds to the element < T4 ) In this way, we have

xr3 T4 T2 I

0 -
Midg.p = {5'3 €LE®G B®G): ( 0 g > = MidL(£*>®<P}

and

0 _

So the definitions of /\;lidg*@w and /\7idg*®so in Definition [2.4.16/ are redundant. That is,
we could have just defined /\;lidg&o and /\_/id5®¢, and apply these definitions to the dual
E* to get Mids*@)‘ﬂ and /\7id£*®¢. But one has to take care here, because if we consider
E* only as a right-Hilbert I(£)-module, that is, if we forget the left-Hilbert B-structure
of £*, then we get different definitions in general. For example, if ¢ is bounded, then

Mideop = Nidgeop = L(E® G, B®G). But, if we forget the left-Hilbert B-structure of
E*, then we would get M(E* ® G) instead, which is strictly bigger than L(E® G, B®G) in
general (see Remark 2.1.12(1)). However, if £ is full, then all these differences disappear.

Definition 2.4.18. Let £ be a Hilbert B-module. Under the identification (see Proposi-
tion [2.3.2)

M(L(E) ® H) = < LEERH) L(B,E®H) >7

L(E,B®H) L(B,B®H)

we define for all = € -/\_/‘idg®g0 and y € /\_/’idg*(@@, the following maps

(de © A)(2) € L(B,E @ H), (ide ® A)(z) = (idye) ® A) ( 0 6 >12’

and

(ide ® A)(y) € L(E,B@ H), (idg- @ A)(y) = (ide) @ A) < 2 8 ) )
21

where for a matrix m, m;; denotes its (i, j)-entry.

Note that if £ = B is a C*-algebra, then we have two definitions for the sets Midg@lp
and Niq s@p and also for the maps idp ® ¢ and idp ® A and hence we have to prove that
they coincide. This will follow from the next result.

Proposition 2.4.19. Let £ be a Hilbert B-module. Then

: \/. * Yha \ /. * ks
() = € Nidgeyp &= "z € My o, and @ € Nig,.gp = 2"1 € Mg oy @0

.. - Mid,c(g)@w Midg@)(p — MdK(s)@)SO Mds@w
(i) Midy e e = - - and Nia, o 0p = v - ,
M, M; LE)wP i N
ideg*®¢ idp®¢ ideg* @ idp®¢
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2.4. WEIGHT THEORY

Z2
T4

(iii) for all ( i; > € MidL(£)®¥” we have

1 Ty ) _ ( (idi@) @ @) (1)  (ide @ p)(22) ) 7

(idpe) @) ( €3 T4 (ider ® @)(w3)  (idp ® @)(x4)

and

1 T2 Y
. > EMdL(g)®<p; we have

(iv) for all <

9 ) _ ( (idx(e)y ® A)(z1)  (ide ® A)(z2) ) .

(idpe) @ A) ( — (idex @ A)(x3)  (idp ® A)(24)

0 0

0 2\ [0 z 0 0 . . :
that < 0 0 > ( 0 0 > = < 0 o'z > MldL(g)@w, that is, there exists the strict

Proof. By definition, = € ./\71015®¢ if and only if ( 0 @ ) € MdL(é‘)®‘P' This means

0 O
0 z*x
s lirél (idp ® w)(z*x), that is, x*z € M

weYy

. . - . X1 X9 —
if and only if z*x € Mid;g(g)@(p' Now if ( — ) € MdL(£)®<P’ then

*
1 o x1 x2 \ [ Tl + a3z 2T + 374 c M
T3 T4 T3 T4 ryry + Thrs x3Te + ThTs EHORS

Since Mld;qg)&o

and z3xe, viTy € M

limit s- lil’él (i) ® w) < >, or what is equivalent, there exists the strict limit
wEY,

gy Analogously, one proves that x € /\71(15*@@

It follows that x%x1 +xhr3 € M and

i+
MidB Qp
Thus

and 370 + 2574 € M,

idic ()@ idp®ep-

are hereditary cones, we get xjx1, 2373 € ./\/l

K(E)®p idp®yp-

./VidL g®p S < AﬁdK(S)@W Mds@@ > .
© ide-p  Midpae

The other inclusion is trivial. From this we get

_ _ o -
MidL(g)®(P = SpanMdL(g)®<pMdL(5)®<P

_ _ N _ _
—Span< '/v_idic(g)@)s@ inds@w ) (A@d)qg)@so '/Yids@)ﬂp >

Mds*@(p Md3®<p Mdg*@@ Md3®<p

_ . _
— span Md;c(g)®<pMdK(£ Q¢ +Nd @@Mdg*@w Mg,c<g)®<p{\[ids®<ﬂ +Nd5*®gonB®<P
< .
1dg®¢/vld)c<5)®w + Md3®¢Mds*®w /\[idg@)go/vids@w + Nd3®¢Md3®w

Item (i) together with polarization yield the inclusions i’ag*@w/\_/}dg*@@ - Mid;g(g)@&,o and
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2. PRELIMINARY BACKGROUND

N

ideg®y

0 7i§lc(g)®<p-/\7’idg®gp +Nd *®@Md3®§0 _ ( 'A_/Edlc(é')®§0 0 >* < 0 -/\:/id;;@go >
0 0 Nidgeop 0 0 Nidpoe

Nidgwy € Midzae. Note also that

- _ _
C MdL(g)®§DMdL(S)®§0 < MidL(s)@SO'

uy _
Thus idK<5)®¢Md5®w +Nd£*®@/\/1d3®¢; C Migzp- Analogously, ng®<pMd;<(g)®so -

/\;lidg* ®e- Therefore
M c MidK(S)®<P Midg o,
dr5)®¢ = v v .
Mideeop Midgee

The other inclusion is trivial. And the formula for the slice map idyg) ® ¢ follows from
Equation (2.6) and the relation (see Remark 2.1.10)

Jima;  slimy;

S T (27)
i Zi W ss-lim z;  s-lim wy ’
1 K2
for every strictly converging net ( il 3}1 > € M(L(€)).
(] 1

Tr1 I2 v k €

Take any < I > € My @p- Then, for all ( 7 b > € L(€) and s € G, we

have

amen () ((F5)eaw)
. (idL(s>®so)<< i; Z > (( f g ) ®s>>

e zi(k @ s) +a3(n" ®
= (dze) @ 9) ( 3k ®@s)+ai(n*®

®
®
(idice) @ @) (25 (k@ s))+  (ide @ @) (2}(£ @ )+
(idke) @ @) (5(n" ® s) (ide ® @) (23(b ® 5))

(idex ® @) (x5 (k @ s))+ (idp ® ¢) (23(
(idex ® @) (25 (n* @ 5)) (idp ® @) (x}
On the other hand,
(id(e) @ A1) (ide @ A)wa) \* (k€Y
< (ide~ ®A)(CL‘3) (idp ® A)(z4) > < n ) ? >

(idiey @ A)(@1)* (k@ A(s))+  (idge) @ A)(z1)* (€@ A(s))+
(ldg* ® A)(xa) (n* @ A(s)) (idex @ A)(23)* (b ® A(s)

~—

(ide @ A)(w2)* (k ® A(s)) + (ide @ A)(2)"
(idp ® A)(z4)* (* ® A(s) (idp ® A)(x4)
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By Proposition 2.4.6, (ide) ® A)(z1)*(k ® A(s)) = (idie) @ ¢) (2} (k © s)). We claim
that (idg- ® A)(z3)* (1" ® A(s)) = (idi(e) ® @) (@5 (n* @ s)). In fact,

= (idic(e) @ ) (23(n" @ 5)).

Thus My1; = Ni1. Let us also prove that Mis = Nio. For this, note that writing £ = T,
for some T € K(€) and ¢ € &, we get

(idicey ® A)(21)" (€ @ A(s)) = (ideey © A)(z1)" (T © A(s))¢
idi(sy @ @) (23(T ® 5))¢
ide @ ¢)(z7(T¢ ® 5))

ide ® @) (27(£ @ 5)).

(
(
(
(

And we also have

(idg- @ A)(w3)* (b @ A(s)) =

Analogously, one proves that My = Noy and Moy = Noo. O

Note that the equality Mid, . @, = span Nj; Nidy )@ and Proposition 2.4.19(ii)

idr(g)®¢
imply the following relations

_ B . .
Midm(s)@)@ = span d,c(,g)®<p 1di<(€)®90 + idg*®<pMdg*®<P)’

Midggp = span d;qg)@tp 1dg®so +'/\[ldg*®§0'/\/-1dB®§0)

Mid£*®‘P = SpalliNVide e 1dl€(£)®‘»0 + Md3®<ﬁMds*®Sﬂ)

===

(
(
(Wi
MidB®<p = span( 1dg®g0 Nideoy +MdB®QDMdB®<P)
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2. PRELIMINARY BACKGROUND

From Proposition 2.4.19/ we can derive several properties for the maps ide ® A and
ide« ® A. We list now some properties for the map idg+ ® A, which will be more important
to us later.

Before we state the properties, we need one more preparation. Suppose that 7 :
G — L(H) = M(K(H)) is a nondegenerate x-homomorphism, where H is some Hilbert
space, and consider the s-homomorphism idyg) ® m : L(£) ® G — M(L(E) ® K(H)),
which is also nondegenerate, and therefore has a strictly continuous extension idyg) @ 7 :
M(L(E) ® G) — M(L(E) ® K(H)). As we have already noted, there is a canonical
identification (see Remark 2.3.3):

N L(E®Q) L(B®G,ERQ)
M(L(E)©g) = ( LE®GB®G)  LB®G) )

Moreover, note that L(£) @ K(H) = K(E @ B) @ K(H) 2 K((E ® H) ® (B® H)), and
therefore we also have a canonical identification:

M(LE)®K(H)) = L(E®H)® (B® H))

N L(E® H) L(B® H,E® H)
_<£(€®H,B®H) L(B® H) )

Under these identifications we get a matrix decomposition:

; o @ w2 ) _ ( lGdee @m)(z)  (ide @ m)(x2)
(idzee) ® )< S > = ( (ide- ® 7)(23)  (idp @ 7)(4) ) (2:8)

To see this, first we observe that the equation above is easily checked for elements of
L(£)®G. Since id, )@ is strictly continuous, and all the corners in M(L(€) ®G) and in
M (L(E)®K(H)) are closed with respect to the bi-strict topologies, it follows that id gy @7
induces maps on the respective corners, which are necessarily bi-strictly continuous because
the strict topologies coincide with the bi-strict topologies on the corners. The assertion now
follows because all the involved maps are bi-strictly continuous. Note that, a priori, ide« @7
is a strictly continuous map M(£*®G) — M(E*@K(H)). And we are considering it above
as a bi-strictly continuous map L(E®RG, BRG) — L(EQH, BQH). But because the bi-strict
topology is stronger than the strict topology it follows that the second map is a restriction
of the first one. Here we consider the canonical inclusions £(E®G, BRG) — M(E*®G) and
LEQH, BoH) — M(E*®K(H)) (as in Remark 2.1.7). Note also that, a priori, ide ®
is a strictly continuous map M(£ ® G) — M (£ ® K(H)), and we are considering it above
as a bi-strictly continuous map £L(B®G,E®G) — L(B®H,E® H). By definition, we have
M(E®RG)=L(B®G,E®G) and the strict and bi-strict topologies coincide. Moreover,
we also have a canonical inclusion £(B ® H,E @ H) — M (€ ® K(H)). In fact, in this
case this inclusion is an isomorphism and the strict and bi-strict topologies coincide (this
follows from Proposition 2.1.11)). Finally, we mention that (idg ® 7)(z)* = (idg+ ® 7)(z*)
forallz € L(B®G,ERQG).

Proposition 2.4.20. Let € be a Hilbert B-module and let ¢ be a proper weight on G with
a GNS-construction (H,m, ).
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(i) If z € L(£,B) and s € N, then 2 ® s € Niggegyp and (idg« ® A)(z @ 5) = 2 @ A(s).
(ii) If x,y € /\_/idg*®s0 then y*x € Mid,c(g@@ and
(idex @ A)(y)"(idex @ A)(x) = (idic(e) @ ) (y"z).
(ili) For anyy € L(E®G,B®G), we have
Y € Nidgeop <= y(k @ 1) € Nidgwp, Yk € K(€) <= y(n ® 1g) € Niapeyp, V0 € €
and in this case

(idex @A) (y(k®1g)) = (idg= @ A)(y)k and (idp @A) (y(n®1g)) = (idex @ A)(y)n.

(iv) For all y € Ma,.0, and © € Niaye,, we have y*z € Miq,g, and
(ide» ® A)(y")(idp ® A)(z) = (ide @ ) (y*z).
In particular, if y € /\71(15*@&; be M(B) and s € N, then y*(b ® s) € Miq e, and
(ide- ® A)(y)" (b® A(s)) = (ide @ ) (y" (0 ® 5)).
(V) If r e M(B®G) and y € Nig,.ep then 2y € Nig g, and
(idg» @ A)(zy) = (idp ® 7)(x)(idgx @ A)(y).

(vi) Let F be another Hilbert B-module. If y € Nidgwwp and T € L(F,E), then
y(T'®1g) € Niay.o, and

(idr @ A) (y(T @ 1g)) = (idex @ A)(y)T.

(vil) If 2 € LIE®RG,B®G) and y € Md/C(E)@‘P C M(K(E)®G) = LIE®G) then
Ty € ./\_/idg*®¢ and

(idex @ A)(zy) = (idgr @ ) () (idc(e) © A)(y).
(vili) Ifz € L(B®G,E®G) and y € Mg ., then zy € Mdm(.g)@w and
(idk ey ® A)(zy) = (ide @ m)(z) (idex @ A)(y).
(ix) The linear map idg» @A : Mg, € LIERG, BRG) — L(E, B H) is closed for the
bi-strict topology of L(E ® G, B®G) (see Definition 2.1.9) and the K-strong topology

of LIE,B ® H) (see Definition 2.1.13)).
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Proof. Essentially, all the properties follow by combining Proposition 2.4.6/ (applied to
A = L(€), the linking algebra of £) with Proposition 2.4.19. For example, (i) follows
from Propositions 2.4.6(ii) and 2.4.19(ii),(iv). And (ii) follows from Polarization and
Propositions 2.4.6/(i) and 2.4.19(i),(iii),(iv). Let us prove (iii) with more details. Proposi-
tions 2.4.6(iv) and 2.4.19(ii) imply that

_ 00 _
Y G-N’idg*®g0 = ( y 0 ) GNidL(g)@«p

~ (305 ) (2 ) S

for all k € K(£), &,n € £ and b € B. Thus y € Niq,.g, implies that y(k ® 1) € Mg,
and y({ ®1) € Maygy for all k € K(£) and € € €. Applying this again to y(k ® 1) we get
that if y(k ® 1) € M.y for all k € K(£), then y(k ® 1) € Ny, for all k € K(E) and
£ €& Since K(E)E = £ we get that y(n ® 1) € Mg, for all n € £. Thus

Yy € -/\_/ids*®<P = yk®1g) € ./\_/idg*@(p,Vk eEK(E) = ynelg) € -A_/‘id3®<p’vn eé.

Suppose now that y(n ® 1) € Ma,e, for all n € €. This means that (n* ® 1)y*y(n® 1) €
M for all n € &, that is, there exists the limit

idp®¢
s-lim (idp ® w) ((n" @ 1)y"y(n @ 1)) = s-lim (n|(idx(e) @ w)(y"y)n)p € B
weg(p Wegcp
for all n € £€. Since & = & - B, the strict convergence above is equivalent to norm

convergence. It follows from Lemma 2.4.4 that y*y € Mldzc(.g)@so’ that is, y € Mdg*@so'

Finally, by Propositions 2.4.6(iv) and 2.4.19(iv), we obtain, for all k € I(£), {,n € £ and
b e B,

( (ide+ ®0A)(y)k (ide- ®0A)(y)£ > B ( (ide~ 621\) 8 ) < 7;€ g >
wmen (3 2) (4 )
Ciason (5 §)en)

< m
= (i) ® A) <yk:®1 5®1)>
0

0
< (ides @ M) (y(k®1)) (idex @ A) (y(€ ® 1))> '

Therefore (idg+ ® A)(y)k = (ide @ A) (y(k® 1)) and (idg» @ A)(y)€ = (idg- @A) (y(E®1)).
This proves (iii). The proofs of (iv) and (v) are left to the reader. Both are proved
using Propositions 2.4.6/ and 2.4.19 together. Let us prove (vi). Since y € Md£*®@, using
(i), we get y(T ® 1g)(n ® 1g) = y(Tn @ 1g) € Nidze, for all n € . Again by (iii),
yY(T ®1g) € Nidy., and

(idr- @ A) (y(T ® 1g))n = (idp @ A) (y(Tn ® 1g)) = (idg= @ A)(y)Tn
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In order to prove (vii), note that it follows from Proposition 2.4.19(i) and the inequality
(xy)*(zy) = y'a*zy < ||z|]*y*y € M;&)qg)(@@, that 2y € Maq,.@p. Now by Proposi-
tion 2.4.19(iv) we have

<0@“$kﬂmﬁ 8>:(Mua®AJ<;L 8)

= (idpg) ®m) < 2 8 >(1dL(5)®A) ( g 8 )
- ( (ide- <§(§)>7r)(:c) 8 ) ( (ld’c(g)(()g)A)(y) 8 >

B < 0 0 )
-\ (idex @ m) (@) (idey @ A)(y) 0 )

Therefore (ide+ ® A)(zy) = (idex @) (2)(idx () @ A)(y). Property (viii) is proved similarly.
Finally, we prove (ix). Let {z;} be a net in Mgq,.g, and € L(€ ® G, B ® G) such that
x; — x in the bi-strict topology and let R € £(£, B®H) such that R; := (idg-®A)(z;) — R
in the K-strong topology. We have to show that € Ma,.g, and (idg+ ® A)(z) = R. It

follows from Equation (2.7) that

0 0 0 0 . .
X; = < 0 > — X = < s 0 ) strictly in M(L(E) ® G),

Z;

and we claim that

~ 0
T

In fact, for ¥V := (
n

) strongly in L(L(E), L(E) ® G).

0
0
&
B > = L(E), we have

_ 0 0 0 0 .
1ﬁY“<1ﬁT Iﬁ§>_%<<RT Rg)“RY

Therefore R; — R strongly. Since z; € /\_/idg*&p we have X; € /\_/idL(g>®<p' And from 2.4.19(iv)
we have (idpg) ® A)(X;) = R;. By Proposition 2.4.6(v) applied to the C*-algebra L(£)
we obtain that X € Ma, . e, and (e @ A)(X) = R. 1t follows that € Niq,.c, and
(idg» ® A)(x) = R. O

As already mentioned, we also get several properties for the map idg ®A. For example,
forany 2 € L(B®G,EQG) = M(E®G), we have x € Niq, g, if and only if z*x € M;&B&D,
and for all z,y € /\_fid5®@,

(ide ® A)(y)"(ide ® A)(z) = (idp @ ¢)(y™z).
Moreover, x € ./\_/'idg&o if and only if z(b® 1g) € ./\_fidg®<p for all b € B, and in this case

(ide ® A) (2(b @ 1g)) = (ids ® A)(x)b.
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In fact, in what follows we generalize the constructions above and prove some properties
that can be applied to both KSGNS-maps idg ® A and idg+ ® A.

Let £, F be Hilbert B-modules, and consider the Hilbert IC(&), K(F)-bimodule X :=
K(F,E). Since X* =2 (&, F), we have

~( KE) KF.E) )L
L(X):<IC(5,}") K(F) >:K(5@f).
Thus
~( L) LFE) o
M(L(X)) = ( e f) e ):E(S@J-‘).
Similarly, if we consider the Hilbert (€ K(F)®G-bimodule Y @G = K(F®§G,ERG),
then we have
Lx®g)= < /C(sggg?fg é@ g) o ?fg@@gg@)@ 7 ) KEoreg)

and

LIE®G) LIF®G,E®Q)

M(L(X ©9)) = ( LE®GF®G)  LF®G)

) 2 L(EDF)®G)

Note also that
LX) HEK(EDF)® H
~“K(E@F,(EQH)d (FRH))

~ ( K& E®H) K(F,E®H) )
KEFeH) K(F,F®H)

And because C(K(E®F) @9 H) 2 K(E®F)@K(H) = K((€®F)® H) it follows from
Proposition 2.1.11] that

M(L(X)® H) zM(K(E@f,(SEQH)@(f@H)))

N < LEERH) L(F,ERH) )
C\ LEF@H) L(F,F®@H)

As above, we can define for X the slice map idy ® ¢ and the generalized KSGNS-
construction idy ® A, which are the restrictions to the upper right corner of the cor-
responding maps for L(X). More precisely, we can define the space

- 0 z -
Midx®@ = {.%' S E(f@ Q,S & g) : < 0 0 ) S MidL(X)®¢},
and the slice map idy ® ¢ : Miqye, C L(F®G,E®G) — L(F,E) by the relation
. 0 x 0 (idx ® ¢)(x)
(ldL(X)®<P)<O 0):(0 0 .
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And we can also define the space
/\_/idx®g0 ={r e L(F®GERG): ( 0 0 > € MdL(X)@SO}

and the KSGNS-construction idy ® A : Mayee € L(F®G,E®G) — L(F,E® H) by the

relation o ( 0 > B ( : (idx ® A)(x) > .

Analogously, we can define the slice map idxys ® ¢ : Midpugp C LE® G FRG) —
L(€,F) and the KSGNS-map idx+ @A : Nig .0 C LIERG, F®G) — L(E,F® H) which
are the restrictions to the lower left corner of the corresponding maps for L(X'). And in
this way we get (as in Proposition [2.4.19)

_ Mid ® Mid ®
M _ Hdig)®p  THda®y ’ 2.9
dp(x)®p < Midy.p  Midgrop (29)
_ N"d ® N"d ®
N _ lideg)®p  Vidx®e )’ 210
oo ®e ( Nidys Md;c(f)@)so (210
and
) Tl X2 (idx(e) (z1) (1dX ® 90)(:62) >
4 . _ 2.11
(1 L(Xx) 90) ( To T4 ) ( (1dX* ®(p) 1:3) (1d,€ ® @ $4) ( )

® @)
( )
: Ty T (idic(g) ® A)(z1) (ldx ® A)($2) >
d ® A = 2.12
(i L(x) ) < Ty x4 ) ( (1d;(* ® A)(xg) (1d;C A)(z4) ( )
This is the most general situation we are going to need. Note that if 7 = B, then we have

X =K(B,E) =&, and we get back idy®p = idg¢®@p and idy ®A = idg ®A. And if £ = B,
then X = K(F, B) & F* and we get back idy ® ¢ = idz» ® ¢ and idy @ A = idg ® A.

We collect some properties of the maps defined above in the following result.

Proposition 2.4.21. Suppose that £ and F are Hilbert B-modules and consider the Hilbert
K(&),K(F)-bimodule X := IC(F,E) as above. Let ¢ be a proper weight on a C*-algebra G
with a GNS-construction (H,m,A).

(i) If z € L(F,E) and s € N, then z ® s € Nidqpe, and

(idy @ A)(z ® s) = 2 ® A(s).

(i) Letz € L(F®G,ERG). Thenz € Niayay, if and only if v*z € M,
forxz,y € de@g@ we have x*y € Mldzc(f)®so and

idye () @ Moreover,

(idy @ A)(2)"(idx @ A)(y) = (ide(r) @ @) (Y ).
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(iii) For all x € Nidyep: k € K(E) and s € N, we have 2*(k @ s) € Miqy.ep and
(idxy @ A)(z)" (k@ A(s)) = (ida~ @ @) (2" (k ® 5)).
For all x € Niqyep, € € E and s € N, we have 1*(£ @ s) € Mig,g, and
(idr © 0)(@)* (€ © AW) = (s © ) (z"(€ 9 5)).
(iv) For any x € L(F ® G,€ ® G), we have
v € Nidxay <= 2(k @ 1g) € Niayap, Tk € K(F) <= 2(n @ 1g) € Nidzwp, V1 € F
and in this case
(idy ® A) (z(k ® 1g)) = (idxy ® A)(z)k and (ide @ A)(z(n® 1g)) = (idy ® A)(z)n.
(V) Ifx e LIE®G,B®G) and y € Niaywyp then zy € Nid .o, and

(idgs @ A)(zy) = (dg= @ m)(z)(idy @ A)(y).

Proof. Statements (i) and (ii) are analogous to Proposition 2.4.20/ (i) and (ii), respectively,
and they are proved using Equations (2.11), (2.12) and Proposition 2.4.6(i),(ii).

We prove (iii). Since ( 8 g ) and ( K %9 s 8 > belong to /\_/idL(X)&m we have

0 0\ (0 2\ (ks 0 _
<$*(k®s) O>_<O 0) < 0 0>€M1dL(x)®<P’

which implies that z*(k ® s) € MidL(X)®g0 and

(imeonidwensy §)=(3 7579 (40 )
T > ( k® A(s)
0 0

- ( (ida- ®90)(2x*(k®s)) 8 )

Thus (idy ® A)(z)*(k ® A(s)) = (idx+ @ ¢)(z*(k ® s)). To prove the second part we
may suppose that § = kn, where k € K(€) and n € &. It follows from the first part that
r*(k ® s) € Mid ., and

(idy ® A)(2)" (€ ® A(s)) = (idx ©@ A)(2)" (k @ A(s))n = (ida~ ® p) (2" (k @ 5)) 1.
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So all we have to prove is that, for any y € Midx*®<ﬂ and n € £, we have y(n ® 1g) €
Midrze and (idx+ @ ¢)(y)n = (idr ® ¢)(y(n ® 1g)). By definition, y € Miq,.g, if and

. 0 0 -
only if ( y 0 > € MidL(;c)@cp and

(e o o) = ea (0 0) emrw)=ceon.

Now note that if ) is any Hilbert B-module, and z € ./\;lid,qy@@ and ¢ € Y, then z((®1g) €
Miqy, e and (idy @ ) (2(¢ @ 1g)) = (id(y) ® ¢)(2)¢. In fact, z € /\;lid,c(y)@@ if and only

" < z 0 > € MidL(y)®<p and hence

0 0
2 0 0 ¢ (0 2(¢®1g) _
(5574 (3 5" ) s
Thus 2(¢ ® 1g) € Mid, e, and

( 8 (idy®s0)(0z(C®1g)) ) - (idL(y)@)go)(( ; 8 > << 8 g >®1g))

( (idzc(y)0® ©)(2) 8 ) ( 8 g >
( 0 (de) ® ) ()¢ )

0 0

Therefore (idy ® ¢)(2(¢C ® 1g)) = (idxy) ® ¢)(y)¢ as claimed. Applying this now to
Y := & @ F and observing that K()) = L(X) we get that

0 0 n®lg 0 . B
( y 0 ) ( 0 ) - ( y(n®1g) > € Midgerop © Midegrep,

which implies that y(n ® 1g) € /\;lidf@w and

( e @ 90 ) = (w29 g) < g)
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Now we prove (iv). By (ii), z € Ny, if and only if z*z € Mld;c(:;:)@(,o By

Lemma 2.4.4, this is equivalent to 2(k ® 1) € Mg,y for all k € K(F) (see also Re-
mark 2.4.7). An analogous argument also shows that z € Niq, e, if and only if z(n® 1) €
Nidgwy for all n € F. Applying now (iii), we get, for all £ € € and s € N,
(ide @ A) (z(n ® 1)) (€ @ A(s)) = (idp ® ) ((n* ® 1g)z* (£ ® 5))
=n"(idr @ ¢) (2" (£ @)
=1 (idx ® A)(2)" (£ @ A(s)).
Thus (ide ® A)(z(n ® 1g)) = (idx ® A)(z)n. It follows that
(id;\{ (%9 A) (I‘(ki &® 1g))17 = (idg (%9 A) (Jj(kin ® 1g)) = (id/\/ ® A)(x)kn
for all n € F and k € K(F), whence (idxy ® A)(z(k ® 1g)) = (idy ® A)(z)k.
Finally we prove (v). We have
($y)*($y) = y*x*xy < HxH2y*y € Mid;c(f)@)sm
and hence 2y € Nid,.gp. Thus zy(n ® 1g) € Ma,e, for all n € F, and
(idr+ @ A)(zy)n = (idp © A) (zy(n © 1g)).
Now note that for all z € L(E ® G,B® G) and z € J\_fid‘s@w we have zz € /\_fid3®<p and
(idp ® A)(zz) = (idg» @ 7)(z)(ide ® A)(z). In fact, this follows by considering z and z
embedded in M(L(E) ® g) =~ L(M(S ® g)) and working with idy¢) ® A and idp g @ 7
Thus, by (iv), we get
(idrs ® A)(zy)n = (idp ® A) (zy(n ® 1g))
= (ide» ® m)(z)(ide ® A) (y(n ® 1g))
= (idg+ @ m)(x)(idx @ A)(y)n.

We conclude that (idz- @ A)(zy) = (idg- @ m)(z)(idx @ A)(y). O

Finally, we mention some generalized KMS-properties. Suppose that ¢ is a KMS-
weight and let ¢ be a modular group for ¢. Then we can generalize Proposition 2.4.13/in
the following way.

Proposition 2.4.22. Let £ and F be Hilbert B-modules and define X := K(F,E). Let J
be the modular conjugation of ¢ in the GNS-construction (H,m,A).

(i) If z € Nidywyp and a € D(O’%), then z(1 ® a) € Miaye, and
(idy @ A)(z(1®a)) = (1® JW(U% (a))"J)(idx ® A)(z).

(ii) If 2 € Midyey and a € D(0_;), then (1® a)z and (1 ® o_i(a)) belong to Mid,e,
and

(idx ® ) (1 ® a)z) = (idx ® ¢)(z(1 ® 0_i(a))).

Proof. Using Equations (2.9), (2.10), (2.11) and (2.12), this follows from Proposition2.4.13
applied to the linking algebra of X. O
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2.5 Locally compact quantum groups

In this section we give a short overview of some basic concepts from locally compact
quantum group theory following [41].
Let G be a C*-algebra. A comultiplication on G is a nondegenerate *-homomorphism

A: G — M(G® G) satistying
(A @idg)A = (idg @ A)A.

A (C*-algebra with a comultiplication is called a bi-C*-algebra.
Fix a bi-C*-algebra G and let ¢ be a proper weight on G. We say that ¢ is left invariant
if
o((w®idg)A(b)) = w(1)p(b) for all be M[; and w € G

The weight ¢ is called right invariant if
o((idg ® w)A(b)) = w(1)p(b) for all b e M} and w € G7.

Notice that we use the extension of ¢ to M(G)T in the equations above, because we only
know that (w ® idg)A(b), (idg ® w)A(b) € M(G)*.

Definition 2.5.1. Let G be a bi-C*-algebra with a comultiplication A satisfying
G g = span(A(g)(lg ® g)) = span(A(g)(g ® 1g)).

Assume there is a faithful left invariant KMS-weight ¢ on G (left Haar weight) and a
faithful right invariant KMS-weight 1) on G (right Haar weight). Then G is called a
(reduced) locally compact quantum group.

The original definition in [41] only assumes that the weights ¢ and 1 are “approximate
KMS” and only ¢ is faithful, but this turns out to be equivalent to the requirement that
both are faithful KMS-weights. Moreover, any proper left (resp. right) invariant weight
on a locally compact quantum group is automatically faithful and KMS and is a positive
scalar multiple of ¢ (resp. ).

Fix a GNS-construction (H,w,A) for the left Haar weight ¢. Since ¢ is faithful,
m: G — L(H) implements a faithful representation of G on H. So whenever we want,
we can (and we will) assume that G C L(H) and © = ¢ is the inclusion map G — L(H).
Sometimes, we shall also use the notation L?(G) = H. Therefore whenever G is a locally
compact quantum group, then (we assume that) G is a nondegenerate C*-subalgebra of
L(L*(G)), where (L*(G),t, A) is a GNS-construction for the left Haar weight . We denote
by J and V the modular conjugation and the modular operator, respectively, of ¢ in the
GNS-construction (L?(G),t, A).

Many objects associated to a locally compact quantum group can be constructed from
the definition: the antipode of G will be denoted by S, the scaling group by 7, the unitary
antipode by R, whereas the scaling constant will be denoted by v. The modular element
of G will be denoted by §. For details see [41].
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2. PRELIMINARY BACKGROUND

Given a left Haar weight o, we have a natural choice for the right Haar weight ¢ by
setting ¢ = pR. We always choose 9 in this way. With this choice, we have a natural
GNS-construction of the form (L?(G),t,T') for right Haar weight .

Let G :== G" C E(LQ(Q)) be the von Neumann algebra generated by G. The Haar
weights ¢ and ¥ can be extended to G. We denote these extensions by ¢ and 111, respec-
tively. Moreover, the comultiplication A extends to a comultiplication A on G. In this
way, (g A) is a von Neumann algebraic quantum group with left and right Haar weights

¢ and ¢, respectively. Finally, we remark that the von Neumann algebra G is in standard
form ([67, 10.15]). As a consequence all the normal functionals on G are vector functionals
(|68, Theorem V.3.15]). In other words, we have

Ge = {wup :u,v € H}, (2.13)

where wy ,(z) := (u|zv) for all z € G.

2.5.1 The multiplicative unitaries

The left reqular corepresentation of G is the unitary W € L(H ® H) defined by the
equation
w* (A(a) ® A(b)) =(A®A) (A(b)(a ® 1)) for all a,b € N,. (2.14)

It is a multiplicative unitary, meaning that it satisfies the pentagonal equation
WiaWisWas = WasWip.”

One can recover G from W by G = span{(id @ w)(W) : w € L(H),} and the comulti-
plication by A(z) = W*(1 ®@ )W for all z € G. Once we have W, we can define

G := span{(w ®id)(W) : w € L(H),}.

Defining a comultiplication A on G by A = W*(1 ® z)W, where W := SW*Y and
¥ : H® H — H® H is the flip operator, one proves that (§ , A) is again a locally compact
quantum group, called the dual of G. Objects associated to Q\ are denoted by adding the
symbol " on the corresponding object of G. Thus the Haar weights of G are denoted by
@AaI}d @Z If we take this process once again we get the generalized Pontrjagin duality
(@,A) = (G,A). Finally, we remark that W € M(G ® QA), and we have the relations
(A ®id)(W) = Wi3Was3 and (id ® A)(W) = Wi3Wia.

Analogously, one defines the right reqular corepresentation of G. It is a multiplicative
unitary V € L(H ® H) defined in terms of the right Haar weight ¢ by

V([(a)@T(b)) =T D) (A(a)(1®b)), a,be Ny

SHere and throughout the rest of this work we shall use the standard leg numbering notation. For
example, Wiz and Wa3 are simply 1 @ W and W ® 1, respectively, and Wiz stands for W sitting on the
first and third factor. Precise definitions can be found in [6].
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We have V € M(JGJ ®G), A(z) = V(z @ 1)V* for all z € G and (id ® A)(V) = V12 Vis.
We also mention the relations

V=>Jo)W(JoJ) (2.15)
and
W=UJeJ)WJ®.J). (2.16)

Given a locally compact quantum group G, we define G° := JGJ. Then G is also a locally
compact quantum group, called the C*-commutant of G. The comultiplication of G* is
defined by A'(z) := (J ® J)A(JzJ)(J ® J), for all z € G°. Canonical choices for left and
right Haar weights on G* are ¢°(z) = ¢(JxJ) and ¢°(x) = ¢(JaJ) for all x € (G°)T. The
von Neumann algebraic quantum group associated to G isGg =J g’J , the commutant of
G. In particular, G° C G'.

We also define the opposite quantum group G~ of G. The underlying C*-algebra is G
itself, and the comultiplication is defined by flipping the comultiplication of G: A" (z) :=
oA(x), where 0 : G ® G — G ® G is the flip homomorphism. A left (right) Haar weight of
G”" is a right (left) Haar weight of G. The von Neumann algebraic quantum group of G
is the opposite von Neumann/ilgebraic quantum group of G.

Finally, we remark that G = J éj and G° = QA " that is, the dual of the opposite
is the C*-commutant of the dual and the dual of the C*-commutant is the opposite of
the dual. We also remark that the C*-commutant of the opposite is equal to the opposite
of the C*-commutant, that is, we have G = gon. Moreover, we have G~ G as
locally compact quantum groups. The isomorphism is given by Ady : G — G, where
Ady(z) = UzU* and U := J.J. This follows from the fact that the unitary antipode R of
G satisfies R(x) = Jz*J and (R ® R)A(z) = A" (R(z)) for all z € G. The same relations
are true on the von Neumann algebraic level (see [73, Proposition 1.14.10] for details).

Example 2.5.2. (1) Let G be a locally compact group. Then the commutative C*-algebra
G = Co(@G) has a natural structure of locally compact quantum group. The comultiplication
is given by A(f)(s,t) = f(st) for all f € Co(G) and s,t € G, where we identify M (Co(G) ®
Co(G)) = Cy(G) in the usual way. Any left Haar weight on G is given by (f) = [ f(¢) dt,
where dt is some left Haar measure on G. Analogously, right Haar weights correspond
to right Haar measures on G. Fix a left Haar measure dt on G and let L?(G) be the
space of (equivalence classes of) square-integrable functions on G. There is a canonical
GNS-construction for ¢ of the form (L*(G), M, A), where M : Co(G) — L(L*(G)) is the
multiplication representation and A denotes the inclusion map from N, = Co(G) N L?(G)
into L2(G). We always use this GNS-construction. The left regular corepresentation of G is
the unitary W € L(L*(G) ® L*(G)) given by W((s,t) = ((s, s~ 't) for all ¢ € L*(G x G) =
L*(G) ® L*(G) and s,t € G. The right regular corepresentation of G is the unitary V on
L?(G x G) given by V((s,t) = 5g(t)%£(st,t), where d denotes the modular function of
G. Since G is commutative, the C*-commutant of G coincides with G. The opposite of
G corresponds to Co(G™"), where G*" denotes G with the opposite multiplication. This
example describes all commutative locally compact quantum groups.

(2) The dual of the first example is G = C*(G), the reduced group C*-algebra of G.
Recall that C} (G) is the C*-subalgebra of £(L?*(G)) generated by the operators A(f), f €
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Ce(G), where A : G — L(L*(G)) is the left regular representation of G: M(€)]s = £(t71s)

for all ¢ € L?(G) and s,t € G. The comultiplication on G is characterized by the equation
A()\t) =XN® N\ forall t € G. The quantum group G is cocommutative in the sense that it
is equal to its opposite or, equivalent, its dual is commutative. All cocommutative locally
compact quantum groups are of this form. As a consequence of the cocommutativity, any
left Haar weight on G is also a right Haar weight, that is, G is unimodular (in other words,
the modular element is trivial). A canonical choice for a (left and right) Haar weight on
G is the so-called Plancherel weight which we are going to describe later in details (see
Section 6.1)).

A locally compact quantum group G is called compact if it is unital as a C*-algebra.
Compact quantum groups are unimodular and the Haar weight is bounded. Conversely,
if the (left or right) Haar weight is bounded, then G is compact.

Dually, G is called discrete if the dual Gis compact. In the case of groups, that is, for
G = Co(G), we have that G is compact (resp. discrete) if and only if G is compact (resp.
discrete). Therefore, the dual G = C}(G) is compact (resp. discrete) if and only if G is
discrete (resp. compact).

2.5.2 The L'-algebra of G

For a locally compact quantum group G, we define
L'(G) = span{aypb* : a,b € N,} = span{we, : &,n € H} C G*,

where apb* € G* is defined by (apb*)(x) := ¢(b*za) = (A(b)|zA(a)) for all a,b € N, and
wey(x) = (€| xn) for all &,n € H and z € G. The restriction map G, — L'(G) is an
isomorphism (of Banach spaces) between the predual G, of G and L'(G). In particular, it
follows from Equation (2.13) that

LY(G) = {wey : &1 € H}. (2.17)

The dual Banach space G* can be turned into a Banach algebra by defining the mul-
tiplication (w - 0)(x) = (w ® 0)A(x). Moreover, it can be proved that L!(G) is a two-sided
ideal of G* and for every a € M(G) and w € L'(G) we have aw,wa € L'(G), where
(aw)(z) := w(za) and (wa)(z) := w(azx).

The equation A\(w) = (w ® id)(W) defines an injective contractive algebra homomor-
phism ) : G* — M(G) such that A(L'(G)) is a dense subalgebra of G.

Example 2.5.3. Let GG be a locally compact group and consider the quantum group
G = Co(G). Here one can identify the dual space G* with the space of all bounded
complex measures M(G) on G. The product above becomes the usual convolution product
of measures. The L!-algebra of G is the usual L!-algebra L'(G) of G (identified as a
subalgebra of M(G) in the usual way) with convolution product of functions.

And for the dual of G, that is, for G = C#(G), the dual space is (identified with) the
(reduced) Fourier—Stieltjes algebra B,(G) consisting of all bounded continuous functions
of the form t — w(\¢), where w € C}(G)* and A denotes the left regular representation
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of G. The product of B:(G) is simply the pointwise product of functions. The L!-
algebra of G is the Fourier algebra A(G), that is, the subalgebra of B;(G) consisting of the
continuous functions of the form ¢ — we,(A) = (€| \m), where &, € L?(G). Note that
by Equation (2.17) A(G) is, in fact, a closed subspace of By(G) (and therefore a Banach
algebra). For more details on A(G) we refer to [22].

In general, the L'-algebra of a locally compact quantum group has no bounded ap-
proximate unit. For instance, the Fourier algebra of a locally compact group G has a
bounded approximate unit if and only if G is amenable (this is Leptin’s Theorem [45]; see
also [77, Theorem 7.1.3]). On the other hand, the L!-algebra of G always has a bounded
approximate unit. This leads us to:

Definition 2.5.4. A locally compact quantum group G is called co-amenable, if L*(G)
has a bounded approximate unit.

By the discussion above, Cy(G) is always co-amenable, for any locally compact group
G, and the dual C}(G) is co-amenable if and only if G is amenable. There are several
characterizations of co-amenability. For example, G is co-amenable if and only if the
Banach algebra G* is unital. In this case, the unit € of G* is the so-called counit of G. It is,
in fact, a x-homomorphism € : G — C and satisfies (id®¢€)o A = (e®id) o A =id. All this
is done in [8], where the notion of amenability is also defined. This is essentially the dual
notion of co-amenability. For example, Co(G) is amenable if and only if G is amenable
and, on the other hand, C;(G) is always amenable. It is shown in [§] that co-amenability
of a locally compact quantum group G implies amenability of the dual G. The converse,
however, is an open problem.

Note that if G is co-amenable, then, in particular, L!(G) is a nondegenerate Banach
algebra in the sense that the closed linear space of L'(G) - L*(G) is dense in L'(G) (in
fact, by Cohen’s Factorization Theorem, we have L'(G) - L'(G) = L'(G)). However,
nondegeneracy of L'(G) is weaker than co-amenability of G. For example, the Fourier
algebra A(G) is always nondegenerate. This can be seen from the fact that the subspace
A:(G) of all functions in A(G) with compact support is dense in A(G) (which follows
from the fact that C.(G) is dense in L?(G)) and the fact that for any compact subset
K C G, there is w € A.(G) such that w|x = 1 (see [22, Lemme 3.2]). This implies that
Ac(GQ) - Ac(G) = Ac(G) and therefore A(G) is nondegenerate. In fact, this is true for any
locally compact quantum group:

Proposition 2.5.5. Let G be a locally compact quantum group. Then L*(G) is a nonde-
generate Banach algebra.

Proof. Let W be the left regular corepresentation of G. We know that the comultiplication
of G is given by A(z) = W*(1® )W for all 2 € G. Thus, for all &,n, f,g € H = L%*(G)
and x € G, we have

W - wig(@) = (wey @ wy,g) (W1 @ 2)W)
=WEeNH1ex)Wheg)).

The assertion now follows from the fact that W is a unitary operator on H ® H. 0
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2.5.3 The universal companion of G

We mainly use locally compact groups in the reduced form in this work. However, we
shall also sometimes need the universal form. In this section we give a short overview of
locally compact quantum groups in the universal setting. We refer to [39] for details.

Let G be a locally compact quantum group. In general, since the antipode S of G is
unbounded, the algebra L!(G) does not carry an appropriate *-structure. We define the
following subspace of L'(G) (where D(S) denotes the domain of S):

LYG) :={w e LY (G) : exists § € L'(G) such that §(z) = w(S(x)*) for all z € D(S)}.
Then L1(G) is a dense subalgebra of L'(G), and it has an involution given by w*(z) :=
w(S(x)*) for all w € L1(G) and = € D(S). Moreover, L1(G) is a Banach x-algebra with
the norm |lw[[, = max{[|lw], [lw*[|}. We denote the C*-enveloping algebra of LL(G) by
Gu. Therefore G, is, by definition, the completion of L!(G) with respect to the universal
C*-norm

|lw||u := sup{m(w) : 7 is a *-representation of L.(G)}.

The map A : LY(G) — G C L(H), w — (w ®id)(W) is an injective -representation, and
therefore | - [|y is really a norm and not just a semi-norm. Thus one has an embedding
LYG) — gu, and we identify L1(G) C §u via this embedding. The following universal
property holds: whenever A is a C*-algebra and 7 : L1(G) — A is a *-homomorphism,
there is a unique *-homomorphism 7, : C?u — A which extends 7. Abusing the notation
we write m, = 7. In partlcular we denote by A gu — g the extension of \ : Ll(g) — §
Since A(LL(G)) is dense in g the map A Qu — Q is a surjective *-homomorphism.

There is a umtary W e M(G ® gu) called the universal corepresentation of G, such
that w = (w ® id)(W) for all w € LL(G). Tt satisfies (A ® id)W) = WizWhs. The
universal locally compact quantum group (é\u, A,) of (Q A) is defined in such a way that
the comultiplication Ay : Gy — M (Gy ® Gy) satisfies (id @ Ay) (W) = WisWie. Moreover,

one has that

~ ~

(doAW) =W, A@NA,=A) and (A®@id)cAy(z) = WA(z)® 1)V*

for all z € gu, where o gu ® gu — gu ® gu is the flip map. There is a counit €, for gu
This means that €, : Q’u — C is a *-homomorphism such that (€, ® 1d)Au = (d® eu)Au =
id. It satisfies (id ® é,)(W) = 1. There are left and right Haar weights ¢, and v, on
(Gu, Ay), defined by ¢y = @A and 1pu = w)\ with GNS-constructions (L2(G), A, Ay), and
(L2(G),\,T,), respectively, where Ay = Ao X and T’y = I' o \. The Haar weights are
KMS-weights and are unique up to positive scalars.

Similarly, considering the dual (é ,A), one defines the Banach *-algebra Li(é) and an
injective *-homomorphism A : L1(G) — G by AM(w) = (id®w)(W*) for all w € G*. Let G, be
the enveloping C*-algebra of Li(é\) Then ) extends to a surjective *-homomorphism \ :
Gu — G. There is a unique unitary W € M(gu®§ ), called the left regular corepresentation
of Gy, such that w = (id ® w)(W*) for all w € L1(G). It satisfies (id ® A)(W) = WisWhs.
The universal locally compact quantum group (Gu, Ay) of (G, A) is defined in such a way
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that the comultiplication A, : G, — M(G, ® G,) satisfies (A, ® id)(W) = WisWhas.
Moreover, one has that

A@idOW) =W, A@NA,=A) and (id®AN)Ay(z) = W1 @ Aa))W

for all z € Gy. The counit of G, is denoted by €,. It satisfies (e, ® id)(W) = 1. The left
and right Haar weights on (G,, A ) will be denoted by ¢y = Lp)\ and ¥, = w)\ respectively,
with GNS-constructions (L2(G), A, Ay), and (L2(G), A\, T"y) respectively, where A, = A o \
and I'y=To A

There is a unique unitary U € M(G, ® Q\u), called the universal corepresentation
of Gy, such that U3 = Wf2W23W12W§3. Moreover, we have (A, ® id)(U) = Uislos,
(id ® A)(U) = Uyslhyz and

(dNU) =W, AQid)U) =W, ANU)=W.

Finally, we mention that G is co-amenable if and only if AN:Gu— Gis injective (and
therefore an isomorphism).

2.5.4 Corepresentations

Definition 2.5.6. Let (G, A) be a locally compact quantum group and let £ be a Hilbert
B-module. A left corepresentation of G on £ is a unitary u € L(G ® &) satisfying the
relation (A ®id)(u) = uisugs. A right corepresentation of G on € is a unitary u € L(ERG)
satisfying (id ® A)(u) = uiguis.

Let u € L(G ® &) be a left corepresentation of G on €. Then u°? := o(u)* is a right
corepresentation of the opposite quantum group G on &, where 0 : G® £ — £ ® G is the
flip map. This gives a bijective correspondence between left corepresentations of G on £
and right corepresentations of G on &.

The universal dual QAu of G encodes the corepresentation theory of G in the sense that
left corepresentations u of G on & correspond to nondegenerate representations (that is,
s«-homomorphisms) i : Gy — L(&) satisfying (id ® u)(W) = u, where W € M(G ® G,) is
the universal corepresentation of G.

Using the correspondence between right and left corepresentations of G and G~ we
see that right corepresentations of G correspond to nondegenerate representations of C? X
the universal locally compact quantum group of G° G’ = = G°. More precisely, there is a
universal corepresentation V € ./\/l(g ® G) of G such that the formula (1 ® idg)(V) = u
gives a bijective correspondence between rlght corepresentations u € M(B ® G) of G
and nondegenerate *- homomorph1sms W g — M(B). In fact, the (right) universal
corepresentatlon Ve M(Q ®g) of G is the opposite of the (left) universal corepresentation
WoP ¢ M(Q@Q ) = M(G"®(G™)u) of G In other words, we have V := U(WOP) where
c:0® g — Q ® G is the flip map. Recall that WPOP satisfies (A°P ® 1d)(W) VV1 W
(that is, WOP is a left corepresentation of G*) and (Id®@ X" )(WOP) = WP = RV*%, Where

g — G“ is the canonical surjection and V is the right regular corepresentatlon of G. It
follows that V is, in fact, a (right) corepresentatmn of G and it satisfies (X" ®1dg)(V) V.
If we denote the comultlphcatlon of g by A, then we have (id ® A,,)(W°P) = Wl W
It follows that (A, ®id)(V) = Vi3Va3, that is, V is also a left corepresentation of (G, A, )
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2.6 Coactions of quantum groups

2.6.1 Coactions on (C*-algebras

Definition 2.6.1. Let G be a locally compact quantum group and let A be a C*-algebra.
A coaction of G on A is a nondegenerate *-homomorphism

va:A— MA®QG)

satisfying (y4 ® idg)ya = (ida ® A)ya. We write (A,v4) to indicate all the data. A
coaction 7,4 is called

(i) continuous if spm((lA ® Q)VA(A)) =AQ®G,
(i) weakly continuous if span{ (id ® w)(va(€)) :w € L'(G)} = A.

A C*-algebra with a continuous coaction of G is also called a G-equivariant C*-algebra,
or simply, a G-C*-algebra.

Notice that we do not assume coactions to be injective. If the coaction 74 is injective
we say it is reduced. If, in addition, vy is continuous we also say that A is a reduced
G-C*-algebra.

Remark 2.6.2. (1) Note that a coaction v4 is continuous if and only if

span(va(A)(1a®G)) =A®G.

In particular, for continuous coactions we have y4(A4) € M(A®G). A coaction satisfying
this last condition will be called admissible. Most authors include admissibility in the
definition of coactions. However, for general locally compact quantum groups this turns
out to be too strong. More precisely, if one assumes that the canonical coaction of G on the
algebra of compact operators K = K(H) (see Example 2.6.18(3) below) is admissible, then
one is already assuming that G is regular (see Proposition 2.7.14 for details). We recall
the notion of regularity of quantum groups in Section 2.7.4. The definition of coactions
we use here (without the admissibility condition) has also been used in [7, [75].

(2) Given £ € M(A) and w € G*, we define w * £ := (idg ® w)y4(§). This defines a
left action of G* on M(A) turning M(A) into a Banach left G*-module (recall that G* is
a Banach algebra with w; - we := (w1 ® wy) 0 A). In particular, if we restrict the action to
LY(G), then M(A) is also a Banach left L!(G)-module. Note that, even if w € L*(G) and
¢ € A, the element w * & is, a priori, only in M(A). It will be in A, for example, if y4
is admissible (this follows from Proposition 2.4.14). In general, we say that y4 is weakly
admissible if w* & € A for all w € L'(G) and € € A. Thus for weakly admissible coactions,
the operation * turns A into a Banach left L!(G)-module. By definition, this action will
be nondegenerate (meaning that the closed linear span of L'(G) * A is dense in A) if and
only if 74 is weakly continuous. Since L'(G) = {wlg : w € L(H).}, a coaction (A,~4) is
weakly continuous if and only if the linear span of (id ® w)(y4(€)), w € L(H), is dense in
A. Thus our definition of weak continuity coincides with the definition given in [7] (where
the terminology “continuity in the weak sense” is used instead).
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Proposition 5.8 in [7] shows that if G is regular, then weak continuity and continuity
are equivalent notions and if G is semi-regular, but not regular, then there are weakly
continuous coactions of G which are not continuous. Moreover, the same example given
in [7, Proposition 5.8] also provides an example of a weakly continuous coaction which
is not admissible (see Remark 2.7.15 for details). In particular, weak admissibility does
not imply admissibility in general. Finally, we mention that, although weak admissibility
seems to be a very weak condition, if one assumes that the canonical coaction of G on K
is weakly admissible, then G must be regular (see Proposition 2.7.14).

(3) Strictly speaking, what we have defined in Definition 2.6.1lis a right coaction of G
on A. A left coaction of G on a A is a nondegenerate *-homomorphism y4 : A — M(GR A)
satisfying (idg ® y4)y4 = (A ® ida)va. These two concepts are equivalent in the sense
that given a left coaction 74 of G on A, the map 75" ;=004 : A - M(A®Q) is a right
coaction of the opposite quantum group G~ on A, where 0 : G® A — A ® G is the flip
map. This gives a bijective correspondence between left coactions of G and right coactions
of G7.

(4) Observe that one can define coactions of arbitrary bi-C*-algebras. In particular,
one can also define coactions of the universal locally compact quantum group G, of G.
Coactions of G, are also called full coactions. Note that if 7% : A - M(A® G,) is a full
coaction of G, on a C*-algebra A, then the map

vpi=(idg @A) o7y : A4 — MARG)

is a coaction of G on A. Recall that N Gu — G denotes the canonical surjection. We call
the coaction 4 the reduced form of +Y. In this work we shall only consider coactions in
the reduced form, that is, coactions of reduced locally compact quantum groups. However,
one can apply our definitions and results to full coactions just by considering their reduced
forms.

Example 2.6.3. (1) Any C*-algebra A can be turned into a G-C*-algebra by considering
on A the trivial coaction of G: v : A — M(A®G), yr(a) =a® 1.

(2) In the group case, that is, for G = Cy(G), where G is some locally compact group,
continuous coactions of G correspond to (strongly) continuous actions of G. If « is a
continuous action of G on a C*-algebra A, then the corresponding coaction of G on A
is given by v4(a)l; := ay(a), where we identify [t — oy (a)] € Co(G, A) = M(A®G) C
M(A®G). A C*-algebra with a continuous action of G is also called a G-C*-algebra.

(3) Again if G is a locally compact group, a coaction of the quantum group G = C}(G)
is, by definition, a coaction of the group G. A C*-algebra with a continuous coaction of
G will also be called a @—C’*—algebm. If G is Abelian, then the Fourier transform gives
an isomorphism C}(G) = CO(@) of locally compact quantum groups, where G is the
Pontrjagin dual of G. So, by (2), continuous coactions of G correspond to continuous
actions of G. This explains the terminology.

Definition 2.6.4. Let (A,v4) and (B,vg) be coactions of G. A nondegenerate *-homo-
morphism 7 : A — M(B) is called G-equivariant if

B (W(a)) =(r® idg)('m(a)) for all a € A.
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Remark 2.6.5. In the above definition we are using the strictly continuous extension
T®idg : M(A®G) — M(B®G) which exists because 7 is assumed to be nondegenerate.
It is sometimes useful to work with degenerate homomorphisms. The same definition above
makes sense if we suppose that the coaction v, is admissible, that is, if y4(4) € M(A®G)
(in particular, if it is continuous), because then we can use the G-strict continuous extension

T®idg: M(A® G) — M(B ® G) as in Proposition 2.2.7.

2.6.2 Coactions on Hilbert modules

Let B be a C*-algebra with a coaction 5 of a locally compact quantum group (G, A).
Let £ be a Hilbert B-module. Recall that M(E) = L(B, £) denotes the multiplier Hilbert
M(B)-module of £.

Definition 2.6.6. A coaction of G on £ (compatible with the coaction v on B) is a
linear map

Ve E - MERG) =LBRGERDG)

satisfying the following conditions:
(i) 7e(€-b) =7e(§)vp(b) forall £ € £, b € B,
(i) (ve(©)[ve)) mBog) = v8((E]N)p) for all ;1 € &,
(iii) span(yg(€)(B®G)) is dense in £ ® G,
(iv) (ve ®idg)ye = (ide ® A)ve.

Remark 2.6.7. The condition (iv) above makes sense if (i), (ii) and (iii) hold (see [5] for
details). Moreover, if we have a coaction ¢ of G on &£, then there is an induced coaction
Y (e) of G on the algebra of compact operators K(€) determined by the equation

Yiee) (1€ (nl) = ve(E)re(n)” for all §,n € €.

We have y¢(T€) = vie)(T)e(§) for all T € L(E) = M(K(E)) and ¢ € €. Thus, if
we consider £ as a Hilbert K(E£), B-bimodule, a coaction 7¢ of G on £ is nothing but a
nondegenerate Hilbert bimodule homomorphism

Vet k()€ — MmrE)eg)M(E ®G) M(Bsg)

with coefficient maps vy : K(€) = M(K(€) ®G) and v : B — M(B ® G) (see Defini-
tion 2.1.6). In particular, the map ~¢ has a strict continuous extension to the multiplier
bimodule M(&) which is compatible with the extensions of the coefficient coactions vy (¢)
and yp. By Proposition 2.2.4, the map ¢ ®idg : E®G — M(E®GRG) is a nondegenerate
k(&) ® 1dg, 7B ® idg-compatible Hilbert bimodule homomorphism, so that it also has a
strict continuous extension to the multiplier Hilbert bimodule M(£ ® G).

Definition 2.6.8. If the coaction vz on B is continuous, then a Hilbert B-module with
a yp-compatible coaction of G is called a G-equivariant Hilbert B-module, or simply, a
Hilbert B, G-module.
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Remark 2.6.9. (1) Let £ be a Hilbert B-module and let 7¢ be a yp-compatible coaction

of G on &. If yp is continuous, that is, if £ is a Hilbert B, G-module, then we have (using
that £ =€ - B)

spati(1e(€)(1p ® G)) = span(ye(€ - B)(15 ® §))
= span (ve(€)v(B) (15 © G))
=span(1e()(B®G)) = £ ® B.

(2) We say that a coaction v¢ of G on a Hilbert B-module £ is continuous if the
underlying coaction yg of G on B is continuous and span((le ® G)ve(€)) =€ ®G. If 7¢
is continuous, then it is easy to see that the corresponding coaction yx () on the algebra
of compact operators K(€) is continuous as well.

Notice that if ¢ is continuous, then v¢(£) € M(E ® G). In general, we say that a
~yp-compatible coaction ¢ is admissible if yp(B) C M(B ® G) (that is, yp is admissible)
and ~£(€) C M(E 2 G).

Most authors include admissibility in the definition of coactions. However, as already
noted for C*-algebras, this turns out to be too strong for general locally compact quantum
groups. A detailed discussion will be given in Section [2.7.4.

(3) Suppose that G is regular (see Section 2.7.4 below). If £ is a Hilbert B, G-module,
then the coaction on £ is automatically continuous. This follows from Proposition 5.8 in
[7]. See also Remark 12.5 in [75]. In general, this is not true.

Let € be a Hilbert B-module with a coaction v¢ of G. Given w € G* and £ € M(E) we
define

wx &= (idg @ w)(7e(€))- (2.18)
This gives M(E) the structure of a Banach left G*-module. In particular, it is also a
Banach left L'(G)-module. But even if ¢ € £ and w € LY(G), it is not true, in general,
that wx £ € £. This will happen, for example, if v¢ is admissible, and in particular if ~¢
is continuous. The best situation is when we have a Hilbert B, G-module:

Proposition 2.6.10. Let £ be a Hilbert B, G-module. Then the left action (2.18) turns £
into a nondegenerate Banach left L*(G)-module, that is, span(L*(G) * £) = &.

Proof. Since v is continuous, we have span (¢ (£)(1®G)) = £®G (see Remark 2.6.9(1)).
Any element of L'(G) can be written in the form aw, where a € G and w € L*(G) (recall
that (aw)(z) = w(za) for all z € G). Therefore

spW(Ll(g) x &) =span{(ide @ w)(1£(£)(1®G)) 1w € Ll(g)}
= span{ (ide ®w)(E ® G) 1w € L1(G)} = €. O

In general, we say that a yg-compatible coaction v¢ of G on &£ is weakly continuous if
B is weakly continuous and the linear span of L'(G)*& is dense in £. As already noted for
C*-algebras, if G is regular, then weak continuity implies continuity, but, in general, this
is not true. Moreover, in general, weak continuity of v¢ does not imply weak continuity of
the induced coaction on IC(&) (see Example 2.6.18/(3) below). We discuss these problems
with more details in Section [2.7.4l
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Corollary 2.6.11. Suppose that G is co-amenable, that is, suppose that L'(G) has a
bounded approximate unit. If ve¢ is a weakly continuous coaction of G on a Hilbert B-
module € (in particular if € is a Hilbert B, G-module), then ~yg¢ is injective.

Proof. Let g : € — M(E®G) be the coaction of G on €. Suppose that vg(§) = 0 for some
€& Thenwx & = (ide ®w)(ye(€)) =0 for all w € L'(G). Thus, if (w;) is any bounded
approximate unit for L'(G), then it follows from Proposition 2.6.10/ that 0 = w; * & — ¢
and therefore & = 0. O

Given a Hilbert B-module £ and a coaction g of G on £ (compatible with vp), one
can define a unitary Vg € L(£ ® (B®G),E ®G) by
B

Ve ® ) :=7g(§)x forall{ e Eand x € BR®G. (2.19)
B

It satisfies the relation

Ve )(Ve @ 1)=Ve @ 1,
C VE®id id®A

where one uses the following identifications:

E ® (BoGeg) s E ® (Begeg)
(va®id)yB (id®A)vp
E® (B B £ (B B
(%( ®g))73%id( ®G®0) (%( ®g))id§>A( ®G®0)
VS'YB%idIJ/ J/
(E®G) ® (BRG®QG) I Ve ® 1
v ®id idA
(E®(B®G)®§ (E®6) ® (BRG®G)
B id®A
| -
E®GRG —_— E®GRG

If vp is trivial, then Ve € L(E ® (B®G),E®G) =2 L(E ® G) and we have
B

ve(§) =Ve(E®1) forall € e€é.

In this case Vg is a (right) corepresentation of G on €. Conversely, if Ve € L(E ® G) is any
unitary (right) corepresentation of G on &, then the formula y¢(§) = Ve(§ ® 1) defines a
coaction of G on £ which is compatible with the trivial coaction on B. Thus, for trivial
coefficients, coactions of G correspond to corepresentations of G.

62



2.6. COACTIONS OF QUANTUM GROUPS

Definition 2.6.12. An operator T' € L(E,F), where £ and F are Hilbert B-modules with
coactions v¢ and £ of G, is called G-equivariant if

VF(TE) = (T © 1)re(€), forall € € €.

It is easy to see that this is equivalent to

VE(T @ )V =T ®1,
el

where V¢ € E(E Ry (B®G),E ®g) and Vg € E(]—' Ry (BRG),F® Q) are the unitaries
associated to the coactions v¢ and ~r, respectively.
We say that two coactions vg and vr are equivalent if there is a G-equivariant unitary
U e L(E,F). Thus v¢ and v are equivalent if and only if there is a unitary operator
U : & — F such that
Vgr(U$§> Ve =U®1). (2.20)
B

We denote the set of G-equivariant operators in £(£,F) by £9(£,F). One has that
T € £9(&,F) if and only if T* € LY(F,E), and if T € LI(E,F) and R € LI(D,E),
where D is another G-equivariant Hilbert B-module, then RT € £9(D,F). The space
L£9(&) := LI(E,€E) is a C*-subalgebra of L(E).

Given a C*-algebra A with a coaction v4 of G, we define the fized point algebra

Mi(A) :={ae M(A):va(a) =a® 1}. (2.21)

Proposition 2.6.13. Let £ be a Hilbert B, G-module. Then, under the canonical identi-
fication L(E) = M(K(E)), we have LI(E) =2 M4 (K(E)).

Proof. If vig)(T) = T ® 1, then 7¢(T€) = vic(e)(T)7e(€) = (T' ® 1)7e(€), that is, T'is in
L£9(€). Conversely, if T € LI(E), then vic(g)(T)ve(£)x = 16 (TE)z = (T @ 1)y (£)x for all
¢e&andz € BRG. Since spanng(€)(B®G) = £®G, it follows that T € My (K(£)). O

Proposition 2.6.14. Let £ and F be Hilbert B-modules with coactions ye and vr of a
locally compact quantum group G. For an operator T' € L(E,F) the following assertions
are equivalent:

(i) T is G-equivariant, that is, yr(TE) = (T @ 1)yg(&) for all £ € €,
(i) T is LY(G)-invariant, that is, T(w * &) = w* (TE€) for all € € €, w € LY(G).
Proof. If (i) is true, then we get
T(w* &) =T((ide ® w)ve(€)) = (idr @ w) (T ® 1)7e(§)) = w * (TE)

for all ¢ € € and w € LY(G). Hence (i) implies (ii). Assume now that (ii) is true. Then
for all ¢ € £ and w € L*(G) we have

(idr @ w) (vF(TE)) = w * (T€) = T(w *€)
= T((ide @ w)ye(§)) = (idr @ w) (T @ 1)7e(£)).

Since w € LY(G) is arbitrary, and since L!(G) contains elements of the form wy, ., u,v € H,
this implies that y£(T€) = (T ® 1)vg(€), that is, T is G-equivariant. O
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Definition 2.6.15. Let & be a Hilbert B-module and let & be a Hilbert C-module with
coactions g, and 7g, of G, respectively, and suppose that 7 : B — £(&2) is a G-equivariant
nondegenerate x-homomorphism. Consider £ := & ® &. The balanced tensor product of

e, and g, is the coaction ¢ of G on £ defined by:

re(€®n) = (e (§) ﬂgdg 1) o vg,(n)

for all £ € & and n € &, where 1 = 1g, ® 1g and one identifies

156 ® 1eL(BRG) ® (£80),61®G0) © (£806) 2L E®GERG).

T®idg T®idg T®idg
See [5, Proposition 2.10] for details. See also Proposition 2.13 in [15].

Definition 2.6.16. Let £ be a Hilbert B-module and suppose that ¢ is a coaction of G
on £. A cocycle for (€,7¢), or shortly, a yg-cocycle is a unitary u € L(€ ® G) satisfying

(id ® A)(u) = uia(yx(e) @ idg)(u).

Remark 2.6.17. We recall some well-known facts about cocycles. Details can be found
in [25].

(1) Given a unitary u € L(E ®G), it is easy to see that it is a cocycle for (€, v¢) if and
only if the map u-yg : € = M(E ® G) given by (u - vg)(§) := uoyg(§) defines a coaction
of G on & (with the same coefficient coaction of G on B).

Given a cocycle u for (£,7¢), the coaction u - v¢ is continuous if and only if the linear
span of (1 ® G)uyeg(€) is dense in € ® G. In this case we say that u is continuous.

Note that the coaction induced by u-~g on K(E) is V) = Ad, oy (g). In particular,
if v4 is a coaction of G on a C*-algebra A and u € M(A ® G) is a y4-cocycle, then the
map 74 = Ad, oy4 is a coaction of G on A.

Two coactions v4 and 44 of G on A are called exterior equivalent if there is a cocycle
u for (A,~v4) such that 74 = ~4.

(2) If £ (and also B) is considered with the trivial coaction 74, then a cocycle for
(E,vr) is just a (right) corepresentation of G on &, that is, a unitary u € L(£ ® G)
satisfying (id ® A)(u) = uiou1s. Note that in this case u is continuous if and only if the
linear span of (1 ® G)u(€ ® 1g) is dense in € ® G. In this case, we also say that u is a
continuous corepresentation. Suppose that G is regular. Then any corepresentation of G
is continuous. This follows from Remark 2.6.9(3). On the other hand, if G is not regular,
then the right regular corepresentation V € L(H ® G) is not continuous. In fact, V is
continuous if and only if G is regular. See Proposition 2.7.11 below.

(3) Let (A,~v4) and (B,vB) be coactions of G and suppose that 7 : A — M(DB)
is a nondegenerate G-equivariant *-homomorphism. If u is a cocycle for (A,v4), then
v := (7 ®idg)(u) is a cocycle for (B,yp) and 7 is also equivariant with respect to the
coactions (A,~%) and (B,~%). If yp is continuous and u is continuous, then so is v. In

64



2.6. COACTIONS OF QUANTUM GROUPS

fact, this follows from the calculation (using that 7 is nondegenerate, so that 7w(A)B = B):

span((1 ® G)vyp(B)) = span((r ®idg)((1 ® G)u)vp(B))
= span ((r ® idg) ((1 ® G)uya(A))vs(B))
= span((n(A) ® G)y5(B))
=span((7(A) ® 1)(B®G)) =B®G.

Example 2.6.18. (1) Let (A,v4) be a coaction of G, and suppose that B is an arbitrary
C*-algebra considered with the trivial coaction 4 of G. Then the map

Y4 @y idg = (1a®0) o (ya®idg) : A® B - M(A® B®G)

defines a coaction of G on A ® B, where 0 : G ® B — B ® G is the flip map. Moreover,
note that the canonical map 7 : B — M(A® B), b — 14 ® b is equivariant. Thus, if
u is a cocycle for (B,~), that is, a corepresentation u € M(B ® G) of G on B, then
ugs = 14 ® u = (m ®idg)(u) is a cocycle for (A ® B,v4 ®, idg). In particular, the maps

g = [b—ub®)u*] and vaep = [r— uzs(ya @ idp)(z)uss]

define coactions of G on B and A® B, respectively, and 7 is equivariant with respect these
coactions. If u is continuous, and 4 is continuous, then it follows from Remark 2.6.17(3)
that yagp is continuous.

(2) The example above can be applied to the following situation. Let £ be a Hilbert
B-module with a coaction v¢ of G and let K be a Hilbert space. Then the map

Ye Ruidg ERK - MEQK®G), (¢ Yaz(ye ®idg)(C)

defines a coaction of G on € ® K, where ¥ : § ® K — K ® G is the flip map (and
Y93 = 1lg ® ). The corresponding coaction of G on K(£ ® K) = K(€) ® K(K) is the
coaction i (g) @« idi () considered in (1). Thus, if u € L(K ® G) is a corepresentation of
G, then wus3 is a cocycle for (€ ® K,ve Qs idg), and therefore, by Remark 2.6.17(1), the
map

Yoo  ERK - MERK®G), ( usls(ye ®idg)(C)

is a coaction of G on £ ® K. Note that the corresponding coaction on the algebra of
compact operators (€ ®@ K) = K(€) ® K(K) is the one considered in (1):

i) (@) = u2s(Vi(e) @« 1d)(T)udg = u23Xes(Vic(e) ® id) (@) E33us.
If u is continuous and g is continuous, then so is yex . This follows from the calculation:
span((191® G)eax(E @ K)) = m((l ®(1®G)u)Sas(1e(€) ® K))
pan( (19 (1@ G)u(K(K) @ 1) Zas (6(€) © K))
= ( (1o KH ®g)223(75(5)®K))
P (s

Y3 ®975()®K)):5®K®Q.
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(3) As a special case of (2) one can consider the right regular corepresentation V' €
L(H ® G) to get the coaction

Yeom = Vaz¥as(e ®idy) : EQ H — M(E ® H),

where £ is any Hilbert B-module with a coaction of ¢ of G. Another possibility is
to consider the left regular corepresentation W e ./\/l(é ®G) C L(H®G). We have
(id ® A)(W) = Wi3Wia, which implies that W* is a (right) corepresentation of G on H.
Therefore the map

YeQH = W;3223(75 ®idH) EQH — M(g &® H),

also defines a coaction of G on £® H. In particular, if £ = C, then we obtain two coactions
of G on H:

() =V(E®1lg) and yu(€) =W*(¢®1g), €€ H.

In fact, these coactions are equivalent, that is, there is an equivariant unitary U € L(H),
which means that (U ® 1)V = W*(U ® 1) (that is, the corepresentations V and W* are
equivalent). By Equations (2.15) and (2.16), the unitary U := .J.J satisfies this relation.
Therefore g and 4y are equivalent and, as a consequence, the corresponding coactions
Ak and yx on K = IC(H) are isomorphic via the map x — Ady(x) = UzU*. Note that
the coactions 4, and ~x are given by the formulas:

Fe(z) = V(@®@1)V* and ~c(z) = W@ae )W, zek.

More generally, the coactions egr and veg g are equivalent. The unitary 1QU € L(EQH)
implements this equivalence. Hence the corresponding coactions Yic(gwm) and k(g m)
on the algebra of compact operators K(€ ® H) are isomorphic via x +— Adgu)(r) =
1eU)zx(leU").

2.6.3 Invariant direct summands

Let F be a Hilbert B-module and suppose that we have a direct summand £ of F. This
means that £ is a B-submodule of F which is complementable, that is, £ ® £+ = F. This
yields a canonical isomorphism M(E) & M(EL) =2 M(F), so that M(E) is also a direct
summand of M(F). We denote by Pg the projection of F onto £. There are canonical
isomorphisms F @ G = (£®G) @ (£ ®G) and M(FRG) 2 M(E®G) ® M(E+ ® G).
Under these identifications, £ ® G becomes a direct summand of F ® G and M(E£ ® G) a
direct summand of M(F ® G). The projection of F ® G onto £ ® G is Pe ® 1g. We shall
use these identifications in what follows.

Proposition 2.6.19. Let F be a Hilbert B-module with a coaction vF of G and suppose
that € is a direct summand of F. The following statements are equivalent:

(i) (Pe®1g)yF(n) =v#(Pe(n)) for alln € F.

(il) v#(E) S M(E®G) and span(v£(E)(B®G)) =£®G.
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(iii) v£(£) S M(E®G) and vr(EL) C M(E+ ®G).

Proof. First we prove that (i) implies (ii). Of course, from (i) it follows that v£(€) C
M(E ® G). So we only have to prove that span(v#(£)(B® G)) = £ @ B. Let z €
E®G C F®G. Since vr is a coaction, for every € > 0, there exist 71,...,7, € F and
Yl - -, Yn € B ® G such that

< €.

n
> vEmiyi — x
=1

Take & := Pg(n;), i =1,...,n. Then

> vryi—
i=1

= ZVI(PS(W))% -

= |(P: ® 1g) (Z V(i)Y — :v) ||
i=1

n
<D vrm)yi —
i=1

< €.

It is easy to prove that (ii) is equivalent to (iii). So it remains to prove that (ii) implies (i).
We claim that y£(E1) € M(EL ® G). Take ¢+ € &L, Then, forall ¢ € £ and y € B® G,
we have

(VF(EDIF©y) = vB((E1€)y = 0.

Since span (y#(€)(B®G)) = E® G, we get (yp(EL)|z) =0 for all z € € ® G. Thus, for all
TeM(E®G) and y € B® G, we have

(YF(EN)T)y = (v#(EH)|Ty) = 0.

That is, (y£(¢1)|T) = 0. Therefore v£(¢1) € M(E ® G)* = M(EF @ G), proving our
claim. Now, if n € F and n = £ 4+ ¢4, with £ € £ and &+ € £+, then

(Pe ® 1g) (v£(n))= (Pe ® 1) (v# (&) + v#(£7)) = v#(&) = v#(Pe(n)). O

Definition 2.6.20. If the equivalent conditions of Proposition 2.6.19 are satisfied, then
we say that & is a G-invariant direct summand of F.

Note that £ is a G-invariant direct summand of F if and only if the formula yg(§) :=
v7(€) defines a coaction ¢ : € — M(E ® G) of G on £. In this case, the projection
Pg : F — £ is a G-equivariant operator, that is, Ps € £9(F,&). Of course, £ is also a
G-invariant direct summand of € and hence we also have a coaction yg1 of G on £+ which
is the restriction of vz to £ and such that the projection Pe1 : F — £+ is G-equivariant.
Moreover, we have

yr(M) = ve(€) + yer(€h), forallp=¢4+et e F=cact

67



2. PRELIMINARY BACKGROUND

Proposition 2.6.21. Let F be a Hilbert B-module with a coaction yr of G, and let £ be
a G-invariant direct summand of F. If vr is continuous, then so is yg.

Proof. Let x € £ G and € > 0. By assumption, we have W((lf ® Q)fyf(}“)) =F®g.
So there are x1,...,z, € G and 1y, ...,n, € F such that

n

lz = " (1F @ zi)yr(m)l| <e.
=1

For each i, we define & := Pg(n;) € £. Then we get

n

z =Y (le @) (&)

i=1

(Pe ©1g) (37 - (re ﬂfz‘)’Yf(Ui)) H
i=1
z =Y (lr@zi)yr(m)

i=1

< < €. O

2.6.4 Invariant ideals

Let B be a C*-algebra and I C B a closed ideal. By Proposition 2.2.8, we may identify
MIRG) =Z{meMBG):m(1eG),12G)mcCIxgG
We shall use this identification in what follows.

Definition 2.6.22. Let B be a Q-C*—algebra and let I C B be a closed ideal. We say
that I is G-invariant if yp(I) € M(I ® G) and the restriction map

v :=B|I: I—>J\;I(I®g)
defines a coaction of G on I.

Note that we do not assume that the restriction vy is a continuous coaction. But the
following result shows that this is, in fact, automatic.

Proposition 2.6.23. Let B be a G-C*-algebra and let I C B be a closed ideal. Then I is
G-invariant if and only if spanyp(I)(1® G) =1 ® B.

Proof. Assume that I is G-invariant and take x € I ® B. Since yp is continuous, we can
approximate x by a sum of the form ) vyp(b;)(1 ® y;), where b; € B and y; € G. Since
the restriction v; = vg|; : I — M(I ® B) is a coaction, it is in particular a nondegenerate
s-homomorphism. Thus, if (e;) is an approximate unit for I, then ~;(e;)z approximates
x. We conclude that x is approximately v7(e;) (3 vr(b:)(1 ® v:)) = > vB(ejbi)(1 ® ;).
Thus spanyp(I)(1 ® G) = I ® B. Conversely, if this is true, then yg(I) € M(I ® B) and
the restriction v; = «yp|r is a nondegenerate *-homomorphism. The coaction identity for

~r follows directly from that of vp. O
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Suppose that I is a G-invariant ideal of a G-C*-algebra B. Let ¢ : B — B/I be the
quotient map. If b € I then vp(b)(1® x) € I ® G for all z € G, and hence

(¢®idg) (15()) (1 ® 7) = (¢ idg) (va(b) (1 © ) = 0

It follows that the map yp/; : B/I — M(B/I ® G) given by

YB/I (Q(b)) = (¢ ®idg)yp(b)

well-defines a coaction of G on B/I. Since yp is continuous, so is yg/;. Note that, by the
definition of vp/r, the quotient map ¢ is G-equivariant.

Proposition 2.6.24. Let £ be a Hilbert B, G-module with a continuous coaction vg of G.
Then I :=span(&, &) is a G-invariant ideal of B.

Proof. Since g is continuous, we have

spanyp(I)(1 ® G) = spane(€)1e(£)(1® G)
=spane(£)" (£ ®G) =spane(£) (1® G)(E®G)
=span((1®@G)1e(€)) (E®G) =span(f @ G) (€@ G) =1®G. O

2.7 Crossed products

2.7.1 Reduced crossed products

Let v4 : A — M(A ® G) be a continuous coaction of G. Recall that G and QA are C*-
subalgebras of L(H), where H = L?(G). Thus we may view M(A® G) as a C*-subalgebra
of M(A®Q K(H)) = L(A® H). The reduced crossed product of the coaction (A,~4) is by
definition

Ax, G =span(ya(A)(1®G")) C L(A® H),

where G ° :Ajaj is the C*-commutant of g: (see Section 2.5.1). One proves that A .G =
spani((1 ® G )va(A)) and therefore A x, G* is a C*-subalgebra of L(A ® H).

There are canonical nondegenerate *-homomorphisms
A= MAXG), jh:G" = M(AxG")

given by j%(a) = ya(a) and jéc(az) = 1 ® x. The dual coaction of v, is the coaction
‘y\; cA Nréc — M(A %, ?C ®§C) 0f§C on A x, ?C satisfying

Fa(ra@)(1 @) = (fala) © 1) (5 ® 1A (@) = (vala) © 1) (1 @ A'(2))

foralla € Aand x € Q\ ‘. where A is the comultiplication of the locally compact quantum
group G°. Thus, if we “identify” A and G inside of M(A x, G°) via the maps J% and
jéc, the dual coaction acts trivially on A and by the comultiplication A" on G°. If A = C

with trivial coaction = of G then A X, § ‘= § “ and ’v\tcr is AC, the comultiplication of QA ‘.
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If we start with a coaction v4 : A — M(A® G"") of the opposite quantum group G
(or, equivalently, with a left coaction of G; see Remark 2.6.1(3)), then, because ﬁ =G ‘
we get -

Ax; G = span{ra(A)(1 ® )}
In this case, we denote A X, 3 = A X, 550 and Y4 = ‘y\fl Note that A X, ? has now
canonical homomorphisms j% : A — M(A %, (j) and jé : é’\ — M(A %, é\) and a dual

coaction of G which acts trivially on A and by the comultiplication AonG. If A = C with
trivial coaction vz of G then A %, G =2 G and 7, is identified with the comultiplication
Aof G.

Remark 2.7.1. (1) Let us describe what is happening in the group case G = Co(G).
In this case, continuous coactions of G correspond to (strongly) continuous actions of G.
Suppose that «v4 is a continuous coaction of G on a C*-algebra A. Then the corresponding
action of G on A, which we denote by «, is given by the formula o;(a) := ya(a)(t), where
we identify M(A®Cy(G)) = Cy(G, A). The dual of G is G = C*(G), the reduced C*-algebra
of G. According to our definition, we have

Ax, G =span(j5(A) (14 @ JCHG)J)) C L(A® LA(G)),

We identify A ® L*(G) = L?(G, A) in the usual way.® Under this identification, 57 is
given by the formula (5% (a)€)(t) = at(a)(t) for all £ € C.(G, A) and t € G. The modular
conjugation J of G is given by jf(t) = 5g(t)_%f(t*1) for all f € L?(G) and t € G. Now
take any f € C.(G). Then, for all £ € C.(G, A), we have

(va(@)(La ® JACH)D))El = aula) /G FET5)0(tLs)€(s) ds
_ /G or (K (1715))8a(t~ s)5€(s) ds = prc ()]

where K (r) := f(r)a for all r € G, and

p:C(G,A) — E(L2(G,A)), pr (&) == /Gat (K(t_ls))5g(t_ls)%§(s) ds.
It follows that
Ax, G =span{pr : K € C(G,A)} = 5(C.(G, A)).

Straightforward calculations show that p is a x-homomorphism if we equip C.(G, A) with
the following *-algebra structure:

(K« L)(t) := /GK(S)QS (L(s_lt)) ds, K*(t):=dq(t) oy (K(t_l))*.

SRecall that L?*(G,A) is the completion of the pre-Hilbert A-module C.(G,A) with respect to the
A-inner product (£]n)a = [, £(t)*n(t) dt and the canonical right A-action.
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One can also leave out the modular function in the above formulas. More precisely, define
p:C(G,A) — E(LQ(G, A),  pr (O] = /Gat(K(t_ls))f(s) ds.

Then p is a *-homomorphism if we equip Cc(q, A) with the same product as above and
the modified involution given by the formula K(t) := oy (K (t_l))*. These two x-algebra
structures are isomorphic. The map

1 Co(GL A) = C(GL A),  p(K) () = d6() V2K (1)
is a #-isomorphism and we have p = p o u. Therefore, we also have
A%, G = span{px : K € C.(G,A)} = p(Cc(G, A)).

This is exactly the representation of A x; G° used in [48] where the notation C}(G, A)
is used instead. We shall also use this notation. But one should keep in mind that this
is not the usual definition of C}(G, A). For example, if A = C with the trivial action
of G, then C*(G,C) = C %, G° = C*G)°, the C*-commutant of the quantum group
C¥(G). To compare our definition of C}(G, A) with the usual one, we define a unitary
U € L(L*(G, A)) by the formula U¢[; := 5g(t)_%§(t*1). It is easy to see that

(UoproU )|t = /Gatl(K(S))f(S_lt) ds = /Gatl(K(tS_l))5G(S)_1§(8) ds. (x)
Therefore Cf(G, A) is isomorphic to the C*-subalgebra of £(L?(G, A)) generated by the
operators of the form (x). This is the representation of C}(G, A) used most frequently
(see, for example, [58, 7.7.1]). Note that if A = C (with the trivial action of G), then
Ady op = X and therefore the C*-subalgebra of £(L?*(G)) generated by the operators (x)
is exactly Cy(QG).

(2) If Ais a é—C*—algebra, that is, a C*-algebra with a continuous coaction 74 of
G = C}(G) (see Example 2.6.3(3)), then the crossed product will also be denoted by
A, G. In this case, we have G = G = M (Co(G)), where M : Co(G) — L(L*(G)) denotes
the multiplication representation. Thus the crossed product is given by

A, G = spam(14(4) (19 M(Co(@))) ) € £(A © IX(G)).

The dual coaction of Cy(G) corresponds to the (continuous) action 8 of G on A x, G
given by
Bi(ya(a)(1® My)) = ya(a)(1 ® My,),

where fi(s) := f(st) for all s,t € G.
(3) The assignment A — A x, G is functorial. Given a (possibly degenerate) G-
equivariant *-homomorphism 7 : A — M(B) (see Remark 2.6.5), there is a unique *-

~

homomorphism 7 x; Q\C AX G — M(B Q\C) satisfying
(7 Xy Q\C)(fyA(a)(l ®z)) =vp(m(a))(l®z) forallac A, z€ G’
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Consider the *-homomorphism 7 ® idg : M(A ® K) — M(B ® K), where K = K(H).

Since M(A® G) € M(A® K), it follows that A x, G* C M(A ® K). The map 7 x, G

coincides with the restriction of 7 ® idx to the reduced crossed products, that is, we have

(mx:G)(e) = (m@idi)(c) forallce Ax, G . (2.22)

~c

If 7 is nondegenerate, then so is ™ %, G .

2.7.2 Full crossed products

Let (A,v4) be a (continuous) coaction of a locally compact quantum group G. A co-
variant homomorphism from (A,~v4) to a C*-algebra B is a pair (m,u) consisting of a
s-homomorphism 7 : A — M(B) and a unitary (right) corepresentation u € M(B ® G)
such that

(m®idg)ya(a) = u(m(a) ® 1g)u* for all a € A,

that is, (7 ® idg) o y4 = Adyo(m ® 1g). Note that we allow 7 to be degenerate. The
map 7 ® idg is thus defined from M(A ® G) to M(B ® G). Since ya(A) is contained in
M(A ® G), the covariance condition makes sense. We say that (7, u) is nondegenerate if
7 is nondegenerate. A full crossed product of (A,v4) is a triple (C,ja,Ua) where C is a
C*-algebra and (ja,U4) is a nondegenerate covariant homomorphism from (A,~v4) to C
such that for any nondegenerate covariant homomorphism (7, u) from (A,v4) to B, there
is a unique nondegenerate *-homomorphism 7 xu : C — M(B) satisfying (7 xu)ojs =7
and ((7xu)®idg)(Ua) = u. A full crossed product exists and is unique up to isomorphism
(|26, Theorem 1.10]), and it will be denoted by A x G,..

As already mentioned, there is a universal corepresentation Ve M(G\; ® G) of G
such that the formula (1 ® idg)(V) = u gives a bijective correspondence between (right)
corepresentations u € M(B ® G) of G and nondegenerate *-homomorphisms p : _C’Z: —
M(B) (see comments after Definition 2.5.6).

Using the relationship above, we can now describe a covariant homomorphism from
(A,v4) to B as a pair (m,u) where 7 is as before and p is now a nondegenerate -
homomorphism 1 : G. — M(B) satisfying

(r @idg)ya(a) = (n @ idg)(V)(n(a) ® 1g)(u @ idg)(V)*  for all a € A.

It follows that the full crossed product of (A,v4) can be described alternatively by a
triple (C,ja, jéuc), where C' is a C*-algebra and (ja, jélf) is a nondegenerate covariant
homomorphism from (A, v4) to C in the sense just defined above, and it has the universal
property that for any other nondegenerate covariant homomorphism (7, 1) from (A,~v4)
to B there is a unique nondegenerate *-homomorphism 7 x p : C — M(B) satisfying
7r><|,uojA:7rand7r>4,uoj§c = L.

The restriction to nondege‘rllerate covariant homomorphisms is not necessary. It is there
only to simplify the definition. If (, u) is a (possibly degenerate) covariant homomorphism
of (A,v4) then there is a unique (possibly degenerate) *-homomorphism (also denoted by)
T X p satisfying (7w X ,u)(jA(a)ij (z)) = m(a)u(z) for all a € A and z € G..
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As for reduced crossed products, one can also define a dual coaction of G° on the full
crossed product A x G,. In fact, define 7(a) := ja(a) ® 1 and p(x) := (j‘jlf ® XA (z).
Then the pair (7, 1) is a nondegenerate covariant homomorphism from (4,v4) to A x
G, ®G . Thus there is a unique nondegenerate *-homomorphism ‘y\;’u =Txp: AxG, —
M4 Gy @G satistying 75" (ja(a)) = ja(a) @1 and 75" (e () = (ige © X")A,(0).
One checks that ’7\;’“ is, in fact, a continuous coaction of § “on A x QAJ, and it is called

the dual coaction of QA  on the full crossed product A x QAJ .
Given a covariant homomorphism (7, ) from (A,~v4) to a C*-algebra B, one has that

O (m, 1) = spai(m(A)u(Gy)) = spam(u(G ()
is a C”-subalgebra of M(B). Moreover, for the pair (ja,jge) we have C*(ja,jge) =

A X Qf . The reduced crossed product of (A,v4) can also be described in this way. Define
74(a) == ya(a) e M(A® G) € M(A®K(H)) and jéc () =1la®z € M(A®K(H)),
Gy
homomorphism of (A,v4). In fact, we already know that (X* ®idg)(V) = V. Now using
that A(y) = V(y ® 1)V*, the desired covariance condition follows. Finally, note that

z € G° and define also Jéc = jfjc o X”. We claim that the pair (j%,j%.) is a covariant

~c

C" (i, o) = span(fh(A)jge (G,)) = span(14(4)(1© G)) = A%, G

Thus A9 := j5 X jéuc tAx Q\; — Ax, G is a surjective *-homomorphism. It is easy to see
that )\Zp is equivariant with respect to the dual coactions. Note that if A = C with trivial
coaction of G, then A x G\: ~ ég and the dual coaction is identified with the canonical
coaction of G° on G, given by the map = — (id ® X*)A,(z). In this case we also have
A, G =G and AP is identified with ™.

As for reduced crossed products, the assignment A — A x Qf is functorial. Given a
G-equivariant *-homomorphism 7 : A — M(B) between G-C*-algebras A and B, there is
a *-homomorphism 7 x G_ : A x Go — M(B x G.) satisfying (7 x _C’Z)(jA(a)nguc (z)) =
iB (W(a))jg\j (z) foralla € Aand z € é: In fact, it is easy to see that the pair (jp ow,nguc)
is a covariant homomorphism from (A, v4) to Bx Q\J Thus, 7x Q\J is equal to (jpom) >4ng§.
If 7 is nondegenerate, then so is 7 x Q\J .

If G = Co(G) for some locally compact group G and A is a G-C*-algebra, then we shall
also use the notation C*(G, A) for the full crossed product A x QA,:

Finally, we mention that for G = C}(G), there is no difference between full and reduced
crossed products, that is, A x G = A x, G, for any @—C*—algebra A, where A x G denotes
the full crossed product. The reason is that G is amenable as a locally compact quantum
group (see [8]) which means in this case that G, = G = Co(G).

2.7.3 Reduction of coactions
Recall that a G-C*-algebra (A, v4) is reduced if 74 is injective. Also recall that (j%, jéc) isa

covariant homomorphism from (A,74) to A G, whose integrated form is AP s Ax Qf —
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A . G°. Remember that Jh(c) =~val(c) for all ¢ € A. Thus ker(j) = ker(y4). Moreover,
since A’ 0 ja = j%, we also have ker(ja) C ker(j%) = ker(y4). And because (ja,Ua) is a
covariant homomorphism of (A4, v4) we have (ja ®id)ovya = Ady, o(ja ®1) which implies
that ker(ya) C ker(ja). Therefore ker(ja) = ker(j'y) = ker(ya). In particular, (A,v4) is
reduced if and only if j4 or j% is injective. Thus, if (A,~4) is reduced then there exists
a covariant homomorphism (7, ) with 7 faithful. Since any covariant homomorphism
factors through j4, the converse also holds.

We can always reduce a coaction as follows. Let (A,v4) be a G-C*-algebra and define
I :=ker(ya) and A, := A/I. Let ¢ : A — A, be the quotient map. Then there is a unique
(continuous) coaction 7 of G on A satisfying 4 (¢(a)) = (¢ ® idg)(ya(a)) for all a € A
(see [51, Lemma 2.17]). Moreover, v is injective. We call (A;,~Y) the canonical reduction
of (A,7v4).

Let (A,va) be a G-C*-algebra, and let (A;,~Y) be its canonical reduction. Then the
full crossed products coincide. More precisely, if ¢ : A — A, denotes the quotient map,
then the induced *-homomorphism g x QAJ A X QA; — A, x Q\; is a x-isomorphism (see
[51, Proposition 2.18]).

In general, a reduction of a G-C*-algebra (A,v4) is a reduced G-C*-algebra (B,~vp)
together with a reduction map which is an equivariant surjection 9 : A — B such that
the induced map 9 x Qj A G\J — B x QAJ is an isomorphism. This is very similar to
the “normalization” of full coactions (see [26] for details). In fact, the following universal
property for reductions is analogous to the universal property for normalizations proved
in [26, Lemma 4.2]. Moreover, the same proof also works for reductions. For convenience
we provide the proof here.

Lemma 2.7.2. Let ¥ : A — B be a reduction of a continuous coaction (A,v4) and suppose
that k : A — M(C) is a G-equivariant homomorphism where C' is a reduced G-C*-algebra.
Then k factors uniquely through B, that is, there is a unique G-equivariant homomorphism

0: B — M(C) such that kK = po 1.

Proof. Consider the homomorphism g := (k x G.) o (9 x G.) L ojg: B— M(C % Go).
Note that

(o0)(a) = (5% Gy) o (9% Gy) ™ o (9% Gy)ojala) = (jo o K)(a).

Since j¢ is injective this equation implies the existence of a G-equivariant homomorphism
0: B — M(C) satisfying k = p o). Since ¥ is surjective, o is necessarily unique. O

Remark 2.7.3. (1) Let A and C be G-C*-algebras. Lemma 2.7.2] implies that given
reductions ¥ : A — B and v : C' — D, and given a G-equivariant homomorphism 7 : A —
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C, there is a unique homomorphism p : B — D completing the following diagram:

™

A C
[V v
B D

p

Note that if 7 is an isomorphism, then so is p, because one can apply the same to 7! to
get the inverse of p. In particular, a reduction is uniquely determined up to isomorphism
compatible with the reduction maps. R R

(2) Let (A,v4) be a G-C*-algebra. Then X : Ax G, — Ax, G  is a reduction of the

SC ~C,u

dual coaction (A x G,,7, ). In fact, one can follow the same proof of [26, Lemma 4.11].
Let ¥ : A — B be a reduction of (A,v4). It is easy to see that the following diagram
commutes:

ﬁxguc =c
Bxg

u

AngJ

op op
A4 AB

A~ AC—AC>B>4 G°
G G

Since ¥ : A — B is a reduction of (A,~4), the map 9 x G\J is an isomorphism. Combining
this with (1) above, we get that ¥ x, G* is an isomorphism as well.

2.7.4 Regularity and semi-regularity of quantum groups

Consider a locally compact quantum group G and let G coact on itself by the comultipli-
cation A. Then, by definition, the reduced crossed product G x, G is given by

G %, G =span(A(G)(1®G")) C L(G® H) C L(H® H).

Recall that the comultiplication satisfies A(z) = W*(1 ® )W for all z € G, where W €
M(G ® G) is the left regular corepresentation of G. Thus, for all # € G°, we have

AlR)(1©2) =W (1ea)WI1e i) = W1 i)W

Hence the map

span(GG ) ST — W1 T)W € G x,: G, (2.23)

defines an isomorphism sEan(ggA C) o~ g Xy § ‘. In particular, span(gg C) is a C*-subalgebra
of L(H), that is, span(ggc) = span(gcg).

The following concept was introduced by Baaj and Skandalis in [4} 6].
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Definition 2.7.4. A locally compact quantum group (G, A) is called semi-regular if
span(GG°) contains K(H) and it is called regular if span(gg ) equals K(H).

Therefore, under the canonical identification (2.23), G is semi-regular if and only if
G %, G contains C(H) and it is regular if and only if G x, G* is equal to K(H).

Example 2.7.5. Compact and discrete quantum groups are regular. More generally, all
the locally compact quantum groups arising from algebraic quantum groups in the sense
of [40] are regular (see [75, Remark 2.12]).

All the Kac algebras are regular quantum groups (see [6, [16]). In particular, commu-
tative and cocommutative quantum groups are regular.

The so-called E,(2) quantum group is an example of a semi-regular quantum group
which is not regular (see [4, 32]).

Quite surprisingly, the existence of non-semi-regular locally compact quantum groups
was established recently by Baaj, Skandalis and Vaes in [7].

Remark 2.7.6. (1) Our definition of (semi-)regularity is not the original definition ap-
pearing in [4, 6], but one of its characterizations (see [7, Proposition 2.6]). The definitions
in [4, 6] apply not only to locally compact quantum but to any multiplicative unitary:
if Ve L(K ® K) is a multiplicative unitary, where K is some Hilbert space, then one
defines C(V) := {(id @ w)(XV) : w € L(K).}. This space is a subalgebra of L(K), so
that its closure is a Banach algebra. But, in general, it is not a C*-algebra, that is, it is
not invariant under involution. The multiplicative unitary V is called semi-regular if the
closure of C(V') contains the compact operators and it is regular if the equality holds. With
this new terminology one can now say that a locally compact quantum group G is regular
if its right (or, equivalently, left) regular corepresentatlon is regular. Proposition 2.6 in [7]
says that the closure of C(V') is isomorphic to G %, G, where now V € £(H ® H) is the
right regular corepresentation of G. In fact, from the proof of this proposition, we have

C(V)=UCU*, whereU := JJ and C := spW(QQAC).

(2) Let Gy be the universal CQmpanion of G, and consider the canonical coaction of
G on G, given by the map (id ® \) o A, : Gy — M(Gy ® G). Then the reduced crossed
product is by definition

Gu x: G =5pan((id ® \)AL(G)(1®G))

Recall that (id @ \)Ay(z) = W*(1® 5\(1')))/2 for all x € G,, where W is the left regular
corepresentation of G,. Since W € M(G, ® G), we have

1d®)\( (2)(1®y) = W*(1®5\(az)y)W, forally € G".

Thus G, X g = span( (1® gg ) = Span QQAC >~ G X, QAC, and therefore G is regular
if and only if Gy X, G* (H ). The quantum group G is called strongly regular if the

full crossed product Gy X g is isomorphic to K(H ); More precisely, there is a canonical
map Q: Gy x G, — L(H) given by Jg.(%)jge(y) — Mz)X"(y) for all z € G, and y € G,,.
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In fact, Q is the composition of the canonical surJectlon Gy X g — Gy Xy G° with the
canonical isomorphism G, X Q >~ G X, g - span(gg ) described above. In particular,
the image of € is equal to span(gg ). By definition, G is strongly regular if and only if
is an isomorphism onto IC(H) (this is the precise definition of strong regularlty) Thus Q is
strongly regular if and only if G is regular and the canonical surjection G, % g — g xrg is
injective (and therefore an isomorphism). It is not known whether there exist examples of
regular quantum groups which are not strongly regular (see [26, 75] for further discussion).

Proposition 2.7.7. Let G be a locally compact quantum group. The following assertions
are equivalent:

(i) G is regular, that is, span(GG ) = K(H),

(iii) G° is regular, that is, span(gcgc) =K(H),

)

(ii) G* is reqular, that is, spﬁ(gé) =K(H),
) G
)

(iv) G is reqular, that is, span(GG") = K(H).

The same statements also hold for semi-regularity if one replaces the equalities above by
the inclusion D.

Proof. This follows from the relations JGJ = gc, JQAJ = QA, jgj =g, jéj = QAC and
JK(H)J = le( )j K(H) (this last one follows from the equalities J|£) (n|J = [J)(Jn|
and J|§><17]J = |J£>(J17| for all {,n € H). For example, if G is regular then IC(H) =
JK(H)J = Jspan(GG°)J = span(GG), that is, G™ is regular. O

Lemma 2.7.8. Let G be a locally compact quantum group. Then C = span(gg’?c) s an
irreducible C*-subalgebra of L(H).

Proof Note that the commutant of C' is C' = G' N (éc) M'N M Where M = G" and
M =G" are the von Neumann algebraic quantum groups of G and Q respectively. Take
any v € M'N M. Since W € M @ M (here ® denotes the von Neumann algebraic tensor
product), we have

A)=W*1o2)W =10

It follows from [73, Proposition 1.5.5] that 2 € C - 1. Therefore C' = C - 1, that is, C acts
irreducibly on H. O

Note that irreducibility of a C*-subalgebra C' C L(H) is equivalent to C” = L(H).
The reader should compare the following result with [7, Proposition 5.6].

Proposition 2.7.9. Let G be a locally compact quantum group, and define C' = span(ggc).
Then G is semi-regular if and only if C N K(H) # {0}.

Proof. The non-trivial direction follows from the fact that any irreducible C*-sub-algebra
of £L(H) whose intersection with K(H) is non-trivial must contain IC(H) (see [50, Theo-
rem 2.4.9] or [24, Lemma 3.11.2]). O
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Thus, under the isomorphism (2.23), we can say that either G x, G contains all the
compact operators C(H) (in that case G is semi-regular), or it contains only the zero
compact operator (in that case G is not semi-regular).

In what follows we give some more characterizations of (semi-)regularity in terms of
continuity of coactions. The results are very similar to those appearing in [7].

Remark 2.7.10. (1) Let G be a locally compact quantum group and define C' to be
the closed linear span of GG C L(H). We already know that C' is a C*-algebra which is
isomorphic to the reduced crossed product B := G>* Xy G = W(AOP (G\Op)(l ® Q)) C
L(H ® H), where we let G™ coact on itself by the comultiplication A”. The isomorphism
7 : C — B is given by m(zy) = A (2)(1®@y) = W*(1 ® zy)W for all z € G and
y € G, where W := WOP is the left regular corepresentation of G®. This is analogous to
the isomorphism (2.23). Let us consider on B the dual coaction of G, which is given by
(A7 (@) (10 ) = (A7 (2) © 1)(1 @ Ay)) = Vas (A (@)(1 @ y) @ 1)V, for all v € G
and y € G, where V is the right regular corepresentation of G. It is easy to see that,
under the isomorphism 7, the dual coaction vp on B corresponds to the coaction 4o on C
defined by ¢ (zy) = (@ DA(y) = V(sy © 1)V* for all z € G and y € G. In particular,
the coaction ¢ is continuous, that is, C' is a G-C*-algebra and 7 is an isomorphism of
G-C*-algebras.

(2) Example 2.6.18 yields two canonical equivalent coactions vy and 4y of G on the
Hilbert space H = L2(G). They are given by vg(£) = W*(€ ® 1) and () = V(€ ® 1).
The corresponding coactions on K = K(H) are given by i (z) = W*(z®1)W and jx(z) =
V(z ® 1)V*, respectively. A natural question is: when are these coactions continuous?
Note that G is regular if and only if C' = K, and in this case the coaction 4¢ defined in
(1) is the coaction 4x. In particular, the coaction i (and so also k) is continuous for
regular quantum groups. The following result says that this is the only case where this
happens.

Proposition 2.7.11. Let G be a locally compact quantum group. Then the following
statements are equivalent:

(i) G is regular,
(ii) the coaction vy (or, equivalently, Yg) of G on H is continuous,
(iii) the corepresentation W (or, equivalently, V') of G on H is continuous,

(iv) the coaction vi (or, equivalently, Ax) of G on K := K(H) is continuous,

(v) span((1® G)V(K®1) =K®g,

(vi) span((1@ K)V(K® 1)) =K® K,

(vii) span((K®@ 1)V(1®K)) =K@ K.
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Proof. By Example2.6.18, the coactions v and 4g are equivalent. Thus continuity of gz
is equivalent to that of 4. The same holds for the corepresentations W* and V and also
for the coactions ¢ and 4x on K. The coaction 4y is given by 5 (£) = V(§ ® 1) for all
¢ € H. Thus continuity of 9 is equivalent to the condition span((18G)V (H®1)) = H®G
or, equivalently, m((l RGV(IK® 1)) = K ®G. This is, by definition, equivalent to the
continuity of V' (see Remark 2.6.17(2)), and it is also equivalent to the continuity of i,
that is, span((1 ® G)V(K ® 1)V*) = K ® G. We conclude that (i), (iii) and (iv) are
equivalent to (v): span((1®9G)V(K®1)) = K®G. Multiplying this equation from the left
by 1®K and using that K-G = K we see that (v) also implies (vi). The equivalence between
(vi) and (vii) follows by taking adjoints and using the relation V = (J ® J)V*(J®J) (this
relation can be derived from Equations (2.15) and (2.16) and the equality J.J = viJJ;
see [73, Corollary 1.13.15]). And the equivalence between (vii) and (i) is the content of [6,
Proposition 3.2(ii)]. Therefore (ii) < (iii) < (iv) < (v) = (vi) & (vii) < (i). Finally, if
(1) is true, then so is (iii) by Remark 2.7.10(2). O

Corollary 2.7.12. Let G be a reqular locally compact quantum group and suppose that
Ye is a continuous coaction of G on a Hilbert B-module £. Then the coactions Yyegn and
Jeor on € Q@ H defined in Example 2.6.18| are continuous.

Proof. This follows from Example 2.6.18(2) and Proposition 2.7.11. m

Proposition 2.7.11] says that continuity of coactions is somewhat complicated for non-
regular quantum groups. This has been observed already in [7]. Another natural condition
on a coaction is weak continuity. However, we are going to see that even this weaker
condition turns out to be too strong for the coaction on K. First we need a preliminary
result which is very similar to [7, Proposition 5.6].

Proposition 2.7.13. Let G be a locally compact quantum group and define
D = span((id @ L(H).) (VK@ 1)V*)) € L(H),

where V' is the right reqular corepresentation of G and K := KK(H). Then G is semi-reqular
if and only if DNIK # {0}. In this case K C D and G s regular if and only if the equality
holds. Moreover, we have D = span(Gg).

Proof. Define V := YV*%, where ¥ denotes the flip operator (we remark that V =
WOP is the left regular corepresentation of the opposite quantum group G ; see [73,
Proposition 1.14.10]). Note that C(V) = C(V)* (see Remark 2.7.6(1) for the definition of
C(V)). Using the relation V = (J ® J)V*(J ® J) (see the proof of Proposition 2.7.11), we
get

D = span((id @ £(H),) (57" 1®/cvz))
= span ((id @ L(H).) (7 & NIV (1@ )V @ ) )
- Jspan((1d®£ H).)(=V( ®IC)V 2)),]
= Jspan(C(V)C(V)*)J = JC(V)
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From Remark 2.7.6(1) we have {C(V)J = JC’J = span(gg) where C' := span(GG°)
(here we are using the equalities JGJ = G and J Q J = g) The result now follows from
Proposition 2.7.9. O

As a consequence, we get the following result.

Proposition 2.7.14. Let G be a locally compact quantum group and consider on H the
coaction Y (or, equivalently, yi) of G and on K := IC(H) the coaction Fx (or, equiva-
lently, vic) defined in Example 2.6.18(3). Then the following statements are equivalent:

(i) g

(i) ¥

(iti) A is admissible, that is, 3 (K) € M(K ® G)
) A
)

s reqular,

is admissible, that is, vy (H) C M(H ® G),

(iv is weakly admissible, that is, w* & € K for all w € LY(G) and € € K,

(v) Ai is weakly continuous, that is, spanfw * & : w € LY(G), £ € K} = K.

Proof. 1f G is regular, then we already know from Proposition 2.7.11/ that v is continuous,
and in particular it is admissible. Thus (i) = (ii). It is also clear that (ii) = (iii) = (iv). We
recall here that w+¢ = (id®w)Fxc (&) and Y (€) = V(E®1)V* for all w € L1(G) and ¢ € K.
Since L'(G) = {w|g : w € L(H),}, the closed linear span of {w ¢ : w € LY(G),& € K}
coincides with the space D defined in Proposition 2.7.13. Thus the condition (iv) means
that D C K which by Proposition 2.7.13 is equivalent to D = I, that is, to the weak
continuity of yx. Again by Proposition 2.7.13/the equality D = K is also equivalent to the
regularity of G. O

We conclude from the result above that, unless G is regular, the coaction Jx (or,
equivalently, i) of G on K is badly behaved with respect to any kind of continuity.

Remark 2.7.15. (1) Note that we can also characterize the semi-regularity of G in terms
of the coaction Jx (or, equivalently, vx). In fact, we can rephrase Proposition 2.7.13| by
saying that G is semi-regular if and only if w * £ € K, for some w € L'(G) and ¢ € K with
w*& #£ 0.

(2) It might seem that the conditions in Proposition 2.7.14 are also equivalent to the
weak continuity of g (or, equivalently, of vzr). But this is not true because g (and so
also vg) is always weakly continuous, for any locally compact quantum group. In fact,
note that this follows from Proposition 2.6.10. This can also be proved directly by usmg
that the closure of {(id ® w)(V) : w € L(H),} C L(H) is G°. In fact, since G is a
nondegenerate C*-subalgebra of L(H), we get

span(L'(G) * H) = span{ (id @ w)(V)¢ : € € H,w € L(H).} =span(G H) = H.

In particular, we see that, in general, weak continuity of a coaction of G on a Hilbert
module £ does not imply weak continuity of the corresponding coaction on the compact
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operators K(€). However, if G is regular, then this is true, because in this case continuity
and weak continuity are equivalent concepts (|7, Propostion 5.8]).

(3) Let G be a locally compact quantum group and define C' := m(@g) ~G" %G
with the dual coaction Jco(c¢) = V(e ® 1)V* as in Remark 2.7.10(1). Suppose that G is
semi-regular, that is, C' C K. In this case we can consider the C*-algebra A C L(H @ C)

defined by
C H
)

Note that A is the linking algebra of the Hilbert C, C-bimodule ¢ H¢ (with left C-inner
product ¢(£|n) := |£)(n]|). We can also define a coaction on A which combines the coaction
Jo on C and the coaction 4z on H:

(&8 ) = ((Jelo, Oy (Vs Vst ),

noz Yu(n)* z®1 eV  z®1

Since ¢ is continuous and ;7 is weakly continuous, it follows that 7 4 is weakly continuous.
But if G is not regular, then we already know that 4y is not admissible, which implies that
A4 is also not admissible (and in particular not continuous). Thus, if G is semi-regular, but
not regular, then 74 is an example of a weakly continuous coaction which is not admissible.
This example is an adaptation of the example appearing in the proof of Proposition 5.8
in [7] (where left coactions are used instead; see Remark 2.6.2(3)).

2.7.5 Crossed product duality

Let A be a C*-algebra with a continuous coaction 4 of G. Then we can form the crossed
product A X, G, which carries the (continuous) dual coaction 7, of G Repeating this
process we get the double crossed product, which we denote by A X, G* Xy G . The
reason for this notation is that the C*-commutant of the dual of QA ‘ is equal to G77°.
Note that A x, QAC x: G has a bidual coaction of g°""‘, which we denote by @Zp’c. As
already mentioned, the unitary U := JJ implements an isomorphism Ady : G° — G of
locally compact quantum groups (see discussion preceding Example 2.5.2). Thus 44 :=
Ad1er) oy, is a coaction of G on A X, G % G™°. We shall write A x; G x; G for
A xré\ “%: G equipped with the coaction 44. In this way, we have started with a coaction
(A,v4) of G and obtained a new coaction (A X §C Xy g,@A) of G. So it is natural to ask
what is the relationship between these two coactions. The following result, due to Baaj
and Skandalis in [6], gives the answer. For convenience we provide the proof.

op,C

Proposition 2.7.16. Let G be a reqular locally compact quantum group G. Let (A,v4) be
a reduced G-C*-algebra. Then the bidual coaction (A X, G° %, g,%,g) is isomorphic to
(AR K,vasK,G), where K := KC(H) and yagik is the coaction of G on A ® K defined as
i Fxample 2.6.18| by

Yawk(T) = Wa3Ta3(va © id)(T) S5 Was,

where W is the left reqular corepresentation of the dual Q\, and X : G H — H®G is the
flip operator.
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Proof. Note that by definition we have
A% G, G =span((7a(A) @ V1@ A (G)(1®106™")) C LA He H).

Since A(z) = V(z®@ 1)V* = Ady(z ® 1) for all z € G, we have

Adpsy(1a(a) ® 1) = 7§ (a) == (1d ® A)yala) = (v4 ® id)ya(a)

for all a € A. The relations %4 = (JoHWV(J®J)and A(y) = W*(1@y)W, y € G, imply
that A'(2) = V*(1® )V, 2 € G, and hence

Adpen (1@ A (@) =101, foalied"

op,C

And because V € M(§° ® G) we have for all z € G~ C G’ that
Ad(1®v)(1 ®1® Ll?) = (1 1 x)
Thus Ad(;gy) defines an isomorphism
A5, G %, 7 2span((P (W) (101G ) (10106 )
= span ((va ® id) (va(A)(1 @ G G™)).

Since 4 is injective the map (y4 ® id)(ya(a)(1 ® ) — va(a)(1 ® z2) defines an iso-
morphism

span (74 @ id) (1a(A) (1 © GG ) = spami((va(A)(1© §°G™)).

Let us denote the isomorphism above by p. Since G is regular we have (by Proposi-
tion 2.7.7) span(G°G™") = span(G G°) = K and therefore, using that v4 is continuous,
we finally get an isomorphism

,C

A G %G =A%, G %, Q = span((14(A)(1©G°¢™"))
— span((14(A)(1 @ K)) = span((a(4)(1 © GK)
:span((A®g)(1®lC)) A®K.

This isomorphism, which we denote by m = p o Ad(15v), is given by the formula

T((vala) @ 1)(1® A@EN1e1 ®z)) =va(a)(1®@3z), a€A &€ G, zeg”".

We prove now that 7 is equivariant with respect to the coactions 44 and yagi, that is,
we prove that (7 ® id) 044 = yagic om. Foralla € A, 2 € G and z € G° we have

(r@id)Aa((vala) @ 1)1 @ A(2)(1® 1@ z))
= (r ®id) ((’yA(a) 2101)(10A#) ®1)(18 10 Adgey) (A" (x))))
= (yala)®1)(1®2®1)(r®id) (1 ® 1 ® Adqer) (A7 (2))),
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and

ek (r((a@) @ 1)1 0 A @)1 018 1)))
= 7aek(74(a)(1 ® Zx)) = yazk(14(a)) A2k (1 @ 2) YAk (1 © T).

Thus all we have to prove are the following equalities

Yask (v4(a)) = va(a) @ 1, (2.24)

Yaek(1®Z)=1®z®1 (2.25)

and
Yagk(l®z) = (rid)(l1® 1 Ad(1®U)(A°p’° (2))).

For the first equality we use A(y) = W*(1 ® y)W and W*E = LW and calculate

S 2 % A
Yask(va(a)) = W23223’y£,)(a)223W23
= Yo3Was(id ® A)(va(a)) W33 X5,
= Yo374(a)13¥55 = va(a) ® 1.
For the second equality we use that = M(§® G)and 7 € ac C Q\/ to get

7A®IC<1 ® (fU) = W§3223(1 ®R1® @)2§3W23
—Wh(l0ie )W =102 1.
Finally, for the last equality, note that because Ady is an isomorphism between G™° and G
we have Ad g (A™"(z)) = A(Ady(z)). Using this and the relations A(y) = V(y®1)V*

and V(U ®1) = (U®1)W* (this last one follows from Equations (2.15) and (2.16)), we
get that Ad(er) (A" () = W*(2®1)W € Adqery MG ©G™°) = M(G"®G). Thus

op,c

Adyen (1 © Adagy) A7 (1)) =10 W (z e )W,

because V € M(g ® G). We conclude that
(reid)(1®1® Adgguy (A™" (2)))
= (p®id)(Adggven)(1®1® Ad(l@U)(AORc
= (pRid) (101 Wz o 1)W)
:1®W*(x®1)W:’yA®;C(l®x). O

()

Given a C*-algebra A with a coaction v4 of G we can define a coaction of G on the
Hilbert A-module A ® H by the following formula (see Example 2.6.18(3)):

Yawn : AQH — MA® H), vaon(C) = WizSas(v4 @id)(C), (2.26)

for all ( € A® H, where ¥ : G ® H — H ® G is the flip operator. Note that the
corresponding coaction of G on K(A® H) =2 A ® K coincides with the coaction defined in
Proposition 2.7.16. Therefore we immediately get the following result.
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Corollary 2.7.17. Let (A,~v4) be a reduced G-C*-algebra, where G is a regular locally com-
pact quantum group. Thfn (A® H,vagm) i a G-equivariant Morita equivalence between

(A® K, vaeK) 2 (Ax: G %G, 3a) and (A,v4).

Note that Equations (2.24) and (2.25) imply that elements of A %, G° C M(A ® K)
are fixed by the coaction yagk, or what is equivalent (see Proposition 2.6.13), that all the
operators in A x, G~ C L(A ® H) are G-equivariant with respect to yem, that is,

Ax. G CL9A H). (2.27)

It is important to note here that we do not need regularity of the quantum group G or
injectivity of the coaction of A. In other words, the relation above holds for any locally
compact quantum group G and any G-C*-algebra A.

Remark 2.7.18. Let G be a regular locally compact quantum group. If (A,v4) is a G-
C*-algebra, then there is a canonical surjective x-homomorphism €24 from the double full
crossed product A x Q\; x Gy onto A® K(H).

The coaction (A,~4) is called mazimal if the canonical surjection 24 is an isomor-
phism. Thus maximal coactions are exactly those where full crossed product duality holds.
A mazimalization of (A,~y4) is a maximal coaction (A™,~}') together with a G-equivariant
surjection v : A™ — A such that v x QA: : A™ % QAJ — A X QAJ is an isomorphism. If G
is strongly regular, then every continuous coaction of G admits a maximalization which is
unique up to isomorphism compatible with the maximalization maps. Conversely, if the
trivial coaction admits a maximalization, then G is strongly regular. See [26] for further
details.
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Chapter 3

Integrable coactions on
(C*-algebras

3.1 Motivation: the group case

Recall that an action of a locally compact group G on a locally compact (Hausdorff) space
X is called proper if the map G x X — X x X, (t,p) — (t- p,p) is proper in the sense
that inverse images of compact subsets are compact. This is equivalent to say that for all
(relatively) compact subsets K, L C X

K, L] :={tcG:t-KNL#D}

is a (relatively) compact subset of G. Proper actions have many nice properties. One
of the most important ones is that the quotient space G\X is again a locally compact
Hausdorff space.

Given a locally compact G-space X, we can associate to it a commutative G-C*-algebra
A = Cy(X), where the action « is defined by a;(f)(p) := f(t~! - p). One interesting
question is: Can we characterize the properness of the action on X by the action o on A?

Suppose that the action on X is proper. Then for any f € C.(X), the function
Eq(f): X — C defined by

Ey(f)(p) = /G ar(f)(p) dt = /G F - p)dt

is continuous and bounded on X. That is, it defines an element E;(f) € Cp(X) = M(A),
the multiplier algebra of A = Co(X). It is natural to denote the element E;(f) by

[

But it should be noted that, unless G is compact or f = 0, the integral above does not
converge in Bochner’s sense because ||a:(f)|| = || f]| for all ¢ € G. But one can prove that
the integral above converges in the sense that for any 6 € A*, the continuous complex
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3. INTEGRABLE COACTIONS ON C*-ALGEBRAS

valued function ¢ — 6(cy(f)) is integrable (in the ordinary sense) and the integral is equal
to H(El( f )) Thus, if X is a proper G-space, then the algebra A contains a dense subspace
of integrable elements in the sense above. In fact, it was proved by Rieffel in [66] that this
property characterizes the proper G-spaces.

To be more precise, given any C*-algebra A (not necessarily commutative) with a
(strongly) continuous action a of G, let us say that an element a € AT is integrable if
there is an element b € M(A) such that for all § € A*, the function t — 6(as(a)) is
integrable (in the ordinary sense) and

/ O(a(a))dt = 6(b).
G

We denote by A;r the set of positive integrable elements, and say that A is integrable if
A" is dense in AY (also called proper in [66]).

A commutative G-C*-algebra A = Cy(X) is integrable if and only if X is a proper G-
space (see [66, Theorem 4.7]). In this sense integrable G-C*-algebras are generalizations
of proper G-spaces. As already mentioned above, such algebras were also called proper by
Rieffel in [66]. But, as we will discuss later in more details, integrability is in general not
enough to construct a “generalized fixed-point algebra” which corresponds to the algebra
Co(G\X) in the commutative case. In any way, as we are going to see, integrable algebras
share many properties with proper actions on spaces.

The construction above for a locally compact group G leads to the following question: if
g is a locally compact quantum group, is it possible to extend the notion of integrability for
coactions of G7 The answer is yes, and this is what we are going to see in the next section.
For coactions of von Neumann algebraic quantum groups on von Neumann algebras this
was defined by Vaes in [74]. There are crucial differences between von Neumann and
C*-algebraic settings and we want to emphasize here the C*-algebraic case.

3.2 Definition of integrable coactions

Let (G, A) be a locally compact quantum group and let ¢ be the left Haar weight of (G, A).
We also fix a GNS-construction for ¢ of the form (H,:,A), where we assume G C L(H)
and write ¢ for the inclusion map G — L(H).

In what follows we are going to use notations and definitions from Section 2.4.1.

Definition 3.2.1. Let A be a C*-algebra and let v4 be a coaction of G on A.

(i) We say that an element a € A™ is integrable if ya(a) € M;&A@(p. We denote by A
the set of integrable elements of AT. We say that A (or the coaction v4) is integrable

if A" is dense in AT,
(ii) We say that an element a € A is square-integrable if aa* is integrable. We denote by

Ag the set of square-integrable elements of A. We say that A (or the coaction v4)
is square-integrable if Ay is dense in A.
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Note that by definition a € Ay if and only if y4(a)* € Niq A®¢- We have chosen this
convention (and not y4(a) € Nia,e,) because this fits better into the setting of square-
integrable coactions on Hilbert modules as we will see later.

We always have the following structure:

Proposition 3.2.2. Let v4 be a coaction of G on A and write A; := spanAf. Then
Ai+ = AT N A; is a hereditary cone, A; is a hereditary *-subalgebra of A, Ag is a right
ideal in A and

A; = A A% = span{zy™ : x,y € Ag}.

Proof. Since ./\;(i'SA® » is a hereditary cone of M(A® G)" and ~y4 is a *-homomorphism,

it follows that A;r is a hereditary cone of AT. The assertions now follow from [69,
Lemma VII.1.2]. ]

Proposition 3.2.3. Let v4 be a coaction of G on A. The following statements are equiv-
alent:

(i) Aj; is dense in A.

)
(ii) a4 is square-integrable.
(iii) 74 is integrable.

)

(iv) AL := AT N Ag is dense in AT.

Proof. Since A is a right ideal, we have A; = AgA% C Ag, so that (i) implies (ii).

Suppose (ii) and let a € AT. There is a sequence (b,) in Ag such that b, — a2. Then

an = bpb € Al and a,, — a. So (ii) implies (iii). Suppose (iii). Let again a € A*. Then
1

there is b, € Ai+ such that b, — a? and hence a, = b2 € A; and a, — a. Therefore

(iii) implies (iv). Finally, if (iv) is true, then so is (ii). But we have just proved that (ii)

implies (iii). And obviously (iii) implies (i). Therefore (iv) implies (i). O

Example 3.2.4. A trivial example is given when the quantum group G is compact, that
is, if the Haar weight ¢ is bounded. In this case we have Miq,g, = M(A ® G) for every
C*-algebra A. Hence every element and hence every coaction of G is integrable.

The following result shows that if we restrict to unital C*-algebras, then the only
possible way to obtain integrable coactions is to have compact quantum groups.

Proposition 3.2.5. Let A be a G-C*-algebra, and suppose that A has a unit 14 # 0.
Then A is integrable if and only if G is compact.

Proof. Suppose that A is integrable. Then by definition Ag is a dense right ideal of A.
Since A is unital, it follows that A4 = A. In particular, 14 € Ag, that is, 14 ® 1g =
Y4(1a) € Mid 0, Thus, if 6 is a state of A we get that 1g = (6 ® idg)(14 ® 1g) belongs
to /\_/;0. Therefore ¢ is bounded, that is, G is compact. ]
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3. INTEGRABLE COACTIONS ON C*-ALGEBRAS

Thinking of integrable coactions as generalizations to quantum groups of proper actions
of groups on topological spaces, the proposition above is the quantum version of the fact
that only compact groups can act properly on compact spaces.

Notation 3.2.6. For a C*-algebra A with a coaction v4 of G, we introduce the following
sets

M(A)F = {a e M(A)T :ya(a) € ME o}
M(A)g == {a € M(A) : aa* € M(A)]"},
M(A); := span M(A);.
As in Proposition 3.2.2, one proves that M(A); is a hereditary cone of M(A)T, M(A)g
is a right ideal of M(A) and M(A); is a hereditary *-subalgebra of M(A) with
M(ANM(A)T = M(A) and M(A); = span M(A)gM(A)%.
Note also that 4" = M(A);" N A and Ay = M(A)g N A.

Proposition 3.2.7. Let G be a locally compact quantum group, let A be a C*-algebra with
a coaction of G and suppose that a € M(A)T. Then a € M(A)] if and only if there is
b e M(A)t such that the following property holds:

for all 0 € A% we have (0 ®idg)(va(a)) € M and o((0 @ idg)ya(a))= 0(b).
In this case we have (ida ® ¢)(va(a)) =b.
Proof. This follows directly from Proposition [2.4.5. O
We can also characterize (square-)integrability using (square-)integrable elements in
M(A) in the following way.

Proposition 3.2.8. Let v4 be a coaction of G on A. The following assertions are equiv-
alent.

(i) M(A);" is strictly dense in M(A)T;

(ii) M(A); is strictly dense in M(A);

(iii) M(A)g is strictly dense in M(A);

(iv) va is square-integrable.
Proof. 1t is clear that (i) implies (ii). Since M(A); = span M(A)§M(A)% C M(A)g it is
also clear that (ii) implies (iii). Suppose (iii) is true. Thus, if a € A, there is a net {a;}
in M(A)g such that a; — a strictly and hence a;b — ab for all b € A. Now note that
M(A)sA C M(A)si N A = Ag. Therefore (iii) implies (iv). Finally, suppose that (iv) is
true. Then by 13.2.3, AiJr is norm dense and hence also strictly dense in AT. Thus the

strict closure of /\/l(A)l+ contains the strict closure of A*. So it suffices to show that any
a € M(A)T is a strict limit of a net in A*. But taking an approximate unit of A one

can find a bounded net {b;} in A such that b; — a2 strictly, and therefore also b;b; — a
strictly. O
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3.2. DEFINITION OF INTEGRABLE COACTIONS

Definition 3.2.9. Let (A,v4) be a coaction of G. For each a € M(A);, we define the
element

Ei(a) = (ida @ @) (14(a)) € M(A),
and for £ € M(A)s we define the operators (see Proposition 2.4.6))
(€l = (ida® A)(7a()") € LIA, A® H) = M(A® H)

and
€)= (&I = (ida @ A) (va(§)*)" € L(A® H, A) = M(A® H)".

Proposition 3.2.10. Let (A,v4,G) be a coaction, and let £,mn € M(A)si. Then
1) (a @ A(z)) = (ida ® ) (va() (@@ ), forallac A, z €N,

and

1E)(nl = Ev(&n).

Proof. This follows directly from the definitions and Proposition 2.4.6. O

We are now going to prove that G itself is an integrable G-C*-algebra. First we need
a preparation.

Lemma 3.2.11. Let G be a locally compact quantum group.
(i) If x € My, then A(z) € Migzae and (idg ® ¢)A(z) = ¢(z)1g.
(ii) If z € M(G)" is such that (wy, ®id)A(z) € MY for allv € H, then x € M.

Proof. The first statement is a consequence of the left invariance of ¢ and is exactly [41]
Result 2.4]. And the second statement follows from [41), Proposition 5.15]. O

From the definition of the left regular corepresentation W of G (see Equation (2.14))),
it follows that (see [41} 2.10])

(w@id)(W*)A(b) = A((w ®@id)A(b)) for all b € Ny, w € L(H),. (3.1)
This is equivalent to the following equation
w* (1 ® A(b)) =(id® A) (A(b)) for all b € N. (3.2)

Note that, by Lemma 3.2.11(i) above, we have A(b) € Nigg,, for all b € N, so that both

equations above make sense. Remember that W belongs to M(G ® C?) CL(G®H).
Recall that for v € H, v* denotes the element in H* = IC(H, C) given by v*({) = (v|()

for all ¢ € H. For u,v € H, |u)(v| € K(H) denotes the operator |u){v|w = u(v|w) for all

w e H.
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3. INTEGRABLE COACTIONS ON C*-ALGEBRAS

Proposition 3.2.12. Let (G, A) be a locally compact quantum group. Let G coact on itself
by the comultiplication A. Then G is integrable. Moreover, we have

g1+ :Mza gi:Mgov gsi:N;,
M(g)j_ = M$7 M(g)l = M(,Da M(Q)m = ./\7;;,
and

E1(b) = p(b)lg for allb e /\;l:;.

A~

Let W e M(G®G) C L(G® H) be the left reqular corepresentation of G. Then
(El=w*(1eA¢), &) =>00AE)W and

(&lmh =W (1@ [AE)NAMI)W,  for all £, € N.

Proof. Let b € M}. Lemma [3.2.11(i) says that A(b) € M that is, b € M(G);” and

idg®¢p>
Eq1(b) = (id ® ¢)A(b) = ¢(b)1g.

Since ¢ is densely defined we conclude that G is integrable. Suppose now that b € M(G):,
that is, A(b) € /\;l;g@@. Then for all § € G% we have (0 ® id)A(b) € /\;l:g. In particular,
(wop @ id)A(b) € M for all v € H. Lemma 3.2.11(ii) implies that b € M. Therefore
/\fl(g)j = /\;l[;. From this the other equalities gﬁ = M;, G =M,, Gs = N;, M(G); =
M, and M(G)s = N follow. Now, for £ € N3, Equation (3.2) yields

(€] = (idg ® A)(A(E")) = W (1@ A(£Y)).
The other equalities follow. O

There is an analogue of Proposition 3.2.12| for the universal locally compact quantum
group G, of G. To prove it we need first an analogue of Lemma 3.2.11. Recall that ¢,
denotes the left Haar weight of G, and N Gy — G denotes the canonical surjection. Note
that )\ induces a canonical inclusion G =G, w—wo \. This is, in fact, an inclusion of
Banach algebras (see comments before Proposition 5.3 in [39]). We shall identify G* C G*
in this way, that is, we identify an element w € G* with the element w o e Ggr.

Lemma 3.2.13. Let G, be the universal locally compact quantum group of G.
(i) If z € My, then Ay(z) € Midgu®<pu and (idg, ® pu)Au(z) = pu(®)lg, -
(ii) If z € M(Gu)" is such that (wy, @ id)Ay(x) € M for allv e H, then x € M, .

Proof. The first statement is [41, Result 2.4] applied to the left invariant weight ¢y.
The second statement follows from Lemma [3.2.11(ii) and the relations ¢, = ¢ o A and
(A®A) oA, =Ao\ (see also [39, Result 5.4]). O

90



3.2. DEFINITION OF INTEGRABLE COACTIONS

Equation (3.2) also has its analogue in the universal setting. More precisely, we have
W*(1® Au(b)) = (Id @ Ay) (Au(b)) for all b € N, (3.3)

where A, = Ao \ is the canonical GNS-map for ¢, and W € M(G, ® é) is the left regular
corepresentation of G,. In fact, formula (3.3) follows from [39, Corollary 5.8(1)], which is
the analogue of formula (3.1) for the universal setting.

Proposition 3.2.14. Let G, be the universal logally compact quantum group of G and let
G coact on Gy by the canonical coaction (id ® A) o Ay @ Gy — M(Gy ® G). Then G, is
integrable. Moreover, we have

(gu)l—i— - M;tua (gu)i - Mgoua (gu)si - N;;u7
M(gu)j— = Mj;u’ M(gu)l = Mcpuv M(gu)si = -/\7:;117

and
Eq1(b) = @u(b)lg, forallbe /\;l;fu.

~

Let W e M(G,®G) C L(Gy ® H) be the left reqular corepresentation of G,. Then
(=W (1eA(E)), [&)=12AE))W and

(€lm) =W (1@ [Au(€)Au( )W, for all &,m € N, .

Proof. This is analogous to the proof of Proposition [3.2.12, using Lemma [3.2.13 and
Equation (3.3) instead of Lemma 13.2.11 and Equation (3.2). O

We are going to prove now that in the case of a locally compact group, that is, in
the case of a commutative locally compact quantum group, our definition of an integrable
coaction coincides with the definition of an integrable action of the underlying group in
the sense of Exel [18,19] or a proper action in the sense of Rieffel [66].

Let G be a locally compact group and consider the associated quantum group G =
Co(G) with comultiplication A defined by A(f)(s,t) = f(st) for f € G and left Haar
weight given by

o(f) == / f(s)ds for all f € Co(G)T,
G
where ds is a fixed left Haar measure on G.

Proposition 3.2.15. Let A be a C*-algebra and consider G = Co(G) as above. Under
the identification M(A® G) = Cy(G, M3(A)), where M*(A) is M(A) considered with the
strict topology, we have x € Mi_SA@QO if and only if there is a € M(A)" such that for every
0 € A% the function G > 5 — 0(1’(8)) € R* is integrable in the ordinary sense and

In this case we have (idy ® ¢)(x) = a.
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Proof. Although this follows from Proposition [2.4.5, we give here a direct proof. Suppose
first that there is a € M(A)" with

/ 0(z(s))ds = 0(a) for every § € A
G

Note that for w € G% = M(G)4 (bounded positive measures on G) we have

S

(idA®w)(az):/ z(s) dw(s),

G

where the superscript “s” in the integral above stands for strict integral. Now, if w € .7-"<p,1
then, by definition, w < ¢ and hence

0< /GQ(JU(S)) dw(s) < /GG(QJ(S)) ds = 6(a).

Since ¢ is lower semi-continuous (Fatou’s Lemma), it follows from Equation (2.4) that

lim 6((ida @ w)(z)) = lim [ 6(z(s)) dw(s) = /GG(:B(S)) ds =0(a).

weg(p weg(p G

Lemma [2.4.3 implies that the net ((id4 ® w)(x))weg
©

Mitl,@go and (ida ® ¢)(x) = a. Conversely, suppose x € ./\;IIIA&D and let a := (idg ®@p)(x).

Take any 6 € A%. We have (idy ® w)(z) < a, so that

converges strictly to a, that is, x €

/G 0(x(s)) deo(s) = 0((ida ® w)(s)) < 6(a).

Equation (2.3) yields

0< /GG(:E(S)) ds = sup /GO(:L’(S)) dw(s) < 6(a) < oo.

weF,

So s — 6(z(s)) is integrable. Finally, Equation (2.4) gives

/Gﬁ(x(s)) ds = wlgélw : (x(s)) dw(s) = whera, 6((id @ w)(z)) = b(a). O
Definition 3.2.16 ([18]). Let A be a C*-algebra. A function f : G — A is locally
integrable if it is Bochner integrable over every measurable relatively compact subset
K C @G, that is, flx € L'(K,A). We say that f is unconditionally integrable if it is
locally integrable and the net ( Jr F(0) dt) rec Of Bochner integrals converges in the norm
topology of A, where C is the direct set of all measurable relatively compact subsets of

G ordered by inclusion. The limit of this net is called the unconditional integral and is
denoted by [5 f(t)dt.

!See Section 2.4 for the definitions of F,, and G, used in this proof.
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A function f : G — M(A) is strictly-unconditionally integrable if the functions ¢t —
af(t) and t — f(t)a are unconditionally integrable for all a« € A. In this case, the strict
unconditional integral fgu f(t)dt is the multiplier of A given by

a(/Gsuf(t)dt> - /Guaf(t) dt and (/Gsuf(t) dt)a:— /Guf(t)adt.

Thus, by definition, a function f : G — M(A) is strictly-unconditionally integrable
if and only if it is locally strictly integrable (meaning that the strict integrals | ;{ f)de
exist for any measurable relatively compact subset K C G) and the net ([, f(t)dt)
converges in the strict topology of M(A) (to [5" f(t)dt).

KeC

For positive-valued functions one has the following characterization.

Proposition 3.2.17. Let f : G — M(A) be a locally strictly integrable function such that
f(t) >0 for allt € G. Then the following assertions are equivalent:

(i) f is strictly-unconditionally integrable;
(ii) ¢t — a*f(t)a is unconditionally integrable for all a € A;

(iil) there is b € M(A)T such that for all § € A%, the function t — 0(f(t)) is integrable
in the ordinary sense, and [, 0(f(t))dt = 6(b). In this case

/Gsuf(t)dt:b.

Proof. Obviously (i) implies (i) and (iii). Since f(t) > 0, the net ([p f(t)dt), . is
increasing. The implication (ii)=-(i) now follows from Lemma [2.4.4, and the implication

(iii)=(i) follows from Lemma 2.4.3. O

Corollary 3.2.18. Let G = Co(G) and v € M(A® G)* = Cp(G, M3(A))T. Then z €

Mi—SA@éO if and only if s — x(s) is strictly-unconditionally integrable. In this case, we have

su

(idA®<p)(x):/ x(s) ds.

G
Proof. Follows from Propositions 3.2.15 and [3.2.17. O
Corollary 3.2.19. For G = Cy(G) the definitions of integrable coactions of G (Defini-
tion [3.2.1) and integrable (or proper) actions of G as defined in [19, 18, [66] coincide. If

A is a C*-algebra with a coaction of G corresponding to an action o of G, then a € A" is
integrable if and only if t — oy(a) is strictly-unconditionally integrable. In this case

Fi(a) = / " oua) dt.

G

Proof. This follows from Proposition 3.2.15/ and [66, Theorem 4.3, Proposition 4.4]. O

93



3. INTEGRABLE COACTIONS ON C*-ALGEBRAS

3.3 Functoriality and further examples

If we have two locally compact spaces X and Y with continuous actions « and 3 of G, and
if : X — Y is a G-equivariant continuous function, then the properness of § implies that
of a. A generalization of this result to non-commutative dynamical systems was proved
by Rieffel in [66]. We now prove that this continues to hold in our setting.

Recall that a nondegenerate x-homomorphism 7 : A — M(B) between C*-algebras A
and B with coactions 74 and vp of G is G-equivariant if yg(7w(a)) = (7 ® idg)(y4(a)) for
all a € A.

Proposition 3.3.1. Let A and B be C*-algebras with coactions v4 and vp of (G,A),
respectively. Let m : A — M(B) be a G-equivariant nondegenerate x-homomorphism.
Then w(Ag)B C Bsi. In particular, if v4 is integrable, then so is yg. Moreover, we have

T(M(A)F) C MB)F, 7(M(A)) C M(B) and 7(M(A)s) € M(B).
The following properties hold:
(i) If a € M(A); then By (n(a)) = n(E1(a)).

(i) If € € M(A)si then (7w (§)] = (m @idu)((E]) and |7 (€))) = (7 @ idm-)([5))-

Proof. We have vp(m(a)) = (7 ® idg)(y4(a)) because 7 is G-equivariant. Thus, if a €
M (A)si, then by definition, y4(a) € Ni, 5., and hence Lemma 2.4.8/says that vz (m(a) €

i@y that is, we have m(a) € M(B)si. Since M(B)s; is a right ideal in M(B) we get
that m(a)b € M(B)si - B C M(B)si N B = By for all b € B. Therefore if 4 is integrable,
then so is yp. From m(M(A)s) € M(B)s it is clear that m(M(A);{") € M(B);" and

1

T(M(A);) € M(B);. Lemma 2.4.8 and the equivariance of 7 yield, for every a € M(A);,
Ey(n(a)) = (idp ® ¢)(v(n(a))
idp ® @) ((r ® idg)va(a))
7((ids ) (14(0)) )
=7(E1(a)).

And also for every £ € M(A)g,

(vB(m(9)")

(r® ldg v4(€)")
((1dA @ 4)(14(6)"))

3
&
g
\_/\m_/\/\/

Since (7 ® idy)(x)* = (7 ® idg-)(x*), it follows also from this equation that
(7)) = (r @idu=)(I€)- O
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Note that in the conditions of the proposition above, if a € A is such that 7(a) € B,
then m(a) € B;" whenever a € A" and 7(a) € By whenever a € Ag. In particular, we get
the following result.

Corollary 3.3.2. Let (A,74,G) and (B,vB,G) be coactions. Let m : A — B be a G-
equivariant nondegenerate x-homomorphism. Then

7T(Al+) g Bi+7 W(Ai) g Bi and W(Asi) g Bsi-
In particular, if va is integrable, then so is yp.

Corollary 3.3.3. Let A and B be G-C*-algebras. Suppose that 7 : A — M(B) is an equiv-
ariant nondegenerate x-homomorphism. Let &,m € M(A)s such that (&|n) € M(Ax,G").
Then

(76 G L)) = (m(©) [ m(m))-
In particular, if 7+ A — B and (£|n) € A%, G° then (m(&)|7(n)) € Bx:G".

Proof. By Proposition 3.3.1l and Equation (2.22) we have

(m(©) [7(n) = (@ id) ((€])(r @ idg-) (1) = (x @ i) ((€]m)) = (2 G7)((E[m))-

O]

Proposition [3.3.1/ is a very useful tool providing an indirect method of proving that a
coaction is integrable. We give immediately some applications. First recall that if X and
Y are topological spaces with continuous actions a and 3 of a locally compact group G
and if we consider the diagonal action v of G on Z = X x Y, then + is proper if a or 3 is
proper. Indeed, this follows by observing that the canonical projections X x Y — X and
X XY — Y are G-equivariant. This still holds if we have C*-algebras A and B with actions
o and B of G, respectively, and consider the diagonal action v of G on C = A® B, then
is integrable if a or 3 is integrable. Again, this follows from Proposition 3.3.1/ by observing
that the canonical *-homomorphisms A - M(A® B), a+— a® 1 and B - M(A® B),
b— 1® b, are G-equivariant.

Unfortunately, the concept of diagonal coaction does not make sense in the general
setting of locally compact quantum groups. But it does, for example, if one of the coactions
is trivial.

Corollary 3.3.4. Let B be a C*-algebra with a coaction vp of G. Let A be any other
C*-algebra and consider on the tensor product A ® B the coaction yagp : A ® B —
M(A® B®G) given by yas(a®b) =a®vp(b), a € A, b€ B. If yp is integrable, then
S0 18 YAQB-

Proof. This follows from Proposition 3.3.1! because the canonical *-homomorphism B >
b—1®bec M(A® B) is G-equivariant. O
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3. INTEGRABLE COACTIONS ON C*-ALGEBRAS

Thus although trivial coactions are almost never integrable (only if G is compact or
the algebra is zero), when we tensor with any integrable coaction, the resulting coaction,
as above defined, is integrable.

The second important application of Proposition [3.3.1]is to prove that any dual coac-
tion is integrable.

Corollary 3.3.5. Suppose (G, A) is a locally compact quantum group. Let (A,74,G) be a
continuous coaction of G. Then the dual coactions (A X QJ, ﬁ;lu, G) and (A %, gcﬁ;‘, G

ofg are integrable.

Proof. Consider QA “ and Q: with the canonical coactions of Q\ ‘. By definition of ﬁzu and
7.1, the canonical *-homomorphisms Jge G, — M(AxG,) and Jge G"— M(Ax,G")
are G ‘_equivariant. Since these homomorphisms are nondegenerate, the result now follows
from Propositions 3.2.12), [3.2.14! and [3.3.1. O

In particular, if G is regular, we get that K := IC(H) = §C X, G is an integrable G-C*-
algebra. Recall that the coaction v on K is given by v () = W*(x @ 1)W for all z € K,
where W is the left regular corepresentation of G (see Example [2.6.18(3)). More generally,
we have:

Corollary 3.3.6. Suppose that G is reqular. Then for any coaction (A,va) of G, the
coaction (A ® K, vagk) is integrable, where K := K(H) and

Yaek(T) = WizSa3(va ©1d)(T) 55 Was, T € A®K

Proof. This follows from Proposition [3.3.1l by observing that the map x — 14 ® « from K
into M(A®K) is a nondegenerate G-equivariant *-homomorphism (see Example 2.6.18(1)).
Note that if v4 is injective, then this also follows from Corollary [2.4.4 and Proposi-
tion 2.7.16L 0

We are going to see later that I is integrable even if G is not regular. Thus the same
argument above shows that A ® K is always integrable for any G-coaction (A,~4), where
G is an arbitrary locally compact quantum group. In particular, any G-coaction is Morita
equivalent to an integrable G-coaction. Thus, unless G is compact, integrability is not
invariant under Morita equivalence.

Our last application of Proposition [3.3.1/is the following result.

Corollary 3.3.7. Let A be a G-C*-algebra and suppose that I is a G-invariant ideal of A.
If A is integrable, then so are I and the quotient A/I.

Proof. This follows from the facts that the restriction map r : A — M(I) and quotient
map q : A — A/I are nondegenerate G-equivariant *-homomorphisms. O

In the case of groups, the result above was proved by Rieffel in [66, Corollary 5.4,
Proposition 5.5].
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Chapter 4

Square-integrable coactions on
Hilbert modules

4.1 Definition of square-integrable coactions

Throughout this section we fix a locally compact quantum group G and denote its left
Haar weight by . As in the previous chapter, we also fix a GNS-construction for ¢ of
the form (H,t, A), where ¢ denotes the inclusion map G — L(H). In what follows, we are
going to use some notations and definitions from Section 2.4.1.

Definition 4.1.1. Let £ be a Hilbert B-module with a coaction ¢ of G. We say that £ € £
is square-integrable if v (£)*(n® 1) € Nidyey, for all n € £. We denote by & the set of all
square-integrable elements of £. We say that £ (or the coaction ~¢) is square-integrable if
& is dense in &.

For n € £ we have used the element n ® 1 € M(E ® G) in the definition above. It
is defined in the natural way: (n® 1)(b® x) =n-b® x, for b € B, x € G. Recall that
ME®G)=L(B®G,E®QG) is a Hilbert M(B ® G)-module, where the M(B ® G)-inner
product is given by (x|y) sm(Beg) = ¥y for all z,y € M(€ ® G). Thus we can also write
1e(§)* M@ 1) = (ve(§) In ® 1) m(Beg) for all {,n € £.

We mainly use square-integrable elements of £, but note that because the coaction
e extends to the multiplier space M(E) of £, the same definition above can be used to
define square-integrable elements in M(E). We shall denote the space of square-integrable
elements in M(E) by M(&)g. Thus & € M(E)g if and only if 7£(£)*(n ® 1) € Mage, for
all n € £. Note that & = M(E)g N E.

If A is a C*-algebra with a coaction v4 of G, we can consider A as a Hilbert A-module
in the usual way. In this case, we have two definitions for square-integrable elements and
coactions and we have to prove that they coincide. This will follow from the next two
results.

Proposition 4.1.2. Let v¢ be a coaction of G on a Hilbert B-module £ and consider on
K(E) the induced coaction Vi) of G. Suppose that § € £. Then § € & if and only if
1€) (€| € K(E)i (as defined in Definition [3.2.1).
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Proof. By definition, ¢ € & if and only if v¢(£)*(n ® 1) € Magze, for all n € €. This is
equivalent to

(n® 1) k) (IE1ENM @ 1) = (1@ 1) 72 (€)7e(§)" (1 ® 1) € Midpe, for all n € £.

On the other hand, setting = := v (|§)(]), we have [£)(¢| € K(E); if and only if
x € Mid,c(g)@w Given w € G*, it follows from Proposition 2.4.14(iii),(iv) that

(idp @ w)((n®@ 1) z(n® 1)) = (n] (idge) ® w)(a)n) for all n € £.

So we get that £ € & if and only if the net ((n|(idge) ® w)(a:)n})wegv

in M(B) for all y € €. Since £ B = &, the strict convergence is equivalent to convergence
in the norm of B. The assertion now follows from Lemma 2.4.4. O

converges strictly

Corollary 4.1.3. Let & be a Hilbert B-module with coaction ve¢ of G, and let yx(g) be
the induced coaction of G on IC(E). Then & is square-integrable if and only if K(E) is
integrable (see Definition 3.2.1).

Proof. Using Proposition 4.1.2 the same proof of [47, Proposition 8.3] works. For conve-
nience, we reproduce the proof here. Proposition/4.1.2/and polarization imply that |£)(n| €
K(&); for all £, € &. Thus, if £ is square-integrable, then so is IC(E). Conversely, as-
sume that k(&) is square-integrable. If T € K(&)g;, then |[TEN(TE| = T|EV(E|T* < ||€]]PTT*,
which implies that |TE)(TE| € K(E); because TT* € K(£) and K(E);" is a hereditary
cone. Thus T¢ € & by Proposition 4.1.2. Since (&) is square-integrable, K(€)g; is dense
in K£(€) and therefore the set of elements of the form T'¢ with T' € IC(€)s and £ € & is

dense in £. This shows that £ is square-integrable. O

If a Hilbert B-module £ is square-integrable, then we can construct many adjointable
operators £ — B ® H. We are going to explain how we can construct such operators in
what follows. We shall need the KSGNS-map idg ® A as well as the generalized KSGNS-
map idg+ ® A defined in Sections [2.4.2 and 2.4.4.

Proposition 4.1.4. Let £ be a Hilbert B-module with a coaction v¢ of G and suppose that
&€ M(E)si. Then the equation

(&l == (idp @ A) (1 (&)*(n® 1))

defines an adjointable operator (§| : € — B® H. For allb € B and s € N, we have
() (b ® 5) € Mide, and the adjoint operator |€)) := (| is given by the formula

) (b @ A(s)) = (ide ® ©) (1e(€) (0 @ 5))

for allb € B and s € N,. Moreover, £ € M(E)s if and only if v¢(£)* € Nidp.op, and in
this case

(€] = (ids- @ M) (re(6)").
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Proof. By Proposition 2.4.20(iii), £ € M(€)s; if and only if 7 (£)* € Ma,. gy, and in this
case the operator (idg- ® A)(7£(£)*) € L(€,B @ H) is given by

(ide~ ® A) (£(&)")n = (idp ® A) (ve(§)"(n @ 1)) = (&ln

for all n € €. Thus (] is an adjointable operator and it is equal to (idg- @ A)(ye(£)*).
Proposition 2.4.20(iv) implies that v¢(£)(b ® s) € Mg, e, whenever £ € M(E)q, b € B
and s € N, and the adjoint of ({| is given by

) (0@ A(s)) = (ide @ ¢) (1£(€) (0@ 5)). 0
Remark 4.1.5. Let us keep the notations of Proposition 4.1.4. Note that the element
(idp®@A) (ve(€)* (n®1)) is, a priori, only in M(B@H) = L(B, B&H), but Proposition’4.1.4
says that it is, in fact, in B® H C M(B ® H). This can also be seen directly by using
that &€ = £ - B. In fact, we can factor n = (¢ - ¢ for some ¢ € £ and ¢ € B, so that (by
Proposition 2.4.6/(iv))

(ids © A)(1£(€)°(n © 1)) = (idp © ) (16(€)°(C & 1))c € B H.
Note also that, a priori, we only have (ide ® ¢)(7£(€)(b® s)) € M(E). But we see that it

is, in fact, an element of £ C M(E) because

(ide ® ) (ve(£)(b® s)) = (idg ® ¢) (1£(£)(1B ® 5))b.

We have used above that v¢(£)(1p ® s) € Midge,- In fact, since ¢ (€)* € Nigz.@, and
1B ® s € Nidzee, this follows from Proposition 2.4.20(iv).

Corollary 4.1.6. The map (| : M(E)si — L(E,B® H), & — (|, is a closed anti-linear
map when we consider on M(E) the strict topology and on L(E,B & H) the K-strong
topology (see Definition|2.1.15).

Proof. This follows directly from Propositions [4.1.4/ and 2.4.20(ix). Ol

Example 4.1.7. Suppose that G is a compact quantum group, that is, suppose that
the Haar weight ¢ is bounded. Then every Hilbert B-module £ with a coaction of G is
square-integrable. In fact, note that Mg,g, = M(B ® G), so that M(&)s = M(E) and,
in particular, & = £. Therefore, given any £ € M(E) we have an adjointable operator
(&l € L(E,B ® H). This operator can be described in the following way. First note that
the GNS-map A is given by

Alz) = Az - 1) = 2A(1) = x(01),

where 1 is the unit of G and §; := A(1). More generally, the KSGNS-map idp ® A is given
by
(ddp@A)(z) =2(idp@A)(1p®@1) = z(1p ® 1)

for all x € M(B ® G), where we have identified M(B ® G) C L(B ® H). Even more
generally, the KSGNS-map idg+ ® A can also be written in the form

(idg» @ A)(x) = z(lg ® 61)
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for all z € Nigzep = L(E®G, B®G), where 1¢ denotes the identity operator on £. Thus
1lg¢®4; is an element of L(E)@H C L(E,E® H). Here we are identifying L(BRG,EQH) =
ME®RG) C MERK(H)) =2 L(B® H,E® H) (this last identification follows from
Proposition 2.1.11 and Remark 2.1.12(2)) and therefore z is considered as an element of
LIER®RGB®G)CLE®H,B®H). In particular, we get

(&) = (ide» @ A) (1£(£)*) = 7e()*(1e @ 61)
for all £ € M(E). The adjoint operator |£)) € L(B ® H, &) is therefore given by

1) = (1e ® 61)7e(8),
where 6] denotes the element of L(H,C) given by d7(v) = (61 |v) for all v € H.

Example 4.1.8. We analyze the case of a locally compact group G, that is, we consider
the quantum group G = Cy(G). Let us fix a left Haar measure d¢ on G and consider the
corresponding left Haar weight on G: ¢(f) = [, f(t)dt for all f € Co(G)™. In this case
we have a canonical GNS-construction (L?(G), M, A) for ¢, where M is the multiplication
representation of Co(G) on L*(@) and A is the inclusion of NV, = Co(G)NL?(G) into L*(G).

Let B be a C*-algebra. We identify M(B ® G) with C,(G, M5(B)) (the algebra of
bounded strictly continuous functions G — M (B)). Under this identification, the KSGNS-
map idp ® A can be described as a canonical inclusion of the space Nig, g, € M(B®G) =
Co(G, M3(B)) into M(B ® L*(G)) = L(B,L*(G,B)). We explain how this is done in
what follows.

Following [47], we say that a function f € Cy(G, B) is square-integrable if the net
(x; - f) € Ce(G, B) is Cauchy (and hence converges) in L?(G, B), where (x;) is a net of
compactly supported continuous functions G — [0, 1] such that x;(¢) — 1 uniformly on
compact subsets of G. This definition does not depend on the choice of the net {x;}.
Moreover, Proposition 12 in [9] shows that f € Cp(G, B) is square-integrable if and only
if the function ¢ — f(¢)*f(¢) is unconditionally integrable (see Definition 3.2.16), and in
this case we have

/ " £t F(t) dt = lim / Vi (0P F(E) dt = Qim x; - f[lim x; - f) 5.
G J G J J

We denote the set of square-integrable functions in Cy(G, B) by C5i(G, B). Thus, if we
identify each f € C§(G,B) with the limit of (x; - f) in L?(G,B) we get a canonical
inclusion of C§i(G, B) into L*(G, B). We shall identify Cj'(G,B) C L*(G, B) via this
inclusion.

This can be generalized to functions in C, (G,MS(B)) if we replace norm by strict
topology. We say that f € Cb(G,./\/lS(B)) is strictly square-integrable if the function
fb:=[t — f(t)b] is square-integrable for every b € B. We denote the set of strictly square-
integrable functions in C,(G, M®(B)) by C;'(G, M*(B)). It follows from Proposition 3.2.17
that f € CJl (G, MS(B)) if and only if t — f(¢)* f(t) is strictly-unconditionally integrable.
By Corollary 3.2.18, this means that f € ./\71(13@@. Hence C;i(G, MS(B)) = /\7id3®¢ and,
for every f € Nidpee, we have

(idp ® 0)(f*1) = /G " F(0) £(t) dt € M(B).
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Given [ € Cgi(G,/\/lS(B)) we have, by definition, that f-b € C3(G,B) C L*(G,B).
Thus f induces a map F : B — L*(G,B), F(b) := f-b = limx;(f-b). We claim that
J

F e M(L*(G,B)) = L(B,L*(G, B)). First note that

(F(0)| F(b)) = lim(Xj(f-b)IXj(f-b))B

:/ b f(t)" f(t)bdt <

This says that F' is a bounded operator with || F| < || J& F@)* F(¢)dt]]. Now define
E:C.(G,B) C L*(G,B) — B by

— / f(t)*g(t)dt, for all g € C.(G, B).
G

Since f € Cp(G, M?(B)), the function [t — f(t)*g(t)] belongs to C.(G, B) for all g €
C.(G, B), so that the Bochner integral above is well-defined. Moreover, for every b € B
and g € C.(G, B), we have

(F(5)|g)5 = lim{x;(f - B)] g = lim / X (Ob* F(t)g() dt
i J G
_ / b £ (1) g(t) dt = / b F(1)" g(t) dt
G G
— / F(tyg(t) dt = (b| E(9)) 5.
G

It follows that E extends to an adjointable operator L?(G, B) — B and F = E*. There-
fore, F € L(B,L*(G,B)) = M(L*(G, B)) and hence we get a canonical inclusion

Nidpay =C (G, M¥(B)) 3 f — F € M(L*G,B)).

Finally, we prove that the KSGNS-map idp ® A is given by this inclusion. This is now
easy because, by Proposition 2.4.6, we have, for every f € Niq e, = Cgi (G,MS(B)) and
g €C.(G) ® BC N, ® B, that

(idp ® A)(f)*g = (ids ® 9)(f*g) = /G " () g(t) dt = /G £ty a(t) dt = F*(g).

Now suppose that B has an action of B, let £ be a Hilbert B, G-module with an action ~y
of G, and consider the corresponding coaction of G on £ given by

Ye(§) = [t = n(§)] € Co(G, E),

where we identify Cp(G,E) € M(E ® G) in the canonical way. Given &,n € &£, note that
ve()*(n® 1) € M(B ® G) corresponds to the function t — (v(§) | ) € Cp(G, B).
According to our definition, £ € £ is square-integrable if and only if this function belongs
to Mdpey = Cs(G, B) for all n € €. And by what we have seen above, we have

(€ln = (idp @A) (ve(€) (@ 1)) = [t = ((&) |m5] € C5'(G, B) € L*(G, B)
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for all £ € & and n € £. The adjoint of ((£| is given by

0 = (s ) () = [ w(Er@aree (1)
for all £ € & and f € C.(G, B). Note that C.(G, B) C A_/idB®¢. In fact, this follows from
Corollary 3.2.18 because any function in C.(G, B) is Bochner integrable and therefore
also (strictly) unconditionally integrable. By Proposition 2.4.20(iv), the element g (&) f
belongs to Mid, sy, so that it makes sense to write (idg ® ¢) (v£(£€)f). On the other hand,
the element g (&) f corresponds to the function ¢ — ~(§) f(t) which belongs to C.(G,€)
and therefore is Bochner integrable. Moreover, its integral [ ~:(§)f(t)dt coincides with
(ide ® (p)(’yg(f)f). In fact, if n € &£, then we have

(n](ide @ @) (ve(€)f)) 5 = (idp @ @) ((n* @ D1e(§) )
- /G 7€) F ()5 dt

= (a| [ worwar) .

This justifies Equation (4.1). We conclude that in the group case our definition of square-
integrability coincides with the definition appearing in [47, [48].

Remark 4.1.9. We have seen in Example [4.1.8 that for the case G = Cy(G), where G is
some locally compact group, a function f € Cy(G, M*(B)) = M(B®G) belongs to Nid, ez
if and only if the net (x; - f) € Ce(G, M®(B)) converges strongly in M (L?*(G, B)) and in
this case (idp®A)(f) coincides with the strong limit of (y;- f) in M(L*(G, B)), where (x;)
is some net of compactly supported continuous functions G — [0, 1] converging uniformly
to 1 on compact subsets. Here we are using the canonical embedding C.(G, M*(B)) —
M(L*(G, B)) which takes any function g in Cc(G, M*(B)) and associates the operator
B3b~ g-beC(G, B) C L*G,B) in M(L*G, B)), where (g-b)(t) := g(t)b for all
t € G (notation as in Example 4.1.8)).

This can be generalized to arbitrary locally compact quantum groups in the following
way. Take any net (e;) in G consisting of analytic elements e; € N, with respect to the
modular group o for ¢ such that o(e;) converges strictly to 1 in M(G) for all z € C (see
Lemma 2.4.10). The elements e; will play the role of y; abovel Let z € M(B ® G).
We claim that € N,z if and only if the net (z(1p ® A(e;))) converges strongly
in M(B ® H) and in this case (idp ® A)(z) coincides with the strong limit of this net.
Here we consider the embedding M(B ® G) C L(B ® H), so that z(1p ® A(e;)) can
be considered as an element of M(B ® H). First suppose that x € /\_/id3®so~ Then, by
Propositions 2.4.6((ii),(iii) and 2.4.13(i), we have

(13 ® A(e))) = (idp @ A) (2(1 @ ¢j)) = (1@ Jos (e)"]) (idp @ A)(x)

which converges strongly to (idp ® A)(x) in M(B ® H) because o (e;) converges strictly
2
to 1. Conversely, if (15 ® A(e;)) converges strongly to some element y € M(B® H), then

! Note that in the group case the modular group is trivial, so that any element is analytic.
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because z(1p®e;) converges strictly to z in M(B®G), it follows from Proposition 2.4.6(v)
that « € Mayze, and (idp @ A)(z) = y.

The next result gives some basic properties of the bra-ket operators (£] and |£)). Recall
that given a C*-algebra A with a coaction 4 of G and an element a € M(A);, the symbol
E(a) denotes the element (ida ® ¢)(v4(a)) € M(A) (see Definition 3.2.9).

Proposition 4.1.10. Let £ be a Hilbert B-module with a coaction v¢ of G.

(i) If & n e M(E)si, then & on* € M(K(E)), and [E){(n| = E1(& on*).
In particular, if £,n € &, then |§)(n] € K(E)i and |§){(n] = E1(|€)(n])-

(i) If £ € M(E)si and b € M(B), then &-b e M(E)s and [ - b)) = |£)) o vp(b), where
we have identified y(b) € M(B® G) C L(B® H).

In particular, if £ € Eq (or even in M(E)s) and b € B, then & -b € & and |§ - b)) =
1€) 0 vB(b).

(iii) Let F be another Hilbert B-module with a coaction of G. If £ € M(E)si and T €
LIEF), then To& € M(F)g and [T o &) = T o [€).

In particular, if € € E; and T € LY(E,F), then T(€) € Fyi and
T(€)) =T olE).
(iv) If T € M(K(E)) and & € M(E), then T o & € M(E)si and
[T o &) = |T)) o ye ()
In particular, if T € M(K(E)), and € € €, then T(€) € & and
T()) = |T) 0 ve(8).
More generally, if 7 : A — L(E) is a G-equivariant nondegenerate x-homomorphism,
where A is a C*-algebra with a coaction of G, then for all a € M(A)g and & € M(E)
we have w(a) o & € M(E)s and
(@) 0 &) = |m(a))re(§) = (7 @ idn-)(|a)) o e(E)-
(v) If € € M(E)si and n € M(E), then Eon* € M(K(E)), and
[Eon™) = 1&) o ve(n)™.
In particular, if £ € E4 and n € €, then |§)(n| € K(E)si and

€Y () = 1€) o ve ()™
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In (iv) and (v) we are identifying M(E @ G) = LIBR G,E®G) C L(B® H,E® H) and
(hence) also LIE®RG,B®G) C LIEQH, B H). In (iv) we are identifying L(E,EQ H) =
L(K(E),K(E) ® H). All this follows from Proposition 2.1.11 and Remark 2.1.12(2).

Proof. By Proposition 4.1.4, item (i) follows directly from Proposition 2.4.20(i). To prove
(ii) we use Proposition 2.4.20(iv) and conclude that £ - b € M(E)g and

(€ - bl = (ide» ® A)(7(§ - b)") = (ide= ® A)(v8(b) e(8)") = vB(D)"(£]-

Item (iii) follows directly from Proposition[2.4.20(v) and the G-equivariance of T: v£(T¢) =
(T'®1)ye(€). Items (iv) and (v) follow from Proposition 2.4.20(vi),(vii), respectively (for
the general case in (iv) one also uses Proposition 3.3.1((ii)). O

Proposition 4.1.11. Let (£,7e)(B,yg) be a Hilbert B-module G-coaction. If we equip s
with the following norm

€lsi == ll€ll + NIERN = NlE + 146l = 1INz + Ik 1M,

then &g is a Banach L9(E), B-bimodule, that is, E is complete with respect to || - ||s and
for all ¢ € &, T € LY(E) and b € B, we have

IT¢si < IT[lIENsi  and [[€bllsi < [I€]lsilo]l-

Proof. By Proposition 4.1.10(ii),(iii), the left £9(&)-action and the right B-action are
well-defined on &, and for all & € &4, T € £L9(€) and b € B, we have

TN = TN < ITIIEN and ([N = [[EDv @I < [[EMIITIB]-
It follows that || T¢||lsi < ||T||||¢]lsi and [|£0]|si < [|€]lsi]|b]|- To show that & is complete with

respect to || - ||si, take a Cauchy sequence (f,:) in &. This implies that (§,) converges to
some ¢ € € and ({(&,|) converges to some T in £L(€, B ® H) (in the norm topology). If
follows from Corollary [4.1.6/ that £ € & and ((¢| = T. Therefore &, — £ in the norm

- flsi- O

Remark 4.1.12. Suppose that G is a compact quantum group. We already know (see
Example [4.1.7) that in this case every Hilbert B-module £ with a coaction of G is square-
integrable. By Proposition [4.1.10(i), we have

HEN® = IENCEIN = 11(id @ @) (vieiey IEWEMI < llell €]l

for all £ € & = €. Thus [|€]| < [|€]lsi < (14 ||¢l])||€]]. Therefore the si-norm and the norm
on & are equivalent.

This has a converse in the sense that if G is any locally compact quantum group and
if the norms || - ||s and || - ||¢ are equivalent on &, for any Hilbert B, G-module, then G
must be compact. In fact, this follows by considering £ = G as a Hilbert G, G-module.
To see this, let ¢ be a positive constant with [[{[ls; < ¢[[¢]| for all £ € Gy = N (see
Proposition [3.2.12). Then, by Propositions 3.2.10/ and 3.2.12), we have

le€eM)l = 1B = INIEMKEN = MM < il

and therefore ¢ is bounded, that is, G is compact.
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4.2 The G-equivariance of the bra-ket operators

Let G be a locally compact quantum group, let B be a C*-algebra with a coaction g of
G and consider a Hilbert B-module £ with a coaction vg of G. As in the previous section,
we fix a GNS-construction of the form (H,¢, A) for the left Haar weight of G.

In this section we prove that the bra-ket operators (({| € L(£,B ® H) and [£)) €
L(B® H, &) are G-equivariant, for any square-integrable element ¢ in £. In order to speak
of G-equivariance we have to define a G-coaction on B ® H. The coaction that will work
is the balanced tensor product of the coactions 75 on B and a coaction vz on H which
comes from the left regular corepresentation W of G.

We define a coaction ypgy of G on B ® H by

B (C) = (19 ZW)(yp ©1d)(¢) = BasWas(yp @1d)(¢), (€ B® H, (4.2)

where ¥ : G ® H — H ® G is the flip operator. Recall that WY = XW*, where W is the
left regular corepresentation of the dual of G. Thus the coaction defined above is the same
already considered in Example 2.6.18(3). If we consider B = C with the trivial coaction
of G, then we get a coaction v of G on H given by

yu(n) =W @n) =SWS(nel) =W Hel), neH.

The coaction ypgry on B® H = H ®c B can also be seen as the balanced tensor product
of v and ~yp (see Definition 2.6.15).

Example 4.2.1. Let us analyze the case G = Cy(G) for a locally compact group G. For
this we fix a left Haar measure ds on GG and consider the corresponding left Haar weight ¢
on G given by integration with respect to ds. We also fix the canonical GNS-construction
(L*(G), M, ), where M : Co(G) — L(L*(G)) is the multiplication representation and
A : N, = Co(G) N L*(G) — L*(G) is the inclusion map. In this case, W is the unitary in
L(L*(G) ® L*(G)) = L(L*(G x G)) given by

Wé(s,t) =€E(s,s 1), forall € € L*(G x G) and s,t € G.

The unitary W e L(L*(G x G)) is given by WE(s,t) = &(ts, t) and therefore W*E(s, t) =
&(t71s,t). From this it is easy to see that the coaction Yr2(c) defined above corresponds
to the action A of G on L?(G) given by

Ae(n)(s) = n(t™s), forallne L*(G) and s,t € G,

that is, v72(g) corresponds to the left regular representation of G. If B is a C*-algebra with
a coaction vp of G corresponding to an action 3 of G on B, then the coaction vpgr2(q)
in (4.2) corresponds to the action 3 ® A of G on B ® L*(G) = L*(G, B) given by

(BN(f)(s) =B (f(t's)) forall feC(G,B)C L*G,B) and s,t € G.

If we have a Hilbert B-module £ with a coaction v¢ of G corresponding to an action 7 of
G, then we already know (see Example 4.1.8)) that for £ € &, the operators |£)) and ((¢|
are given by

NS = /G ()t and (€)= ((E)n)s
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for all f € C.(G,B),t € G and n € £. In this case, it is an easy exercise to verify that |£))
and ((¢] are G-equivariant, when we furnish L?(G, B) with the action 8 ® .

We want to prove that the operators |£)) and ((£| are G-equivariant for any locally com-
pact quantum group. But this is not so easy as in the group case. We need a preliminary
result which is a generalization of Equation (3.2).

Proposition 4.2.2. Let £ be a Hilbert B-module. Then (idg- ® A)(x) € Nidg. gidgey for
all x € Nig,.p, and we have

Was(ide+ ® idg ® A) ((idg- ® A)(2)) = ((ide+ @ A)(2)) -

Proof. First we prove the proposition in the case of a C*-algebra A. Take a net (e;)
as in Lemma 2.4.10. By left invariance, A(e;) € /(/idg@@(p (see Proposition 3.2.12). Thus
(ida ® A)(2)(1a ® A(ej)) € Ma,gidgey for all j. Since (e;) converges to 1 strictly,
we have (ida ® A)(z)(1 ® A(e;)) — (ida ® A)(z) strictly. Now note that the relation
Aa) = W*(1 ® a)W yields

(ida ® A)(2)(1a ® W*) = (14 @ WH)a13 = Wiiz1s.
Thus
(ids ® idg ®A)((idA ® A)(x) (14 ® Ale;) )

)
= (ida ® A)(z) (1,4 ® (idg ® A) (A(ej)))
= (ida @ A)(2)(1a @ W¥) (14 © 1g ® A(e)))
= Wisa13(1a ® Aley)),s
= Was(2(1a @ Ale)))
= Wi((ida® M) (21 ®¢y))
=Wi(la®lg® Ja%(ej)*J) ((ida ® A)(2)) 155

where the last equality follows from Proposition 2.4.13. The last expression above con-
verges strongly in L(A® G,A® G ® H) to Wa3((ida ® A)(z)),,. By the closedness of
idg ® idg ® A (Proposition 2.4.6(v)) we get that (idy ® A)(z) € Ma,eidge, and

(idg ® idg ® A)((idA ® A)(a:)) = W;},((idA ® A)(x))lg.
We have just proved the proposition for an arbitrary C*-algebra. Now we use this special

case to prove the general in assertion. If x € Mdg*@go then z*x € ./\/lld K(e)®p" Note that

if a € M} L@ then (writing a = b*b, where b € Nid, @) it follows from what we have
proved above that (id4 ® A)(a) € M Applying this to A = K(€) and a = z*z,

id 4®idg®¢"
we get that

(ide- @ A)(2)"(ide» ® A) (@) = (idg(e) @ A)(2"2) € My, . sidgep:
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Hence (idg» @ A)(z) € M, gidgayp (by Proposition 2.4.19(i)). By Proposition 2.4.20(iii),
we have (idgx @ A)(2)(n ® 1g ® 1g) € Nidgeidgey, for every n € £, and

(idg» ® idg ® A) ((idg» ® A)(2)) (n ® 1g)
= (idp ® idg ® A)((ide- © A)(2)(n © 1g © 1))

= (idp ® idg ® A) ((idB ®A)(z(n® 19)))-

Since z(n ® 1g) € Maze, (again by Proposition 2.4.20(iii)), we can now apply the first
part to the C*-algebra B. Therefore the above equals

Wi ((ids © ) (e(n© 1g))) | = Ws((ide- © A)(@)n)
= Wis((ide- © )(2)) 150 © Lg).

The result now follows because 7 is arbitrary. O

As a consequence, we get the following generalization of the left invariance of the Haar
weight .

Corollary 4.2.3. Let £ be a Hilbert B-module. Then (idi ) ® A)(x*x) € MEK(&@@Q@W

for all x € /\_[ids*&m and we have

(id(ey @ idg @ @) ((Idx(e) ® A)(x*z)) = (i) @ @) (2" r) © 1g.

Proof. We have (idgg) ® A)(z*x) = (ide @ A)(x ) (ide+ ® A)(z). By Propositions 14.2.2

and 2.4.20(i), we get that (idcg) ® A)(z*z) € M and

idjc(g)®idg®e

(idi(e) ® idg ® @) ((idi () @ A)(x*x))

(idex ® idg ® A) ((idex ® A)(2))" (idex ® idg ® A) ((idex ® A)(2))
(W23 (idex ® A)(:n) ) (W23(1dg* ® A)(fl))lg)

((idex ® A)(2)"(idex ® A)(2)) 5

= ((idxe) (z 517))13

(id(e) ® w)(w z) ® 1g. O

Of course, we also have analogous results for the right invariant Haar weight ¢ of G
with a GNS-construction of the form (T',¢, H) and the right regular corepresentation V.
For reference we enunciate them here.

Proposition 4.2.4. Let £ be a Hilbert B-module.
(i) For all z € Nigz.op, we have (idex @ A)(z) € Nigg. opeidg and

(ide- ® T @ idg) ((idg+ © A)(x)) = Vas((ide- @ T)(2)) -
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(ii) For all x € Mig,.ep, we have () @ A)(z*w) € M,

idg(g)@Y®idg and

(idic(e) ® ¢ @ idg) ((idice) @ A)(z*x)) = (idic(e) ® ¥)(22) @ 1g.
Note that (i) above is a generalization of the following equation
V(T(a) ®1) = (F®id)(A(a)) for all a € Ny. (4.3)
which is equivalent to
(id®w)(V)I(a) =T((id ® w)A(a)) for all a € Ny and w € L(H),. (4.4)
And (ii) is a generalization of the right invariance of 1.

As a consequence of Corollary [4.2.3, we get the following result.

Corollary 4.2.5. Let A be a C*-algebra with a coaction of G. If a € M(A);, then the
element E1(a) = (ida ® ¢)(ya(a)) € M(A) belongs to the fized point algebra

Mi(A) = {be M(A) : ya(b) = b® 1g}.

Proof. Since M(A); = span M(A)sM(A)%, we may assume that a = b*b, where b belongs

to M(A)%. By definition of M(A)s we have y4(b) € Ma,g,. Corollary 4.2.3 implies that
(ida ® A)(va(a)) € M;&A@dg(&p and

(ida ® idg ® p)((ida ® A)ya(a)) = (ida @ ¢)(ya(a)) ® 1g.
Therefore, by Lemma 2.4.8,

va((ida ® p)ya(a)) = (ida ® idg @ @) ((y4 ® idg)yala))
(ida ® idg ® @) ((ida ® A)ya(a))
(ida ® @) (va(a)) ® 1g. O

Corollary 4.2.6. Let £ be a Hilbert B-module with a coaction of G. Then for all {,n €
M(E)si we have |E) (| € M1(/C(5)).

Proof. This follows from Corollary 14.2.5 and Proposition [4.1.10(i). O
Finally, we prove that the bra-ket operators are G-equivariant.
Proposition 4.2.7. Let £ be a Hilbert B-module with a coaction of G. Then the operators

1€) € LIBRH,E) and {(&] € L(E, B® H) are G-equivariant for all £ € &, when we define
on B® H the coaction vy of G given by Equation (4.2).
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Proof. Since |£)) = (£|", it is enough to prove that ((£| is G-equivariant. By Proposi-
tion 2.2.4, we have the relation

(vB ®1d)(z*y) = (ve ®1d)(2)*(ve ®id)(y) for all z,y € M(E ® G).

In particular, for all n € £,

(v ®1dg) (1£(§)*(n ® 1g)) = ((ve ®idg)e(€))" (ve(n) ® 1g)
((ide ® A)ve(€)* (e (n) ® 1g)
(idex @ A)(7e(€)")(ve(n) ® 1g).

Combining this with Lemma 2.4.8((ii) and Propositions 2.4.20(iii) and [4.2.2/ we get

vBem ((€n) = vBoH ((idB @A) (1) (n® 19’)))
= Yo3Was(yp ®idy) ((idB @A) (re(©)* (n® 1g))>
— $o3Was(idp ® idg ® A)( v @idg) (e (&) (n ® 1g))>
= Sy Was i @ idg @ A) ((ide- @ A) (ye(€)" >)< e(n) © 1))
= Yp3Was(idgx @ idg @ A)((idgx @ A)(1e(£)*))ve(n)
= Y3 ((idex ® A)(1£(€)")) 1576 (M)

= Ya3((¢] 137€ (n)
= ((&] @ 1g)ve(n). O

4.3 The L'-action on square-integrable elements

Let € be a Hilbert B, G-module. If £ € &; and w € L}(G), then it is natural to ask whether
w*x & € &. However, if G is not unimodular, that is, if the modular element is not trivial,
then some problems appear. Let us analyze the group case G = Cy(G), where G is some
locally compact group. Suppose that «¢ corresponds to an action v of G on £. Then for
a function w € L'(G), the element w * £ € £ is given by

wr= [ Ot
G
Thus, for all f € C.(G, B), we have

weE)f = //%t ) dt ds
//’yt “t)dtds

N w),
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where (f *w)(t) = [, f(s)w(s™'t)ds = [ f(ts ")da(s) 'w(s)ds, where g denotes the
modular function of G. If w satisfies [, (5g(t)*%\w(t)|dt < 00, then the map p, :=
[9 — g *w] defines a bounded operator on L*(G) with |[p.| < [4 5g(t)_%]w(t)] dt ([29,
Thleorem 20.13]). Note that f*w = (15 ® p,,)(f). Thus, if £ € &; and w € L'(G) satisfies

62w € LY(G), then w € € & and
w &) =€) (1B © puo)-

_1
The hypothesis §,°w € L'(G) is essential here in order to define the operator p,. In fact,
if G is not unimodular, then there are functions w € L'(G) and g € L?*(G) such that
gxw ¢ L2(G) (see [29, 20.34]).

In order to generalize the results above for a general locally compact quantum group
G, we shall need the modular element. As usual the proof in the quantum setting is much
more technical. Let us recall that the modular element of G, denoted by 9, is a strictly
positive operator affiliated® with G such that o4(§) = v for all t € R and ¥ = @5 (see
[41]), where {05 }ser is the modular group of ¢ and v is the scaling constant of G. Roughly

speaking, 1 = ¢s means that () = (4 3.5 %) and we can define a GNS-construction for
1 of the form (H,,T") from the GNS-construction (H, ¢, A) for ¢ satisfying I'( - ) = A( - 5%)

In order to be more precise, for each n € N, we define

7 2,2\ sit
en 1= exp(—n“t?)0" dt. 4.5
ﬁ/R ( ) (4.5)

These elements behave very well with the modular element. Before we state some basic
properties, we introduce some terminology.

Definition 4.3.1. Let A be a C*-algebra and let T" be an affiliated element with A.

(i) A multiplier a € M(A) is called a left multiplier of T if there is b € M(A) such that
aT'(c) = be for all ¢ € D(T'). In this case we put a7 := b.

(ii) A multiplier a € M(A) is called right multiplier of T if aA C D(T). In this case,
there is a unique element b € M(A) such that T'(ac) = be for all ¢ € A and we write
Ta=hb.

The following properties hold ([38, Proposition 8.2]):
1. For each n € N, the element e, € M(G) is strictly analytic with respect to o.

2. For every z € C, the sequence (o,(ey)) is bounded and converges strictly to 1.

2A positive operator is called strictly positive if it has dense range. Self-adjointness is considered as a
part of the definition of positivity. For the notion of elements affiliated with a C*-algebra G we refer to
[3, 137, 43, [79]. Roughly speaking, these are “unbounded multipliers” of G. If G is considered as a concrete
(nondegenerate) C*-subalgebra of operators on a Hilbert space H, then any element affiliated with G can
be regarded as a closed operator acting on H (see |79, Example 4]).
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3. For any n € N and z € C, ¢, is a left and right multiplier of §*. Moreover, we have
end® = 0%e,,.

4. For any n € Nand y,z € C, oy(ey,) is a left and right multiplier of 6* and oy (e, )d6* =

oy(en).

Let {0} }+cr be the modular group of 9. Since o}(z) = 6oy (x)d~ for t € R, it follows
that o¢(6%e,) = oj(6%ey,) for all n € N, z € C. Thus the same properties above hold if we
replace o by o’

The main fact is the following (see [38, Lemma 8.5]):

Lemma 4.3.2. If z € N, and z € C, then z(6%e,) € Ny, for alln € N, and
[(z(6%e,)) = A(a:(é”éen)).
We can generalize this as follows:

Proposition 4.3.3. Let & be a Hilbert B-module. If x € Md5*®¢, then x(1 ® é%e,) €
Mdg*@’([) foralln eN, z € C, and

(ider ® T) (2(1® 6%€,)) = (idg @ A) (2(1® 67 2¢y,)).
Proof. Take any 6 € K(£)%. Then (6 ® idg)(z*z) € M, and hence Lemma 4.3.2] yields
(0 ®@idg)((1 ® 6%en) a*z(1 ® 6%en)) = 0°en(0 @ idg)(z*x)6%e, € My,
and

w<(9®idg)((1 ® 6%en) " x(100%e,) )) H (0 ®idg)(z* x)?d en) ’
((
(0

HA 0 ®idg)(z*x) 25Z+2e H

p((0@idg) (1@ 5 Fen)a"a(1 @ 674 iey))
9((idg 2 ) (186 2e,)a"2(1® 5z+%en))).

It follows from Proposition 2.4.5 that (1 ® 6%e,)*z*z(1 ® §%e,) € Mid,qg@w, that is,
z(1®6%e,) € Nidg.op- Now take any w € B* and n € €. Then (using again Lemma 4.3.2)

(w®idp) ((idg* @T)(z(1@ 5Zen))n) = (w®idy) ((idB & T)(x(n® 5Zen)))
=T ((w @ idg)(2(n © 0%en)) )

F((w@)ldg (z(n® ))5Zen)

A((w@idg)(x( ©1))6" bey

= A((w @ idg) (z(n © 5 2 er)) )

—we idH)( idg @ A) (z(n ® 5Z+%en)))

= (w® idH)( idex @ A)(z(1® 5”%%))77)-

(
(
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Since w and 7 are arbitrary, the result now follows. O

Similarly, since ¢ = 15-1, we also have (1 ® 6%ey,) € Nig,. @ for alln €N, z € C and
T E Mdg*@’lli? and

(ide- @ A) (2(1 ® 6%€y)) = (ide» @ T) (z(1 ® (53_%%)). (4.6)

Corollary 4.3.4. Let £ be a Hilbert B-module. If z € Mg, .z, and z(1 ®5_%) is bounded
(that is, x is a left multiplier of 1 ® 5_%), then (1 ® (5—%) € Nidg.oy and

(ide- @ T)(2(1®672)) = (ide- ® A)(x).
Proof. By 4.3.3 we have z(1 ® 5_%%) € Mgy and (using Proposition 2.4.22)

(ide- @ T) (2(1® 6 2e,)) = (idg ® A) (2(1 ® €,))
=(1® JO‘% (en)*J)(idex @ A)(z) — (idg» @ A)(x) (K-strongly).

Now because z(1 ® 5_%) is bounded, we also have that
r(1® 57%671) —z(l® 57%) (bi-strictly).
The assertion now follows from Proposition 2.4.20(viii). O
Analogously, using Equation (4.6), one proves the following result.
Corollary 4.3.5. If z € Mq,.gy and z(1 ®(5%) is bounded, then x(1 ®5%) € Nidgop and
(ide- ® A) (2(1 ®62)) = (ide- ® T)(x).

We shall need a generalization of |73, Proposition 1.9.13]. This result says that for all
aeN,, ue D((S%) and v € H, we have (id ® wy»)A(a) € N, and

A((id @ wyw)Ala)) = ([d® Wy )J(V)A(a). (4.7)

N

To generalize this formula we first need a lemma:

Lemma 4.3.6. Let z € LIE®G,B®G), u € D(dé) and v € H. Then (idg+ ® idg ®
wu,v)<(idg* ® A)(ac(l ® en))> is a left multiplier of 1 ® 572 and

(ide- ® idg ® wyp) ((idg* @A) (z(1® en))> (1®62)

= (ide- ®idg ®wy ) (idg* @A) (2(1® 5—%en))).

5
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Proof. For the case & = C this follows from the relation A(§) = § ® § (see the proof of
[73, Proposition 1.9.13]). We use this special case to prove the general one. That is, we
use that for any z € M(G) we have

(idg @ wu) (Alzen))672 = (idg ®w ) )(A(wd 2ey)).

U

Take £ € £, 7€ D(672) and 0 € B*. Then
(0 ®idg) <(idg* ®idg ® W) ((idg* ®A)(z(1® en))> (€ 5—én)>
— (0 2 idg) (<idB @idg @ wy,) ((idp © A) (a(€ @ en>))>6—%n
= (idg ® W) <A<(0 @idg)((€ ® 1))en> 53
= (idg®wyy ) (A((e ®idg)(v(€ ® 1))5—%en))n
= (h ®idg) ((idB ®idg@w,y ) ((idB ®A)(z(6® 6‘5en)))>n

= (f @ idg) ((idg* @idgDw ) ((idg* 2 A)(z(1® ﬁen))) (t® n)) .

)

Since &, n, 0 are arbitrary the result now follows. O
Now we generalize Equation (4.7).
Proposition 4.3.7. Let © € Mq,.04, u € D(éé) andv € H. Then

(ider ® idg ® wy) ((ider ® A)(2)) € Ma,uep and

(ide- @ A) ((idg* ® idg @ wa) ((ide- ® A)(m)))
= (13 ® (idIC(H) Y u)&%u’v)(v)) (idgx ® A)(x).

Proof. The proof is very similar to the one in |73, Proposition 1.9.13]. Since a:(1®5_%en) €

-/\fidg* @, Proposition 4.2.4 yields (idg+ ® A) (x(l ® 5_%en)) € .}\_/-idg*®’¢v®idg and hence
. . . _1 -
(de- @idg ®w,y ) (@dg* @A) (z(1® 6 2en))> € Ny 00

Corollary 4.3.5/ and Lemma 4.3.6/ imply that

(idex ® idg ® wyy) ((idg* ®A)(z(1® en))) € Ndg oo
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and (using Proposition [4.2.4(1))

(idg- @ A) <(idg* ® idg ® wuw) ((ids* ®A)(z(1® en)))>
= (ide- @ T) <(idg* ®idg ®wy ) ((idg* ® A)(2(1® 5—éen))))

= (idg ®idy ©wy ) <(id5* ® T ®idg) ((idg* ®A)(z(1® 5$en)))>

)

(idg* ®idy ® w(S%u,v) (V23(idg* ® F) (x(l & 57%671))12)

(de- ®idy G,y ) (Vgg(idg* @A) (z(1® en))m)
(13 ® (idIC(H) & sz%u,v)(V))(idg* ® A)(m) ]

We are now ready to prove the main result of this section. Define
1
Li(9) = span{wy, : u € H,v € D(52)}

Note that L{,(G) is a dense subspace of L'(G) = span{wy, : u,v € H}. Moreover, by
Equation (2.17), we have LY(G) = {wy : u,v € H}. Thus the difference between L}, (G)

and L'(G) is essentially the same as the difference between D(§ %) and H. In particular,
if G is unimodular, then L},(G) is equal to L'(G). We also define a map

piL3p(@) = LUD).  pu, = (dDw, ) (V)

)

forallu,e H andv € D(§ %), and extended linearly to L{,(G). Note that if G is unimodular,
then p, = (id ® w)(V*) for all w € LY(G).

Proposition 4.3.8. Let £ be a Hilbert B,G-module. Then, for all € € £ and w € L{,(G),
we have w* & € Eg and

w &) = [E) (15 @ pu).

In particular, |lw * &|lsi < [lwllp[|€llsi, where [[w], = max{[|w]], oo} Here ||lw]| denotes
the norm of w in L'(G) and ||ps|| denotes the norm of the operator p, € L(H).

Proof. We may assume that w = wy,,, for u € H and v € D(cs%). We have

Ye(w &) = v ((ide ® w)ve(€))
= (ide ® idg ® w)((ve ® idg)ye(€))
= (idg ® idg ® w)((idg ® A)’yg(f)).

Hence ve(w * £)* = (idg+ ® idg ® wv,u)((idg* ® A)fyg(f)*). Since £ € & we have vg(§)* €
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Md£*®¢ and hence, by Proposition 4.3.7, yg(w * §)* € Md€*®¢, that is, w * £ € &; and

((w €] = (idex @ M) (ve(w *&)")
= (idg- ® A) ((idg* ® idg ® wyy) ((ide> ® A)’Ys(f)*)>
= (1 ® (idicm @ wyy, )(V))(idex @ ) (1))
= (15 ® (ideqn @ wyy, (V) (-

The formula |w * §)) = [£))(1B ® p.,) now follows by taking adjoints. O

Corollary 4.3.9. Suppose that G is unimodular. Then for all £ € E and w € LY(G), we
have w x £ € E and

w &) = [E) (15 @ puo),
where p, = (id @ w)(V*).

If G is unimodular then, using Proposition 4.2.4(i), one can also prove directly that
wxl €& forallw e G* € € &, and |w*&)) =) (1B ® pw), where p, := (id ® w)(V*).
Using this formula we see that ||w*£||si < [|w|[||€]]si, so that & is a Banach left G*-module

with the restricted action of £. In particular, & is also a Banach left L!(G)-module. In
order to obtain a Banach left module also in the general non-unimodular case, we define
following subspace of L(G):

LY(G) == {w e L(G) : 62w € LY(G)},

where (5%(,0)(.17) = w(méé) for all left multipliers z of 62. The condition 2w € LY(G)
means that there is § € L'(G) such that 0(z) = w(xéé) for all left multipliers x of (5%, and
in this case we put S2w =0,

Proposition 4.3.10. L}(G) is a subalgebra of L*(G).

Proof. Take wy,ws € L(G). Then, for every left multiplier z of § %, we have

(Wi - wa)(62) = (w

Thus 6%(0.;1 “wo) € LY(G), that is, wy - wy € L}(G), and
5% (wy - we) = (82wy) - (62ws). (4.8)

This finishes the proof. ]
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Now define the following norm on L}(G),
1
Jwlo := max { Jull, %] }

Proposition 4.3.11. The space L}(G) endowed with the norm || - |lo (and the product of
LY(G)) is a Banach algebra.

Proof. By Equation (4.8)), we have

|wr - wallo < [lwilol|wallo

for all wi,ws € L{(G). Thus all we have to prove is that L}(G) is a Banach space with
the norm || - [|o. Take a Cauchy sequence (wy) in L}(G) (with respect to || - [|o). Then, by
definition of the norm || - ||o, both (wy,) and (5%wn) are Cauchy sequences in L'(G). Let w
and @ be the respective limits in L'(G). Then, for every left multiplier = of & %, we have

(02w)(z) = w(@2) = lim wy(262) = lim 62wy, (z) = O(x).

Hence 62w =0 € LY(G), that is, w € L}(G), and therefore ||w,, — wllo — 0. O
Note that L{,(G) is contained in L}(G). If fact, if u € L?(G) and v € D((S%), then

(5%wu’v(m) = wuvv(xéé) = <u\x5%v> =w 1 (x) (4.9)

u,02v

for every left multiplier  of §2. This means that (ﬁwu,v =w 1€ LY(G).
u,02v
Proposition 4.3.12. The subspace L}y(G) is dense in L§(G) (with respect to || - ||o)-

Proof. Take any w € L§(G). Let u,v € H such that w = w,, (see Equation (2.13)). Take
a sequence (vg) C D(éé) such that vy, — v, and define v, ;, := e,v;. Since e, commutes

with (5%, it follows that vy, ;, € D((S%). Observe that wy,y, , € L}y (G) for all n, k € N. Since
Up,y — v as n, k — 00, we have wyy, , — Wyp in LY(G) as n, k — oo. Now note that

1 1 1 1
102Wup, , — 62wWunll = 162Wue,0, — 62wyl
1 1
= |62 enwupy, — 2wyl

1 1 1 1
< |02 enwuy, — 62 enwup|l + 162 enwup — 02wup|l.
1 1
For the second term above, we use e,02 = d2e,, to get
1 1 1 1
102 enwypy — 02wy || = |lend2w — d2w|| — 0, asn — oo
For the first term, note that, for each fixed n, we have
1 1
102 enwy v, — 62€pwyqs| — 0, as k — oo.
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Thus we can find a sequence (k;,) of natural numbers such that k1 < ko < ... and
||5%enwu’vk — 5%enwu,v|\ < 1/n.
Finally, defining vy, := vy, 1,,, we conclude that w, = wy 4, € L%,O(g) and
162w, — 03w]| < 1/n + [lend?w — 630] — 0.
Therefore |w, —wllo < ||wn — w|| + H(S%wn - 5%w|] — 0. O
Define
p:L§(G) — LIH), p(w) = (id © 57w)(V").

Note that p is, in fact, an extension of the map p : L{y(G) — L(H) previously defined, so
that there is no problem of notation.

Proposition 4.3.13. p: L}(G) — L(H) is an injective, contractive, algebra anti-homo-
morphism whose image is dense in G°.

Proof. Consider the opposite G of G. The left regular corepresentation W of G” is
equal to XV*¥ (see [73, Proposition 1.14.10]). It follows that

p(w) = (id @ 63w) (V") = (52w @ id) (WP) = X" (52w)
for all w € L{(G). Since L'(G™) equals the opposite algebra of L(G), we get

plwr - wz) = X7 (0% (w1 - wn))
— X" ((67w1) - (62wp))
= X" (82w) X" (52w1)
= p(wa2)p(wr).

Thus p is an anti-homomorphism. Note also that ||p(w)| < H(S%wH < |lwllo. Hence p is
contractive. If p(w) = /\Op(ééw) = 0, then § 2w = 0 because X" is injective. This implies
w(xéé) = 0 for every left multiplier  of 53. Taking x = yené_% we get w(ye,) = 0 for all
n € N and y € G and hence w = 0 because e, — 1 strictly. Therefore p : L}(G) — L(H)
is an injective, contractive, algebra anti-homomorphism.

Finally, note that p(L{(G)) = X (5%L(1)(g)) C G” = G°. Since 5%L(1)(g) contains

6%L60(g), which contains elements of the form w 1, where u € H and v € D(éé), and
u,02v
since such elements span a dense subspace of L!(G), we conclude that p(L(l)(g)) is dense

in G° as well (remember that the image of X” is dense in G = G°). O

The next result implies that & is a Banach left L}(G)-module.

Proposition 4.3.14. Let £ be a Hilbert B,G-module. If w € L{(G) and € € &g, then
w € & and

w &) = [E)(1p ® p)-
In particular, |lw % €]l < |wloll€lls for all € € & and w € LY(G).

117
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Proof. Let (wy) be a sequence in L{,(G) converging to w (with respect to || - [lo). In
particular, w, — w in L'(G), and hence w, * £ — w & in &. Since p,,, — p., We also have

jwn * &) = [E) (18 @ pu,) — [E) (18 @ pu)-

This implies that (wy,*£) is a Cauchy sequence with respect to ||-||si. By Proposition 4.1.11,
this sequence converges to some 1 € &;. In particular, w, * & — n in €. It follows that
wx & =mn € &. Moreover,

jw &) = [n) = lim |w, + &) = Im [E) (1 @ pu,) = [€) (1B @ pu)- 0

Remark 4.3.15. Let us return to the group case, that is, G = Cp(G), where G is some
locally compact group. There is a small difference of convention with respect to the
modular element § of G = Cy(G), in the sense that it is not given by the modular function
dg of G, but by its inverse, that is, by the function t + Jg(t)~! (see comments after
Definition 1.9.1 in [73]). Tt follows that L}(G) corresponds to
1
Li(G) = {w e LYG) : §5% -w € LY (@)},
where - denotes pointwise multiplication. Given w € L{(G), the operator p,, € E(Lz(G))

corresponds to the operator given by right convolution with w. Thus, for groups, Propo-
sition [4.3.14 says exactly what have already seen in the beginning of this section.

Before finishing this section, we want to prove two more properties of the Banach
algebra L}(G) that we are going to need later.

We already know (Proposition 2.5.5) that L'(G) is a nondegenerate Banach algebra. In
particular, if G is unimodular, we get that L}(G) is also a nondegenerate Banach algebra.
Now we prove that this holds in general.

Proposition 4.3.16. Let G be a locally compact quantum group. Then L}(G) is a non-
degenerate Banach algebra, that is, the linear span of L§(G) - L{(G) is dense in Ly(G) (of
course, with respect to the norm || - o).

Proof. The proof is essentially the same as for Proposition 2.5.5. We only have to be
careful with the modular element. As already noted in the proof of Proposition [2.5.5, we
have

we - wrg(@) = (WE f(1e)Wheg), (4.10)
forall £, n, f,g € H and x € G, where W is the left regular corepresentation of G. Now, the
relations A(&é) = 62®62 and A(z) = W*(1®@z)W, imply that (1®5%)W = W((S% ®5%).
Since D(6%)®D(5%) is a core for 02 ®472, the space W(D((S%)@D((S%)) is a core for 1®42.
Thus, given n € H and g € D(éé), there is a sequence ((,) contained in D((S%) ©) D(éé)
such that W¢, - n® g and (1 ® (ﬁ)W(n - e (5%9. Take any &, f € H and choose a

sequence (¢;,) in H ® H such that W(;, — £® f. Each ¢, has the form ), &, ® fin and
each (], has the form ), 75, ® gk n, where both sums are finite and &, fz, € H and
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Mem> Gkn € D(0 %) for all k,n. By adding zeros, if necessary, we may assume that both
sums have the same number of terms, say N(n), for all n. For each n, we define

N(n)

Wnp = Z wél,nvnk,n : wfl,nygk,n S Span(L(l)(g) : L(l)(g))
k=1

Note that, by Equation (4.10), we have

k,l

Analogously, using also Equations (4.8) and (4.9), we get

ohwn(@) = > (W(Ehn ® fin)

k.l

(1@ 2)W (52, @ 5%gl,n)> = <WCL

(1®a;5%)wgn>.

It follows that w, — (£ | nwy,y and 53wy, — €| n)wfé%g in L'(G). In other words,

wn — (£ | Mwyrg in LE(G). Therefore the closed linear span of L§(G) - L(G) in L{(G)
contains L{,(G). The assertion now follows from Proposition 4.3.12. O

We also need to know when L} (G) has a bounded approximate unit. Recall that L(G)
has a bounded approximate unit if and only if G is co-amenable. Since the inclusion
L§(G) — LY(G) is contractive and has dense image, the existence of a bounded approxi-
mate unit for L§(G) also implies the existence for L1(G), that is, G is co-amenable. The
converse also holds:

Proposition 4.3.17. The Banach algebra L(l)(g) has a bounded approximate unit if and
only if G is co-amenable.

Proof. Suppose that G is co-amenable. Then one can find an approximate unit (w;) for
LY(G) = M, consisting of normal states, where M := G” (see [30, Theorem 2]). Since M
is in standard form, each w; has the form w; = wg, ¢,, where §; € H are unit vectors. By
the Banach—Alaoglu Theorem, we may assume that w;(z) — €(x) for all z € M, where
€ € M* is some state whose restriction to G is (necessarily) the counit of G (see the proof
of [8, Theorem 3.1]). In particular,

e(r) = limw;(x) = lim(& |z&)  for all x € M(G).

Let e € M(G) with €(e) = 1. We claim that ||ew; — w;|| — 0. In fact, recall that € is a
x-homomorphism. Thus

le€; — &I” = (&l e"e&s) — (& le*&) — (il e&i) +1 — e(e"e) —e(e”) —e(e) + 1 =0.

Hence
lewi — wil| = [lwe, ee; — we, gl < [l€& — &l — 0.
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Note that this implies that (ew;) is also a (bounded) approximate unit for L*(G). Now
suppose, in addition, that e is a right multiplier of ¢ 3 (for instance, one can take e = e,
defined by Equation (4.5), for any n € N). Then, for all w € L(G), we have ew € L}(G)
and )

Jewllo < max { ], 6% e] } ]

In other words, w — ew is a bounded linear map L'(G) — L{(G). Note that 6(5%6) =1
(this follows from the relations A(d) = 6 ® § and (e ® id) o A = id). By the claim we
have just proved above (applied to § %e), we get ||6 Zew; — wi|| — 0 and therefore (& %ewi)
is also a (bounded) approximate unit for L'(G). To complete the proof, we show that the
(bounded) net (ew;) is an approximate unit for L}(G). In fact, by Equation (4.8) and the
fact that the nets (ew;) and (8 %ewi) are approximate units for L'(G), we get

(ew) - w —wllo < [|(ews) - w — w]| + |[(2ew;) - (§7w) — 3w — 0

for any w € L}(G). Analogously, |lw - (ew;) — w|lo — 0 for all w € L(G). O

4.4 Square-integrability of L?(G)

Let G be al locally compact quantum group. Recall that H = L?(G) denotes the L2-space
of G. Let B be a C*-algebra with a coaction of G. One of the main features in the group
case is that the coaction ypg g given by Equation (4.2)) (or equivalently, the corresponding
action f ® A of the underlying group; see Example 4.2.1) is square-integrable (47, 48]).
In this section we prove that this is still true in the general quantum setting. In fact,
note that if G is regular, then this follows from Corollaries [3.3.6/ and 4.1.3. Therefore, we
already have this result in the regular case. In this section we give another proof where
regularity is not necessary.
We shall use in this section the following slight modification of Proposition 3.3.1.

Proposition 4.4.1. Consider a Hilbert B-module £ with a coaction of G and suppose that
m: A— L(E) is a G-equivariant nondegenerate x-homomorphism, where A is a C*-algebra
with a coaction of G. If A is integrable, then &£ is square-integrable.

Proof. Since L(£) = M(K(£)), this follows from Proposition/3.3.1land Corollary 4.1.3. [

First we show that the coaction vz of G on H = L?(G) is square-integrable or, equiv-
alently, that the induced coaction vyx(z) on K(H) is integrable. Recall that yu(n) =

W*(n® 1), where W is the left regular corepresentation of G. Hence

fy,C(H)(a;) = W*(w & 1)W, T € ]C(H)

Recall that we also have a coaction 4y of G on H coming from the right regular corepre-
sentation V € L(H ® G). It is given by the formula

Aa(n) =V(n®1), necH.
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The corresponding coaction Yy gy of G on K(H) is therefore given by
ey (@) = V(e )V, ze K(H).
Proposition 4.4.2. The coaction Jg (or, equivalently, Yic(m)) @8 square-integrable.

Proof. Recall that A(z) = V(x® 1)V* for all x € G. From this relation it is obvious that
the inclusion map of G into M(K) = L(H) is G-equivariant with respect to the coaction
A on H. Since (G, A) is an integrable G-C*-algebra (Proposition [3.2.12)), the assertion
follows from Proposition 4.4.1. O

As already mentioned in Example 2.6.18(3), the coactions vy and g are equivalent.
Therefore, we get as a consequence the desired result:

Corollary 4.4.3. The coaction vy (or, equivalently, yx(mr)) is square-integrable.

In the case of a locally compact group G, that is, when G = Cy(G), the unitary
Ve E(L2(G X G)) is given by V¢&(s,t) = 5g(t)%§(st,t). In this case 4y corresponds to
the right regular representation p;(£)(s) = 5g(t)%§(st) of G on L?(G). And as we saw in
Example 4.2.1], the coaction g corresponds to the left regular representation A of G on
L?(G). As mentioned above, the coactions vz and 7z are equivalent. This means that the
left and right regular representations of G are equivalent. The equivalence is implemented
by the unitary U € L(L*(G)) given by U¢(s) = da(s) '¢(s™) for all £ € L*(G) and
s € GG. Note that U = Jj, where J and J are the modular conjugations of Cy(G) and its
dual C*(G). They are given by JE(s) = £(s) and JE(s) = da(s) " E(s71).

As already noted in Example 2.6.18(3), for a general locally compact quantum group
G the equivalence between vz and 7 is also implemented by the unitary U = JJ. Since
the unitaries associated to vy and Jp are W* and V', respectively, the equivalence means
V =(U*®1)W*(U ®1). And this relation follows from Equations (2.15) and (2.16).

The square-integrability of H also implies the square-integrability of B ® H:

Corollary 4.4.4. Let B be C*-algebra with a coaction v of G. Then the Hilbert B-module
B ® H equipped with the coaction Ypep s square-integrable.

Proof. The map K(H) — L(B® H), T — 1® T is a G-equivariant nondegenerate *-
homomorphism. Since H is square-integrable, JC(H) is integrable (Corollary 4.1.3). Thus
YBgH is square-integrable by Proposition 4.4.1. O

In particular, the corresponding coaction vpgic(m) of G on the C*-algebra of compact
operators (B ® H) = B ® K(H) is integrable. This generalizes Corollary [3.3.6.

Of course, one can also use the equivalent coaction Ypgm (see Example 2.6.18(3)) of
G on B ® H in the corollary above.

More generally, if £ is a Hilbert B-module with a yp-compatible coaction v¢ of G,
then we can equip £ ® H with the coaction yegpy (or, equivalently, Yegm) as in Exam-
ple2.6.18(3). As above, the canonical map K(H) — L(E® H) is G-equivariant. Therefore,
we also have:
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Corollary 4.4.5. The Hilbert B-module €@ H equipped with the coaction Yegm 1S square-
integrable.

4.5 The Kasparov Stabilization Theorem

In this section we prove one of the main results of this chapter, namely, a quantum version
of the equivariant Kasparov Stabilization Theorem for square-integrable Hilbert modules
proved in the group case by Meyer ([47, Theorem 8.5]).

We need some preliminary results. First we show that a direct summand of a square-
integrable Hilbert module is also square-integrable. In the group case, this holds be-
cause the projection onto the direct summand maps square-integrable elements to square-
integrable elements. We are going to extend this to the general quantum setting.

Throughout this section we fix a locally compact quantum group G and a C*-algebra
B with a coaction yp of G. As in the previous sections, H = L?(G) denotes the L2-space

of G.

Proposition 4.5.1. Let F be a Hilbert B-module with a coaction of G, let £ be a G-
invariant direct summand of F and £+ be its complement. Then n € Fg if and only if
Pe(n) € & and Pgi(n) € &L, where Pe and Pg1 denote the projections of F onto £ and

si
EL, respectively. In other words, we have Fg = Eg @ 55# In particular, F is square-
integrable if and only if £ and - are square-integrable. Moreover, under the canonical
identification L(B ® H,F) = L(B® H,£) ® L(B® H,E'), we have

) = |Pe(m)) © [Per(n))) for alln € Fg.

Proof. Let n € Fy and write n = £ + &+, with € € £ and ¢+ € £, Then for every ¢ € £
and ¢+ € £+ we have

YEM*((C+(H) @ 1g) = 7(6)* (€ @ 1g) + 76 (E5)* (¢ @ 1g).

It follows that n € Fy if and only if € € &; and ¢+ € £+ and

(l(C + ) = (ElC + (elc™,
or equivalently |n) = [€) & [¢4)). m

Given a Hilbert B-module £ we define the Hilbert B-module £ := @,enE = 2(N)RE.
If we have a coaction vg on € and we equip [?(N) with the trivial coaction . of G, then we
can consider on £* = [?(N) ®¢ € the coaction yg~ which is the (balanced) tensor product
of v and ¢ (Definition 2.6.15). It is given by the formula

Yoo (f@E) = F®7(E) e PN)@M(ERG) CMEX®G), fel’(N),(ck.

Proposition 4.5.2. Let £ be a Hilbert B-module with a coaction of G. Then & is square-
integrable if and only if £%° is square-integrable.
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Proof. If £ is square-integrable, then so is £ because the map 7' +— 1 ® T from K(E)
into £(£*) = M(K(I*N) ® K(£)) is a nondegenerate G-equivariant *-homomorphism (see
Proposition [4.4.1)). The other direction follows from Proposition [4.5.1. O

Recall from Equation (2.5) that 7, denotes the Tomita *-algebra of ¢.

Lemma 4.5.3. Let £ be a Hilbert B-module with a coaction of G. Let a € N, b € T,
and & € Eg. Define w := wpp) a(a) = apb* € LY(G) and z, := aoc_;i(b*) € Niy. Then

w& =€) (1p ® Mzw)).

Proof. Since £ € & and a € N, we haxie ve(&)* € ATids*®¢ and 1 ®a € /\_/id3®4p- By
Proposition 2.4.20(iv), 7¢(£)(1p ® a) € Miq.ge- Using Proposition 2.4.22(ii) we get

(apb®) =&

(ide ® agpb*)(’yg(f))

(ide ® ©) ((1e @ b")e(€)(1 ® a))
(

(

= (¢

w*x& =

ide ® @) (1e(€)(1p ® a)(1p @ 05(b")))
ide ® ¢) (7e(6)(1p ® 7))
>> (1B ®A($w))'

O

In the group case G = Cy(G), it was proved in [47, Lemma 8.1(iii)] that for every
Hilbert B, G-module, we have £ € Ran|{)) for all £ € &;. This was used to prove the
Kasparov Stabilization Theorem in this case [47, Theorem 8.5]. For general quantum
groups, this is not true because coactions need not be injective, and if £ is in the kernel of
the coaction, then & is square-integrable and |¢)) = 0. Note that this does not happen if
G is co-amenable (in particular, this does not happen in the group case). In fact, we can
prove the following generalization of [47, Lemma 8.1(iii)].

Lemma 4.5.4. Let £ be a Hilbert B-module with a weakly continuous coaction of G and
suppose that D is a subset of E which is dense in £. Then, for every e > 0 and every
£e€&, thereare &1,...,6n € D, u € B and x1,...,x, € Ny such that

<e€

H§ Z|§k u® A(zg))

Moreover, if G is co-amenable, then, for every € > 0 and every § € &, there are x € N,
and u € B such that

1€ = 16) (u ® A))]| < e

In particular, if G is co-amenable, we have { € Ran|f)).
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Proof. Let £ € £ and € > 0. Let 7, be the Tomita *-algebra of ¢. Note that, by
Lemma 2.4.11), we have
LY(G) = span{apb* : a,b € T,}. (4.11)

Since the coaction of £ is weakly continuous, the linear span of L'(G) * £ is dense in &. It
follows from Equation (4.11) that there are ay,b1,...,an,b, € 7, and &1, ..., &, € D such
that

<€
2.

Hf — ) (areby) * &
k=1

By Lemma [4.5.3, we have

n

> (arebp) # & =Y &) (13 ® Ax)),

k=1 k=1

where xj, := ago_;i(b}) € N,. Now take u € B such that |ul <1 and

¢ - €ull < 5.

Then

< [I€ = &ull + <e

H§ > &) (u@ Azy,))

k=1

(5 - e (s @ A(xk») ”

k=1

Now suppose that G is co-amenable, that is, L'(G) has a bounded approximate unit.
Then, by the weak continuity of vg¢, we have w; x{ — £ for all £ € &, where (w;) is a
bounded approximate unit for L'(G). Combining this with Equation (4.11), we can find
ai,bi,...,an,b, € 7, such that

Hg - ;(awb@ « <5
Again, by Lemma 4.5.3, we have
> (angbp) x€ = 16) (15 ® Alan) =€) (1p ® Ax)),
k=1 k=1

n

where zj = ago_i(b) and x := ) x € N,. Therefore, if u € B is such that ||ul <1
k=1
and [|€ — &ul| < §, we get as above that

I — 160 (u @ A@))]| < e -

The next result says that a Hilbert B,G-module is square-integrable if and only if
there are enough equivariant adjointable operators B® H — £. This is basically what will
be used to prove the Kasparov Stabilization Theorem (Theorem 4.5.6/ below) for square-
integrable Hilbert modules.
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Corollary 4.5.5. Let £ be a Hilbert B-module with a weakly continuous coaction of G.
Then the following assertions are equivalent:

(i) & is square-integrable,
(ii) there is a subset F C LY(B ® H,E) such that span F(B® H) = £

(iii) there is Hilbert B-module £ with a square-integrable coaction of G and a subset

F C LY(E',E) such that span F(E') = E.

Proof. By Lemma [4.5.4/ and Proposition [4.2.7, (i) implies (ii) for F := {|¢)) : € € &4} Tt
follows from Corollary 4.4.4 that (ii) implies (iii) by taking & = B ® H. Finally, suppose
that (iii) is true. Since &’ is square-integrable, the linear span of F (&) is dense in £. And
by Proposition 4.1.10(iii), F (&) is contained in &. O

Recall that a Hilbert B-module &£ is countably generated if there is a countable subset
D C &€ which generates £. We now prove the main result of this chapter.

Given a C*-algebra B with a coaction of G, we shall use the notation Hp for (B® H ),
where we equip B ® H with the coaction (4.2).

Theorem 4.5.6 (Kasparov’s Stabilization Theorem). Let B be a C*-algebra with
a coaction yg of G and let £ be a countably generated Hilbert B-module with a weakly
continuous yg-compatible coaction of G. The following statements are equivalent:

(i) € is square-integrable,

(il) KC(E) is integrable,
(i) € ® Hp = Hp as Hilbert B, G-modules,
(iv) € is a G-invariant direct summand of Hp.

Proof. The proof is almost the same as the one in [47, Theorem 8.5], the basic difference
being the use of Lemma 4.5.4] instead of [47, Lemma 8.1(iii)]. The equivalence between
(i) and (ii) is the content of Corollary 4.1.3. It is trivial that (iii) implies (iv). By
Proposition [4.5.1], to prove that (iv) implies (i) one has only to check that Hp is square-
integrable. But this follows from Proposition [4.5.2 and Corollary [4.4.4. It remains to
show that (i) implies (iii). Suppose that £ is square-integrable. Since £ is countably
generated, there is a sequence {&, }nen of square-integrable elements of £ which generates
E. We may assume that each &, is repeated infinitely often. For each n € N, we define
T, := (&) € £9(&,B ® H). We may also assume that ||T},|| < 1 for all n. We identify
each element of Hp as a sequence (f,) with f,, € B® H for all n. We formally write
> fnop for this sequence. We define an adjointable operator T': Hgp — £ & Hp by

T (Z fn5n> =) 27T (fa) @) 47" fabn,
n=1 n=1 n=1
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T*le(n) == 27 "T(n)on, T, (Z fn6n> = 47" b,
n=1 n=1 n=1

Since each T, is G-equivariant, the operator T is also G-equivariant.

Of course, T* has dense range. We claim that T has dense range as well. Let f €
B ® H. By definition of T" we have T;:(f) @ 27" f6, € Ran(T) for all n. Since each
T is repeated infinitely often, we have T*(f) @ 27%f0, € RanT for infinitely many
k € N. Hence |, )(f) ®0 = T(f) ®0 € RanT for all f € B® H and n € N. By
Proposition 4.1.10, [£,b) f = [£&.)vB(b)f € Ran(T) for all b € B. Applying Lemma 4.5.4
to D := span{&,b : n € N;b € B}, we get { 0 € RanT for all £ € £. Finally, we get
0 fon, =2"(T*(f) ®27"fp) — 2™T;;(f) 0 € RanT for all f € B® H and n € N.
Therefore RanT = € ® Hp.

Now we use polar decomposition to construct the desired unitary. Since both 7" and
T* have dense range, the composition T*T" has dense range. Thus |T| := (T*T)% has
dense range because |T|(€) 2 |T|(|T|(€)) = T*T(E). Since (|T|n,|T|n)p = (T*Tn,n)p =
(T'n, Tn) g, the formula U(|T'|n) := Tn well-defines an isometry U from Ran |T'| onto RanT'.
Extending U continuously, we obtain a unitary U : Hp — £ & Hp which is G-equivariant
because T is G-equivariant. O

If G is compact, then every Hilbert B, G-module is square-integrable. Thus we get the
following well-known consequence (see [76, Theorem 3.2]).

Corollary 4.5.7. Let £ be a countably generated Hilbert B,G-module, for a compact
quantum group G. Then & is a G-invariant direct summand of Hp, that is,

EPHp = Hp.

The strategy used by Vergnioux in [76] to prove Kasparov’s Stabilization Theorem for
compact quantum groups is similar to the idea used by Mingo and Phillips in [49] for
compact groups where they use the non-equivariant version of the Kasparov Stabilization
Theorem in order to prove the equivariant version. In fact, if £, F are Hilbert B, G-
modules, and if £ and F are isomorphic as Hilbert B-modules, then £ ® H and F ® H
are isomorphic as Hilbert B, G-modules (this is exactly Theorem 3.2(1) in [76]). The non-
equivariant version of Kasparov’s Stabilization Theorem tell us that £  B® = B> as
Hilbert B-modules, whenever £ is countably generated. Tensoring with H and using the
fact we have just mentioned, we get

(EQH)®Hp = Hp,

as Hilbert B, G-modules. This is true for any locally compact quantum group G and for
any countably generated Hilbert B, G-module £. In fact, this is just saying that £ ® H is
square-integrable, and this is exactly Corollary 4.4.5.

In the case of a compact quantum group G, the point is that £ is always a G-invariant
direct summand of £ ® H. In fact, it follows from Equation (3.2) that the vector §; :=
A(1) € H is G-invariant in the sense that vz (d1) = d; ® 1. Thus the map & — £ ® 07 is a
G-equivariant isomorphism of £ onto a G-invariant direct summand of £ ® H. Therefore
£ is a G-invariant direct summand of £ ® H and so also of Hp by the argument above.
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Chapter 5

Continuously square-integrable
Hilbert modules

5.1 Concrete Hilbert modules

In this section we recall some definitions and constructions due to Meyer [48] Section 5].
Throughout this section, we fix a locally compact quantum group G, a C*-algebra B with
a coaction vg of G and a Hilbert B-module X with a yp-compatible coaction of G. We
also fix a nondegenerate C*-subalgebra A C £9(X). We are mainly interested in the case
X=B®L*G)and A=Bx, G

Definition 5.1.1. Let £ be a Hilbert B-module with a «yp-compatible coaction of G. A
concrete Hilbert A-module is a closed subspace F C L9(X, ) such that

FoACF and F*oF CA.

We say that F is essential if the linear span of F(X) is dense in &.

Given a concrete Hilbert A-module F C £9(X,€) we can turn it canonically into an
abstract Hilbert A-module, defining the right A-module structure by

E-a:=Eoa, £€F,acA, (5.1)
and the A-valued inner product by

<€|77>A = ‘5* on, §nerF. (52)

Conversely, given an (abstract) Hilbert A-module F, define £ := F ®4 X. We equip F
with the trivial coaction of G and £ with the balanced tensor product coaction of G. More
explicitly, the coaction on F ® 4 X is given by

Yroax(®af) =E@avx(f) EFRAMX ®G) C M((FR4X)RG),

"Recall that, by definition, B x, G is a C*-subalgebra of L(B® L*(G)) (see Section 2.7.1).
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where we are using the canonical homomorphism A — L(X ®G), a — a® 1g to define the
balanced tensor product above. Now define the map

T:F2K(AF) = LA X, F@aX) = LX,E) (5.3)

given by T(&)(f) = £ ®a f and T(€)* (n @4 f) = (£|n)(f). It is easy to see that each
operator T'(§) is G-equivariant, that is, T'(F) C LI9(X, ).

Theorem 5.1.2 (Theorem 5.1 in [48]). With the notations above, T(F) C LIY(X,E) is
an essential, concrete Hilbert A-module, and T : F — T(F) is an isomorphism of Hilbert
A-modules. Moreover, if F C ,Cg(X, E) is already an essential, concrete Hilbert A-module,
then the map

U:FaX =&, E@afr—E&(f)

is a G-equivariant unitary satisfying U o (T'(§)) = &£ for all £ € F. In other words, F and
T(F) are isomorphic as concrete Hilbert A-modules via U.

The only difference between our version of the theorem above and Meyer’s version in
[48] is that we are working with quantum groups instead of classical groups. The proof
goes exactly as in the classical case. Of course, one has to check that the constructions
above are equivariant also in the quantum version, but this is easy. For example, to show
that the unitary U above is G-equivariant one just uses that each £ € F is an equivariant
operator in £9(X, &) to get the desired result:

Ye(U(E@a f)) =7e(€(f)) = €@ 1g)(vx(f)) = (U @ 1g)yFex (& ®a f).

Theorem 5.1.2/ says that any abstract Hilbert A-module F can be represented as an essen-
tial, concrete Hilbert A-module, and this representation is unique up to canonical isomor-
phism. In this picture, the underlying Hilbert B, G-module £ is canonically isomorphic to
F ®4X. Observe that the assignment F — F ®4 X is functorial. An adjointable operator
S : F1 — F5 induces the equivariant adjointable operator S® 4idy : F1 Q@4 X — Fo®@4 X.

Theorem 5.1.3 (Theorem 5.2 in [48]). Let F C LY9(X,E) be a concrete Hilbert A-module.
Then the map

) (] — Eon™ € FoF* C LI(E)

extends to a *x-isomorphism from K(F) onto the closed linear span of F o F* in LY(E).
This representation is nondegenerate if and only if F is essential.

If F is essential, then this representation can be extended to a strictly continuous,
injective, unital x-homomorphism ¢ : L(F) — LI(E), whose range is the space

M:={zeLlI(E):z0FCF, a0 F CF}.

If€ = FoaA X and F C LIY(X,E) is the standard representation (5.3), then ¢(S) =
S®aidy for all S € L(F).
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Remark 5.1.4. (1) In general, ¢ : L(F) — £9(&) is not surjective. This happens if and
only if u o F = F for all unitaries u € £9(€) or, equivalently, if ¢()C(F)) = span.F o F* is
an ideal in £9(&) ([48, Corollary 5.1]). In this case, F is called ideal.

(2) Let F; C ,Cg(é’(,gl) and Fp C EQ(X,SQ) be concrete Hilbert A-modules. Using
the canonical representation of F := F; @& Fp C LY (X, E), where £ := £ @ &, one can use
Theorem 5.1.3 to get a map

b1 : K(F1, Fo) — L9(&1,E),

In fact, if ¢ : K(F) — L£9(€) is the map in Theorem [5.1.3, then, under the canonical
identifications

( K@FE) KFELR)
kF )_<lc<f1,1f2> /c{?z)l)

and
~( K9&) K9&, &)
o) = ( ’Cg(517152) /Cg(z&)1 ) ’

the map ¢91 is the lower left corner of the decomposition
6= < 11 P12 >
P21 P22 )
Since ¢ is a *-isomorphism onto

D11 D12>
D1 Daa

[ spanFioF] spanFioF,

Di=spanfoF = < T < span Fp o | spanJj o F3 )’

it follows that ¢o1 is a ¢99, ¢p11-compatible Hilbert bimodule isomorphism of the Hilbert
K(F2), K(F1)-bimodule K(Fi, F2) onto the Hilbert Day, D11-bimodule Doy (defined in the
canonical way).

Moreover, if F; and F» are essential or, equivalently, if F is essential, then, by Theo-
rem 5.1.3, ¢ extends to a strictly continuous, injective, unital x-homomorphism of L£(F)

onto
My Mis
M= ,
( Mo Moo >

where, for example, My := {x € LY(&) : xo Fy C Fi, " o Fy C Fi} and My =
{x € L£9(&,8) :x0F, C Fo, x* 0o Fy C Fi}. It follows that ¢o1 extends to an injective
Hilbert bimodule homomorphism from the Hilbert £(F2), £(F1)-bimodule L(F1, F2) onto
the Hilbert Mag, Mji-bimodule My (defined in the canonical way).

Before finishing this section, we want to consider some special examples of concrete
Hilbert modules. Given a Hilbert B, G-module &£, we define
€%, G :=span(1e(6)(1p©G°)) C L(B® H,E @ H).

Here we are identifying M(E®G) C M(EQRK(H)) = L(B® H,E ® H) (this last identifi-
cation follows from Proposition 2.1.11/ and Remark 2.1.12(2)).
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On the Hilbert B-module £ ® H we have a coaction defined by

Yeor(C) = LasWas(ye ®1d)(¢), (€ E® H,

where W € L(G @H) is the left regular corepresentation of G and ¥ : G H — H ®G is the
flip map. Since W*¥ = ¥ W, the coaction defined above is the same coaction considered

in Example 2.6.18(3). In particular, replacing £ by B above, we also get a coaction of G
on the Hilbert B-module B ® H.

Proposition 5.1.5. Let £ be a Hilbert B, G- module and consider on BQ H and on EQH
the Coactwns of G defined above. Then £ X, g - ,Cg(B ® H,E® H) is a concrete Hilbert
B x; g -module. Moreover, we have a canonical isomorphism

5®(B>4TQAC)%S>QTQAC.

B

If, in addition, the coaction of G on £ is continuous, then
Ex: G =span((Lie) ® G e (£)).

Moreover, in this case we have K(E %, G°) = K(€) . G .

Proof. Note that
(Ex:G) (€% G) Copan(lp @G )ye(€)e(€) (13 G ) CBx: G

and
£x,G" =span(re(€-B)1®G")) =span(1e(€)(B %, G)).

It remains to show that € x, §C C ﬁg(B®H,5®H). Let £ € £ and x € QAC. Then, for
all ( € B® H, we have

Yeor (Ve(§)(1p ® )C) = XozWas(ve @ id)(1e(€) (1 @ )()
= Yo3Was(ve ® id)(7e(€)) (78 @ id)((15 @ z)()
= Y3Was(id ® A)(1(§))(1p ® 1g @ ) (v ®@id)(()
= Ya37e(€)13Was(1p ® 1g ® ) (vp ®@id)(()
= (12(§) ® 1g)X23(1p ®@ 1g @ z)Was(vp ®id)(()
= (1e(§)(1p ® ) ® 1g)vBam(C)-

In the above calculation, we have used the relation Was(id @ A)(y£(€)) = ve(§)13Was
(which follows from A(y) = W*(1 ® y)W) and the fact that W € M(G ® G) (which
implies that W( ) = 1®x)W for all z € G°). This shows that the operators

QB x) € L(B® H,E ® H) are G-equivariant for all £ € & and z € G°. Thus
5 x; G C Eg(B ® H € ® H) is a concrete Hilbert B x, g -module. Finally, it is easy to
see that the map

£ Rz ye(é)x, £e&,xe€Bx G
B
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induces an isomorphism £ ® (B @C) ~ €%, G
B

For the second part suppose that ¢ is continuous. Recall that G° is the closure of
(id® L(H)«)(V), where V is the right regular corepresentation of G. Combining this with
the relation Vag(7£(§) ®1) = (1d@ A)(7£(§)) Vas = (7 ®1id) (y£(€)) Vas (which follows from
A(z) = V(x®1)V*) and the fact that any element w € L(H), can be written in the form
w = fOa, where 0 € L(H), and a € G, we get

spﬁ((l@éc)%(é’)) = span((1 ® (id ® L(H).)(V))1e(€))
_span( id®id ® L(H).)(Vag(ye(E ®1)))

)
) )
= Span ( id®id ® L(H).)((7e ®1d)(ve(E))Vas )
= Span ):) (e @ id)((1 @ G)7e(€))Va3))
= span((id ® id ® L(H).)((ve @ id)(€ ® G)Va3))
an 1d®1d®£(H)*)(

( (
( (
( (
(id®id @ L(H)«)(
( (
( (

(H

( )®9)V23))
V)))

(
(
(
an
am (e (

n(ye(€ d®£
G))-

(1® C?C)fyg(é')). Using this together with Theorem 5.1.3/ we

—

Therefore £ x, QA ‘= Span
conclude that

= K(€) % G". 0

Remark 5.1.6. (1) Recall that for a regular quantum group G the coaction on a Hilbert
B, G-module £ is automatically continuous (see Remark 2.6.9(3)). Thus in this case the
hypothesis above is redundant.

(2) Suppose that £ is a Hilbert B, G-module with a continuous coaction of G. Under
the canonical identification KC(€ X G ) = K(E) %, G* we get as a consequence that £ %, G°
is a Hllbert K(E) %y G°, B %, G “-bimodule. One can also define a dual coaction of G° on
E X, Q It is the coaction

e €x:G > MEX G ®G),

given by ¢ (1e(§)(1®@ %)) = (ve(€) @D (1QA (&) forall ¢ € £ and & € G°. This coaction
1s compatlble with the dual coactlons on IC( ) Xy g and on B X, Q Thus € %, g is a
g -equivariant Hilbert IC(&) %, g B x, Q -bimodule.

More generally, if £ is a G-equivariant right-Hilbert A, B-bimodule, that is, if there is
a left action m: A — L(€) of a G- C’* algebra A, then there is an induced left action of
A xrg on& xrg turning it into a g equlvarlant rlght Hilbert A xrg B xrg blmodule
The left A x, G -action is given by 7 x: G : A, G — M(K(E) x; g)_ L(E%,G"). In
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particular, if AAand B are two Morita equivalent G-C*-algebras, then so are the G -C*-
algebras A x; G and B %, G°.

(3) Consider the dual £* of £. If £ is a Hilbert B, G-module with a continuous coaction
~ve of G, then there is a canonical coaction on £* given by vg«(£*) := v¢(§)*. Here we
identify v¢(€)* € LIE® G, B® G) — M(E* @ G). The continuity of ~¢ ensures that
e+ is a continuous coaction as well. Thus we can apply the results above to get the
Q\C—equivariant Hilbert B %, §°, K(E) xr G °-bimodule

~c

£ %, G =span(re(£)*(le ®G")) =span((1p ® G )e(€)) € LE® H, B H).

We also have

~c ~c

£ %, G =span(e(£)*(K(E) x: G))

and the map R
& Doy ¥ 1)y, €& yek(E) G

induces an isomorphism

~c

E" @y (K(E) ¥ G ) = E % G .

Note that the dual (€ x, § C)* of € X, Q ‘s canonically isomorphic to £* x, QA ‘.

5.2 Relative continuity and generalized fixed point algebras

Suppose that G is a locally compact quantum group. Let B be a G-C*-algebra and let £
be a Hilbert B, G-module. Recall that B x,; G° is a C*-subalgebra of L(B® H), where
H = L?(G). Also recall that, given &, € &, the operator (& |n) = (&| o |n) is the
composition of the operators (¢ € £(&, B® H) and |n)) € L(B ® H,&). Thus (§[n)) is
also an element of £(B® H). Moreover, we know (see Equation (2.27)) that B x,G" is, in
fact, a C*-subalgebra of £L9(B ® H), the space of G-equivariant operators on B® H, where
we always consider on B ® H the coaction ypgr defined by Equation (4.2). On the other
hand, we also know (Proposition 4.2.7) that the operators ((£| and |n)) are G-equivariant
with respect to the same coaction on B ® H. Thus we also have (& |n)) € £9(B ® H).
Therefore it is natural to ask whether (€ |n)) € B x, G°. This turns out to be a crucial

question and, as we will see, this is not true in general.

Definition 5.2.1. Let B be a G-C*-algebra, let £ be a Hilbert B, G-module, and suppose
that &, € &;. We say that the pair (&,7) is relatively continuous, and write & ~ n, if
{(&]n) € B G°. A subset R C & is called relatively continuous if & ~n for all £,n € R,
that is, R

(RIR) = {(€]n) : &m e R} C B, G

For a relatively continuous subset R of £, we define the following subspaces
F(&,R) :=span(|R) o Bx: G ) C L(B® H,E),

Z(E,R) :==5pan(B x; G o (R|R) o Bx:G ) C Bx.G",
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and the generalized fixed point algebra
Fix(€,R) :=span(|R) o B x: G o (R]) C L(E).
We say that R is saturated if T(€,R) = B ». G ".

Remark 5.2.2. (1) Relative continuity was first defined by Exel [19] in the case of
Abelian groups and was generalized to non-Abelian groups by Meyer in [48]. Our definition
generalizes Meyer’s definition to quantum groups. Exel’s definition involves integrable
elements instead of square-integrable elements as above, but this turns out to be equivalent
(see [9]).

(2) Relative continuity is not an equivalence relation. For instance, it is not true, in
general, that £ ~ ¢. Thus it is not reflexive in general. Of course, it is symmetric, that is,
if £ ~ 1, then n ~ &. Note that it is not transitive, that is, the conditions € ~ 7 and 1 ~ ¢
do not imply that £ ~ ¢. In fact, we always have £ ~ 0 and 0 ~ (.

(3) Observe that we assume continuity of the coaction of G on B in the definition above.
The reason is because we need the reduced crossed product B X, Q\ ‘. and continuity is
a very natural condition in connection with crossed products. Remember, however, that
given a Hilbert B, G-module £, we do not assume that the coaction of G on £ is continuous
(only the coaction of G on B is assumed to be continuous).

Recall that the canonical coaction of G on K(L?(G)) is continuous if and only if G is
regular (Proposition 2.7.11). Thus the concept of relative continuity is not defined in this
case, unless G is regular. However, it is defined for the coaction of G on L?(G) or, more
generally, for the coaction of G on B ® L?(G), where B is any G-C*-algebra, and this will
turn out to be the most important example in order to develop the theory.

(4) Let € be a Hilbert B, G-module, and assume that R C £ is a relatively continuous
subset. It is clear from the definition above that Z(€,R) is an ideal of A := B x, G° and
Fix(£,R) is a C*-subalgebra of L(£). Let F := F(£,R). Since (R|R)) C A, we have

span |R)) C F. (5.4)

In fact, let (e;) be an approximate unit for A. If T is an operator on B ® H such that
T*T € A, then we have

|Te; — T = ||e;T*Te; — e;T*T — T*Te; + T*T|| — 0.
Note that, by definition, we have
IZ(E,R)=spanF*oF and Fix(E,R)=—spanF oF". (5.5)
In particular, we get
span((R|R)) CZ(€,R) and span|R)(R| C Fix(£, R). (5.6)

We are going to see later that the inclusions (5.4) and (5.6]) become equalities if we impose
more conditions on R.
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Proposition 5.2.3. Let & be a Hilbert B,G-module, let R C & be a relatively continuous
subset and denote A := Bx,G . Then F := F(E,R) C LY(B®H,E) is a concrete Hilbert

A-module. Moreover, if R is dense in &, then F is essential.

Proof. Since A C L£9(B ® H), and since the bra-ket operators are G-equivariant (see
Proposition 4.2.7), we have F C £9(B® H, ). By definition, Fo A C F and F*o F C A,
and hence F is a concrete Hilbert A-module. Suppose that R is dense in £. Then, by
Lemma 4.5.4/ and because A is a nondegenerate C*-subalgebra of £L(B ® H), we get

span(F(B® H)) =span(|R)) o A(B® H)) =span(|R)(B® H)) =£.
Therefore F is essential. O

Proposition [5.2.3 and Equation (5.5) show that Fix(£,R) is contained in £9(&). Since
£9(£) is (under the canonical identification £(€) = M(K(E))) the fixed point algebra
Mi(K(E)) ={z € M(K(E)) : vi(e)(x) = x ® 1} (see Proposition 2.6.13), we see that the
elements of Fix(E, R) are fixed by the coaction of K(&) and Fix(£,R) is a C*-subalgebra
of M1 (K(€)). Note that, by Theorem [5.1.3, Fix(€, R) is a nondegenerate C*-subalgebra
of L(€) if and only if F(E,R) is essential. For instance, this is the case if R is dense.

Proposition 5.2.4. Let £ be a Hilbert B, G-module, and let R C & be a relatively con-
tinuous subset of £. Then F(E,R) is a Morita equivalence between the generalized fixed
point algebra Fix(E,R) and the ideal Z(£,R) in B x,G".

Proof. Theorem 5.1.3 yields a canonical identification K(F) = spanF o F* = Fix(E, R),
where F := F(£,R). And by definition of the A-valued inner product on F (see Equa-
tion (5.2)), we have span{(z|y) : v,y € F} =span F*F =Z(E,R). O

In the situation above, R is, by definition, saturated if and only it 7 (E,R) is the entire
reduced crossed product B Xy G°. Thus, in this case, F (€,R) is a Morita equivalence
between Fix(£,R) and B x, G .

Example 5.2.5 (The group case). Let G be a locally compact group and consider
the corresponding quantum group G = Co(G). Let € be a Hilbert B, G-module, that is, a
Hilbert B-module with a (continuous) action vy of G compatible with a (continuous) action
B of G on B. Given &,1n € &, we already know (see Example [4.1.8) that the operators
(¢l € L9(L*(G, B), &) and |n) € LE(E, L*(G, B)) are given by the formulas

(elcl = (€)1 O wlef=L%@ﬁ®&

forall ( € £,t € G and f € C.(G, B) C L*(G, B). Tt follows from the formulas above that
the operator (£ |n)) € £L9(L*(G, B)) is given by

mwm:ém@me@w:Am&m%wmww, (5.7)
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for all f € C.(G,B) and t € G. Now recall from Remark 2.7.1 that the reduced crossed
product C7 (G, B) C LY(L*(G, B)) is generated by the operators px, with K € Cc(G, B),

where

(Pl = /G Bu(K(115)) £ (5) ds

for all f € C.(G,B) and t € G. An operator in the above form for a (not necessarily
compactly supported) continuous function K : G — B is called a Laurent operator with
symbol K ([19, 48]). Comparing with Equation (5.7), we see that (£ | 7)) is a Laurent
operator with symbol (also denoted by) (& | n)(t) := (€| v%(n)). In particular, we see
that if (& |n) € C.(G, B), then ¢ ~ 5. In particular, if G is compact, then every subset
of £ is relatively continuous. In general, of course, the problem is that we only have
{(&Im) € (G, B) and it may happen that (& |n) ¢ C;(G, B).

Let us consider a special situation which is, in fact, the motivation for all the theory of
relative continuity and generalized fixed point algebras. Namely, we consider G acting on
a locally compact (Hausdorff) space X. Let a be the induced action of G on B = Cy(X):
a(f)(p):=f(t ' -p)forallt € G, f €Co(X) and p € X.

Let £, € C.(X) and consider the kernel function (& |n)) € Cp(G, B) given as above
by (€M) (1) = (€lan(n) = Eau(n) for t € G. Since B = Co(X), we can regard (£ | )
as a function of two variables given by (& | n)(t,p) = &(p)n(t~! - p) for all t € G and
p € X. Now suppose that the action of G on X is proper (as already mentioned, the
action on B is integrable if and only if X is a proper G-space). Then it follows that
{(&]m) € C.(G x X) C Ce(G, B) and therefore the corresponding Laurent operator ((£|n))
belongs to Cy(G, B). By Proposition 6.5 in [48], this implies that R := C.(X) consists of
square-integrable elements and is relatively continuous.

Now we describe the Hilbert C}(G, B)-module F := F(B,R). Given £ € R and
K € C.(G, B), we define

Ex K = /G o (EK (1)) dt.

Then it is easy to see that |£ x K)) = |£)) o px (in fact, this is true for any Hilbert B, G-
module; see [48]). Note that £ x K is represented by the function

(€% K)(p) = /G (Y Kt p)dt = /G £t p)K (b1 p)oa(t) ™ dr.

Thus & * K belongs to C.(X) and hence the operation above turns C.(X) into a right
Cc(G, B)-module. Since C} (G, B) is the closure of the operators px, where K € C.(G, B),
we see that F is the closure of |C.(X))) in £L%(L?(G, B), B). If we forget the representation
K +— pg and so identify C.(G, B) C C}(G, B), then C.(X) can be seen as a pre-Hilbert
C*(G, B)-module with respect to the inner product (& |n))(r, p) = &(p)n(r~'-p). Moreover,
it follows that the completion of C.(X) is isomorphic to F via the map & — [£)).

Finally, we describe the generalized fixed point algebra Fix(B,R). We claim that
Fix(B,R) = Co(G\X), where G\ X denotes the quotient space. Note that Fix(B,R) is
the closed linear span of the operators E1(£7) = |£))((n], where £, n € C.(X). Thus

Fix(B,R) = {E1(f) : f € C.(X)}.
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By Corollary [3.2.19 and Proposition 4.1.10(i), the element E;(f) € M(DB) is equal to the

strict unconditional integral [' a;(f)d¢, and under the canonical identification M(B) =
Cp(X), it is represented by the function

Ev(f)(p) = /G )t

Note that Ei(f)(s-p) = Ei(f)(p) for all s € G and p € X. Thus Ei(f) € C(G\X)
(here we identify Cp(G\X) C Cp(X) via the quotient map X — G\X). Moreover, since
f € Co(X), we have Ey(f) € C.(G\X) C Co(G\X). Hence Fix(B,R) C Co(G\X). This
inclusion has dense image by the Stone—Weierstrass theorem.

We conclude that Fix(B,R) = Co(G\X). In particular, F is a Morita equivalence
between Cyp(G\X) and the ideal of C} (G, B) generated by the functions (£ |n)) € C.(G, B),
€,m € Ce(X).

Before finishing this example, let us mention that in the situation above the full and the
reduced crossed products C} (G, B) and C*(G, B) are isomorphic (see [60), Theorem 6.1]).

Finally, we mention that R is saturated if and only if the action of G on X is free and
therefore, in this case, Co(G\X) is Morita equivalent to C}(G, B). Thus we can think of
saturation as a generalization of freeness.

For a further discussion of this example, see [64], 65, 66] and the references therein.

From the previous example, it follows, in particular, that C.(G) is a relatively contin-
uous subspace of the G-C*-algebra Cy(G) endowed with the action oy(f)|s = f(t!s) for
all t,s € G and f € Cy(G). This action is equivalent to the action obtained by considering
Co(G) as a quantum group and letting it coact on itself by the comultiplication.

Thus, it is natural to ask what happens in the general case of a locally compact
quantum group G coacting on itself by the comultiplication. By Proposition 3.2.12, we
know that G is an integrable G-C*-algebra in this way. Is there some (dense) relatively
continuous subspace of G?7 The following result answers this question.

Proposition 5.2.6. Let G be a locally compact quantum group and let G coact on itself
by the comultiplication A. Then there is a mon-zero relatively continuous subset of G if
and only if G is semi-reqular. In this case, any subset R C Gg; is relatively continuous (in
particular, G itself is relatively continuous) and

F(G,R) = (1g® H)W C L(G® H,G),?

where Hy := span(écA(gR*)) C H and W € L(G® H) is the left reqular corepresentation
of G. In particular, if R # {0}, then

Fix(G,R) =Clg 2 C and I(G,R)=W*(1® K(Ho))W 2 K(Hp).

There is a saturated, relatively continuous subset of G if and only if G is regqular.

2Here H denotes the set of all £&* € £L(H,C), with £ € Hy. Recall that £* is the element of £L(H,C)
given by £*(n) = (¢|n) for all n € H.
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Proof. By Proposition 3.2.12, we have Gs; = N} and, for all §,n € NV = G,

(&lm) = WA [AE))AN )W € W (1 © K(H))W. (5-8)

Furthermore, we have R
Gx. G =W*(1e )W, (5.9)
where C := span(gé ‘) (see Section 2.7.4). Thus the existence of a non-zero relatively

continuous subset implies C N IC(H) # {0}, so that G is semi-regular by Proposition 2.7.9.
Conversely, if G is semi-regular, then K(H) C C and hence any subset R C Gy = J\/;f is
relatively continuous by the same calculation as above. Moreover, by Proposition [3.2.12]
we have [€)) = (1 ® A(£*)*)W for all £ € Gg. Thus, Equation (5.9) implies

F(G,R) = span((1® A(R"))W(G . G°)) = span((1 & AR)*C)W) = (1 Hy)W.

Finally, we prove that there is a saturated relatively continuous subset R C G if and
only if G is regular. In fact, if G is regular, then K(H) = C and hence for R = N we get

span(R|R)) = W (1 @ (spanf{|A(§))(A(n)] : §,n € No})W

—W*AQKH)W =G %, G".

It follows from Equation (5.6) that Z(G,R) = G %G °, that is, R is saturated. Conversely,
suppose that R C Gy = N';f is relatively continuous and saturated. In particular, R # {0}
and hence G is semi-regular. It follows from Equations (5.8)) and (5.9) that

Gx, G =17(G,R) = span(G >, G ((R|R))G %, G)
= span (W*(1® C)(JA(R*)) (A(R)])(1 ® C)W)
CW1eKH)W CGxG" .

In the last inclusion above we have used the semi-regularity of G. We conclude that
W*(1® K(H))W =G %, G and this is equivalent to the regularity of G. O

Next, we analyze the G-Hilbert space H = LQ(Q). Recall that the coaction on H is
given by vy (&) = W*(§ ® 1) for all £ € H, where W is the left regular corepresentation
of the dual G. We already know that H is square-integrable. In fact, this will follow
again from the result below where we show that we can also always find a dense, relatively
continuous subspace of H.

Before stating the result we need some preparation. Recall that G is equal to the closure
in £(H) of the space of the operators A(w) = (w ®id)(W) with w € L(H),. Similarly, the
dual G of G is given by the closure of the operators A(w) = (w ® id)(W) with w € L(H)s.
By Theorem 1.11.13 in [73], the dual left Haar weight ¢ of G has a GNS-construction of
the form (H, i, A), where i denotes the inclusion G — L(H).

Let 75 C G be the Tomita x-algebra of the dual left Haar weight ¢. We need the
following result from [73, Proposition 1.11.25] (applied to the dual é)%

3Recall that our convention for Hilbert spaces is that the inner product is linear in the second variable.
In this way we get some modified results in comparison with results using the other convention as, for
example, in [73]. The next result is one example.
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Lemma 5.2.7. For every a € 15 and n € H, we have
5‘(‘“[\((1),77) eN, and A(S\(w;\(a)m)) =Jé

where & is the modular group of ¢ and J is the modular conjugation of ¢ in the GNS-
construction (H,i, ).

Recall that QAC = j,C’jj denotes the C*-commutant of the dual G\

Proposition 5.2.8. Let G be a locally compact quantum group and consider H = L*(G)
with the coaction v defined above. Then R := A(73) is a dense, relatively continuous

subspace of H and we have |£)) = JA&% (a)*J for all € = A(a) € R. Moreover,
F(H,R)=TI(H,R)=Fix(HR)=G".
Proof. By definition, we have
E€Hg = v (n®1) €N, Vn € H <=

(E D)W1) = (we,y @id)(W) = Nwey) € Ny, Vi € H.
Lemma [5.2.7 implies that & := A(a) € Hg for all a € 75, and

{&ln = j%(a)jn, Vne H.

In other words, we have |£)) = J6: (a)*J. Moreover, since Jé:(a)*J € G* =C %, G, we
2 2

get that R = A(7}) is a dense, relatively continuous subspace of H. Since J&; (75)*J is
2
dense in G C, we conclude that
F(H,R) = span(|R)G ") = span(J6: (T;)*JG') = G .
And hence R
Fix(H,R)=Z(H,R) =G . O

Next, we consider one of the most important examples, namely, the Hilbert B, G-
module B ® L?(G), where B is some fixed G-C*-algebra. Recall that we always consider
B ® L?(G) endowed with the coaction defined by Equation (4.2):

Yo (C) = XasWas(vp ®id)(¢), (€ B® H.

Proposition 5.2.9. Let B be a G-C*-algebra. Then R := B@JA\(’Z@) is a dense, relatively
continuous subspace of the Hilbert B,G-module B ® H, and

b@ &) = (1 ® J61(a)"J)yp(b) for allbe B and & = Ala) € M(T).
Moreover, F(B® H,R) =I(B® H,R) =Fix(B® H) = B %, G".
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Proof. Note that 1p®¢& € M(B®H )y for all £ € Hg;. In fact, we have 150§ € M(B®QH )
if and only if 15 ® |£)(¢] € M(B ® K(H));, and this follows from the fact that the map
KH)>T—1p®T € M(B®K(H)) is G-equivariant (see Proposition 3.3.1). Moreover,
we claim that

&) =1p@I[E), &€ H.

Indeed, it is easy to see that yper(lp ® €) = 1 ® vr(§) and hence, for all c € B,n € H,

(15 @ l(con) = (idp © A)(vpen(1p © € (c©n© 1g))
= (idp @ A) (c®yu(£)* (n® 1g))
=c@ A(yu(€)*(n®1g))
=c® (¢[n.

Therefore (1p ® {| = 15 ® (| or, equivalently, |[1p ® £)) = 15 ® |£)), for all £ € Hg, as
claimed. It follows from Proposition 4.1.10(ii) that b® £ = (15 ® £)b € (B ® H)g for all
be B and £ € Hy and

b® &) = (1B @[E))vB(D).

In particular, if £ = A(a), where a € 75, then it follows from Proposition [5.2.8 that
be €€ (B® H)g and

b@&) = (1p@ Joi(a)T)yp(b) € 1©G )yp(B) C B2 G . (5.10)

D[

Thus R := B® A(Zp) is a dense, relatively continuous subspace of B ® H, and

Hence
Fix(B® HR)=Z(B® H,R)=Bx,G . O

Let £ be a Hilbert B,G-module and consider on the Hilbert B-module £ ® H the
following coaction of G:

Yeon(C) = Xo3Was(ve ®idg)(¢), (€ &®@H,

where ¥ : G ® H — H ® G is the flip operator. This is the same coaction considered in
Example 2.6.18(3), and if £ = B, we get the coaction yggy of G on B ® H defined by
Equation (4.2)). Thus, the following result generalizes Proposition 5.2.9.
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Proposition 5.2.10. Let £ be a Hilbert B, G-module and consider on € ® H the coaction
of G defined above. If £ € € and v € Hg, then E @ v € (€ ® H)g and

E@v) = (1e ® [v))re ()"

Suppose that the coaction of G on £ is continuous. Then R := £ ©® f\(’]},) 18 a dense,
relatively continuous subspace of £ ® H, and we have

FEQHR) =Ex:G, Fix(E,R)=K(E»:G)2KE) %G, T(ER)=I%G,
where I :=span(&|E)p.> In particular, if £ is full, then R is saturated.
Proof. First note that

YeoH (€ ®v) = Bp3Was(ve @ 1dg) (£ ®@ v)
= Y3Waz(ve(§) ® v)
= Yo3Was(le @ 1g @ v)7ye(§)
= (le @ TW (1g @ v))7e(€)
= (le @ vu (v))7e(8)-

Since v € Hg, we have z := yg(v)* € /\_fidH*@p (Proposition 4.1.4). It follows that 1l¢ ® z €
Nidyop, where X := K(€ ® H,&) (considered as a Hilbert K(€), (€ @ H)-bimodule).
In fact, z*z € ./\/liJgK(H)@(p and hence 1¢ ® z*2 € M;&}C(mm@w, that is, 1¢ ® 2 € Nid o

Moreover, by Proposition 2.4.21(iv), we have, for all n € £ and ( € H,
(idy @ A)(1g @ 2)(n®¢) = (idg ® A) (n @ 2({ ® 1g))
=n®A(2(¢C® 1g))
=n® (idg- ® A)(2)¢
= (le ® (idg~ ® A)(2)) (n @ Q).

Thus (idy ® A)(le ® 2) = 1g ® (idg+ ® A)(2). It follows now from Proposition 2.4.21(v)
that yeemr (€ ® v)* = ve(£)*(1g @ vy (v)*) € Md(S®H)*®<P’ that is, { ® v € (€ ® H)g, and

(E@v| = (idEggm @A) (veon (€ ®v)*)

In other words, we have | ® v)) = (1¢ ® |[v)))7e(€). Now, if v € A(T3), then we know from
Proposition [5.2.8 that |v)) € G Thus, if ¢ is continuous, then Proposition 5.1.5/ implies
that N ~

E@v) = (Le @ [v))7e() € 1®G )e(E) C €% G .

*Here we identify ve(€) € M(E®G) C L(B® H,E ® H). See coments before Proposition [5.1.5.
®Recall that I is a G-invariant ideal of B (see Proposition 2.6.24).
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Since € %, G is a (concrete) Hilbert B x; G “-module, it follows that R = £ ® A(T¢) is a
(dense) relatively continuous subspace of £ ® H and
F(€ @ H,R) = span(|R)(B % G"))
= span((le @ |A e (E)(B % G))
= span((le © G )e(E)(B % G))
((€%,G°) Bxg)):é’xr@c.

= span ((

It follows from Proposition [5.1.5/ that

HZ

Fix(&,R) = K(Ex:G ) 2K(E) G and I(E,R)=1x.G . O

Remark 5.2.11. Let notation be as in Proposition [5.2.10. For each & € £, the operator
ve(§) € M(E ® G) considered as an element of £L(B® H,E ® H) is G-equivariant, that is,
for all ( € B® H we have (see the proof of Proposition 5.1.5)

vear(Ve(€)C) = (e(§) ® 1g)vBoH ()
Therefore, by Proposition 4.1.10(iii), v¢(§)¢ € (€ ® H)s for all ¢ € (B ® H)si, and

7 (€)C) = 7£(€)ICN-

By Proposition 5.2.9, R := B ® A(’Z;,) is a relatively continuous subspace of B ® H and

|R)) is dense in B X G°. Tt follows that ve(E)R is a relatively continuous subset of € @ H
and
F(E® H,ve(E)R) =5pane(E)(B», G ) =E %, G .

Since the linear span of 7¢(€)(B ® G) is dense in £ ® G, it follows that the linear span of
ve(E)R is a dense, relatively continuous subspace of £ ® H. Note that this argument does
not use continuity of the coaction ~g.

We have seen in the Example 5.2.5/that in the case of a compact group G, every subset
of a Hilbert B, G-module is relatively continuous. Now we show that this remains the case
for arbitrary compact quantum groups.

Proposition 5.2.12. Let G be a compact quantum group and let £ be a Hilbert B, G-
module. Then any subset of € is relatively continuous. In particular, &£ itself is relatively
continuous. Moreover, we have

Fei=F(E,E)=(1g ®)E % G,

where §; := A(1) € H.® The generalized fized point algebra Fix(€) := Fix(E,E) is the
usual fixed point algebra

Fix(€) = (1@ 6))K(E % G ) (1@ 61) = { € K(E) : yqe () = 2 ® 1),

Recall that 8 denotes the element of L(H,C) given by &1(n) = (61 |n) for all n € H. Thus lg ® 6} is
an element of £L(E ® H,E).
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and it is Morita equivalent to the ideal Zg := T(E,E) C B X, G* given by
Te =span(€ %, G ) (1@ p1)(€ x: G*) = spanye(€)*(1e ® p1)ve(€),
where p1 :=|61)(01| € K(H).

Proof. We already know that & = &;. Thus we have to show that, for any §,n € £, the
element ((¢|n)) belongs to B x; G . Recall from Example 4.1.7 that

(&l =766 (1xe) ®61) forall{ €&,

Thus
(&lm) = 7€) (1e) @ p1)ve(n).

We may assume that ¢ is a state, that is, ¢(1) = 1. Thus §; is a unitary vector and hence
p1 is a projection. Note also that ¢ = ws, 5, € L*(G). We claim that p; = p(¢) (recall
that p(w) = (id ® w)(V*), where V is the right regular corepresentation of G). In fact,
by Equation (4.4), we have (using that compact quantum groups are unimodular, so that

Y (id @ ) (V)A(b) = A((id ® p)A(b)) = A(1p(b)) = d1¢(b)
for all b € G. On the other hand

p1A(b) = [01)(01|A(b) = 61 (A(1)[A(D)) = d1¢p(b).-
Thus (id ® ¢)(V) = p1 and hence

p(p) = ([d @ @)(V*) = (id® )(V)" = pi = p1.

In particular, p; € p(L'(G)) C G°. We conclude that the operator

(&lm) =€) (Ix(e) @ p1)ve(n)
= ((1xe) ® p1)1e(€) " ((Lxe) ® p1)ve(n))

belongs to (€ x; G)*(€ x: G°) € B x, G° by Proposition 5.1.5. Here we are using
that compact quantum groups are regular, so that ¢ is automatically continuous (see
Remark 2.6.9(3)). Therefore any subset of £ is relatively continuous.

The equation |£) = (1 ® 6%)ye(€) yields
Fe =span(l ® 67)1e(E)(B x: ) = (10 61)€ %, G
Hence
Fix(€) = span(1 @ 6)(E x: G )(E x: G )* (1 ®61) = (1@ 5)KE x: G )1 ®61),
which is therefore Morita equivalent to
Te =span(€ %, G ) (1@ p1)(€ . G°).
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Moreover, by Proposition 2.6.10, the linear span of L'(G) * £ is dense in £&. Combining
this with Propositions 4.3.13 and 4.3.14/ (and using that G is unimodular, so that L}(G) =
LY(G)), we get that

€)= span((1© 67)7e(6) (10 #(L'(9))
—span((1®(51)’y @)1 ))

~c

=(1®a)(E€x§G )= TFe.

In particular,
Te = span((€ | E)) = spanye(E)* (1 @ p1)ve (),

and (using the equality ws, 5, = ¢)

Fix() = span |€)) (€]
= span(1 ® 67)vk(e)(K(E))(1 ® 61)
= span(idi(gy ® ) (k&) (K(E)))
={r € K() : 1k e)(z) =2 @16},

where the last equality is proved in the following way: since vic(g)(K(£)) is contained in
M (K(€) ®G) (which is equal to K(£) ® G because G is unital), and since ¢ € G*, we have

(idice) ® ) (7c(e) (K(E))) S {z € K(E) : ke () = 2 ® 1}
Conversely, if yg)(z) = 2 ® 1g, then (idxg) ® ) (V&) (®)) = 2, and therefore
Fix(&) = {z € K(€) : yx(e)(7) = 2 @ 1g}. O

Remark 5.2.13. In the case of a G-C*-algebra A with G compact, the Morita equivalence
between Fix(A) and the ideal Z4 in A x, G was proved by Ng in [54]. He also defined an
interesting condition on the coaction: 4 is called effective if the linear span of y4(A)(A®1)
is dense in A ® G. This condition implies that R = A is saturated, that is, 74 is equal to
Ax.G° (Jp4, Lemma 2.6]). Thus, in this case, Fix(A) is Morita equivalent to Ax,G . Note
that comultiplications are effective and hence any dual coaction is effective. Observe that
this result applied to the comultiplication A of G and combined with Proposition 5.2.6
yields what we already know: any compact quantum group is regular.

The following result provides a canonical way to associate relatively continuous sub-
spaces of & to relatively continuous subspaces of IC(£). It also provides a formula for the
corresponding Hilbert modules over the reduced crossed product (and therefore also for
the generalized fixed point algebras).

Proposition 5.2.14. Let G be a locally compact quantum group and let £ be a Hilbert
B, G-module with a continuous coaction of G.
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(i)

(if)

Suppose that there is a left action w: A — L(E) of a G-C*-algebra A turning € into
a G-equivariant right-Hilbert A, B-bimodule. This means that w is a G-equivariant
nondegenerate x-homomorphism. We will use the module notation for the left action:

a-&:=m(a)f foralla€ A and £ € £.

If R is a relatively continuous subset of A, then R-& is a relatively continuous subset
of & and

F(ER-E) =span(F(AR) € x:G) ZF(AR)®,, ge (€2:G),

where for z € F(A,R) C L(A® H,A) andy € €%, G° C L(B® H,E® H) we are
using the notation x -y := (7 @ idg~)(z)y.”

In particular, if R is a relatively continuous subspace of K(E), then R(E) is a rela-
tively continuous subspace of £ and

c

F(€.R(E)) = span(F(K(E), R) o (€ %: G)) = F(K(E). R) Spe(eyge (€ %6 G°).

If R is a relatively continuous subset of &€, then |R)(E| is a relatively continuous

subset of K(E) and

~c

F(K(E),IRNE|) =span(F(£,R) o (E* %: G)) 2 F(E,R) @, ge (5 x:G).

Proof. (i) It follows from Proposition [4.1.10(iv) that R - £ C & and, for all @ € R and
& € &£, we have

la- &) = (m ®@idg-)(la))re(§) = [a)) - 7 (§)-

Thus, for all a,b € R and &,n € £ we get

{a-€lb-n) = 7(&)" (r @ id) (el b))rve(n) = 1e(€)" (7 > G ) ((alb))re(n),

where K := K(H). Since R is relatively continuous, we have {(a|b)) € A x, G°. Thus to
prove that R - £ is relatively continuous it is enough to prove that

Y (E) (7 % G ) A X G )e(E) S B x, G

Ifce A 2€G and £, n € € then

Ye(€)* (7 >0 G ) (1@ &)ya(e))e(n) = (€)™ (1 @ &)cqey () )y ()

= 7e(E)* (1 @ 2)ye(m(c)n) € (E%: G ) (E % G)C B, G .

Hence R - £ is relatively continuous. We compute

Ex,. G = (A xréc) (& xréc)
= (1% G) A% GNE =G

= (r®idK)(Ax: G)(E x: G,

"Recall that 7 ®@idw+ : LA® H, A) — L(E® H, £) and therefore the composition (7 ®idm+)(z)y makes

sense.
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and hence

~

FER -E) =5span|R-EN(B x4, G)
= span(|R)) - 1£(€))(B % G")

Finally, it is easy to see that the map x ® y — x - y, where z € F(A,R) and y € £ %, G*,
induces an isomorphism

F(AR) @, 5 (Ex:G) Zspan F(A,R) - (€%, G).
(ii) By Proposition 4.1.10(v), we have |R)(E£| C K(€)si and, for all £ € R, n € &,

|1€)(n1)) = 1EDe (m)*.
Thus, if £1,& € R and 01,12 € € we get

~c

(l&n) (mlIgz) (mal)) = ve (m) (€1 [€2)ve(m2)” € (€ 0r G )(E 2 ) CK(E) %, G

Thus |R)(&| is relatively continuous and because £* X G = (B x; G)E %, G) we
conclude that

Finally, it is easy to see that the map z @ w — zow, where z € F(£,R) and w € £* xrgA°,
induces an isomorphism

F(E,R) @p, g (€72 G") 2 span F(E,R)(E* x: G°). O

In the group case, it is a basic observation that C}(G, A) appears as a generalized
fixed point algebra of A @ K (LZ(G)), where G is a locally compact group and A is a
G-C*-algebra. Using the result above we can now prove the following generalization:
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Proposition 5.2.15. Let G be a reqular locally compact quantum group. Let £ be a Hilbert
B, G-module with an injective coaction of G and consider the G-C*-algebra A ® K, where
A= K(€) and K := K(L*(G)). Then there is a dense, relatively continuous subspace
R C AR K such that

FARK,R) = (Ax.G)®L*G)*, Fix(A®K,R)=Ax. G,
and T(AOK,R) = (A%, G )K= (A®K) %, G .
Hence A %, G* appears as a generalized fixed point algebra of A ® K.

Proof. Note that ~¢ is injective if and only if v4 is injective. Thus (A,~4) is a reduced
coaction of G. Since G is regular we have (Proposition 2.7.16)

Axré\c X GEARQK.

Hence (Ax,G°) %, G = (A%, G°)®K. By Proposition 5.2.10, there is a dense, relatively
continuous subset Rg C £ ® L?(G) such that

FERL*G),Ro) =Ex:G = E@p (Bx:G).

By Proposition [5.2.14(ii), R := span(|Ro)(&|) is a dense, relatively continuous subspace
of K(€ ® L?(G)) =2 A® K and

c

FA®K,R) = F(£ @ L*(G), Ro) ®p,, ge (€@ L*G))" % G

Now note that

c

(E@LXG) %: G 2 (£* @ L*(G)") ®ack (AB®K) % G

2(9)") ®ask (A% G) @K

Thus
FARK,R)Z(Ex:G )@y, ge (€6 )@ L G) = (Ax: G ) ® L*(G)".

Therefore,
Fix(A®K,R) = A%, G

and
TAQK,R) 2 (Ax G )oK~ (A®K) %G . O

In the situation above, we have A Q@ K = A x, QAC X G. Thus A® K is a dual coaction
and therefore the following result generalizes the proposition above.
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Proposition 5.2.16. Let G be a regular locally compact quantum group and suppose that
& is a Hilbert B, G-module, where B is a reduced G-C*-algebra. Consider the dual coaction
of G on & Xy G° as in Remark 5.1.6(2). Then there is a dense, relatively continuous
subspace R of € X QAC such that

FExG R)ZL*G)*®E, Fix(€x:.G ,R)=K(E),
and Z(E %G R)ZIQKCBRKEBx:G %G,

where I := span(€ | E)p C B and K := K(L*(G)). In particular, if € is full, then R is

saturated.

Proof. Let A := G ‘., where G° is regarded as a G ‘-C*-algebra (with the comultiplication as
coaction). Since G is regular, Proposition 5.2.6/ implies that Ry := Ag; is a dense, relatively
continuous subspace of A and

F(A,Ro) = (g ® LX(G))W = L*(G)".
Consider the canonical G ‘_equivariant nondegenerate *-homomorphism
A= LEXG), zo7@) =10

By Proposition 5.2.14(i), R := span(m(Ro)(€ X, Q\C)) is a (dense) relatively continuous
subspace of £ X, § “ and we have

FE %G\ R) 2 F(ARY) Rarg (Ex: G %, G).
Since B is reduced and G is regular, we have

£x:G G2 (E®(Bx:G)) @, ge (Bx:G %:G)
~Ep(BoK)=EaK.

Since G is regular, we also have A x, G = QAC X G =2 K. Thus
F(€x: G, R) = LX) @k (E®K) = L*(G)" ® &.
And therefore

Fix(€ x; G, R) 2 K(E) and Z(Ex.G ,R)=I®K. O

5.3 Completions of relatively continuous subsets

In general, for a given Hilbert B, G-module £ there may be several relatively continuous
subspaces R C €& yielding the same Hilbert module F = F(E,R). In this section we
impose more conditions on R to minimize this choice.

In this section we shall use the Banach algebra L}(G) C L'(G) defined in Section 4.3
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Definition 5.3.1. Let £ be a Hilbert B, G-module. A subspace R C & is called complete
if R is || - ||si-closed, L}(G)-invariant and also B-invariant, that is, if w * & and £ - b belong
to R for all € € R, w € L}(G) and b € B. Here * denotes the left action of L(G) on &
induced by the coaction of £ (see Equation (2.18)) and - denotes the right B-action.

The completion of a subset R C &, denoted by R, is the smallest complete subspace
of & containing R.

Note that & is complete by Propositions [4.1.10(ii), 4.1.11 and 4.3.8, and hence R
is complete if and only if R is an L}(G), B-invariant closed subspace of &. Since the
intersection of complete subspaces is clearly complete, the completion of a subset R C &
always exists and is the intersection of all complete subspaces of & containing R.

If R C & is an L{(G), B-invariant subspace, then so is the si-closure R” by Proposi-
tions4.1.11 and [4.3.8, and therefore R, = R". In general, we can describe the completion
of a subset R C & as the si-closure of the smallest L(l)(g),B—invariant subspace of &
containing R. Let us describe this in more detail. We define Ry := span’R and also R,
n € N, recursively by

Ry = span(RoURo-B), Ro = span(R1 UL(l)(g)*Rl), R3 := span(RQURg-B),
Then it is easy to see that

)
R := span U Ry
n=0
is the smallest L(l)(g), B-invariant subspace of &; containing R, and therefore the comple-
tion of R is R = ﬁiio.
Proposition 5.3.2. Let £ be a Hilbert B,G-module. If R C & 1is relatively continuous,
then so are R - B, L{(G) *x R and ﬁSi, and we have

F(E,R) = F(ERY) = F(E,R - B) = F(E, L}(G) * R).
Moreover, the completion R of R is also relatively continuous, and we have
F(E,R) =F(€,Re).

Proof. Let £ € R, b € B and w € L}(G). By Propositions 4.1.10(ii) and [4.3.8, we have
the formulas |£ - b)) = |£)vp(b) and |w * £)) = |£)) (15 ® pw). Since yp(b) and (15 ® p,,) are
multipliers of B X, § ‘ (remember that p, € QA °: see Proposition 4.3.13), it follows that
R - B and L}(G) * R are relatively continuous. And from the definition of || - ||s it also

follows that R° is relatively continuous. .
Let A:= B x, G . By definition of | - ||s; and because R C R, we get

F(E,R) C F(ERY) =span(|R™) o A) C span(|R) o A) = F(E,R).

Thus F(E,R) = f(S,ﬁi). By Proposition 4.1.10(ii) and because the linear span of
vB(B)A is dense in A we get

F(€,R - B) =span(|R)yp(B)A) = F(€,R).
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Analogously, by Proposition 4.3.8, and because the linear span of (1® p(L}(G))A is dense
in A (by Proposition 4.3.13)), we get that F(&, L§(G) * R) = F(E,R).

In particular, it follows that R, (defined above) is relatively continuous and F (€, R,,) =
F(E,R) for all n € N. In the same way one proves that R is relatively continuous. We

conclude that R, = ﬁilo is relatively continuous and

F(E;Re) = F(E,Reo) = 5pan (fj ]:(S,Rn)> = F(E,R). O

n=0

Remark 5.3.3. Let £ be a Hilbert B, G-module and let R, R’ C £ be relatively continuous
subsets. In general, it is not true that the union R U R’ is relatively continuous, even if
R’ = u(R), where u € £9(€) is some equivariant unitary. This happens already in the
case of (Abelian) groups (see [19) 48]). We are going to consider some examples later in
Example 6.11.1.

Given a complete subspace R C &, Propositions 4.1.10(ii) and 4.3.8 imply that |R))
is already a (concrete) A-module, where A := B x,G". In other words, we have |[R))o A C

|R)). Therefore, if R is also relatively continuous, then it follows from Equation (5.4) that

F(E,R) =span(|R) o A) C |[R)) C F(E,R),

that is, F(E,R) = |R)) for any complete, relatively continuous subspace. Combining this
with Proposition [5.3.2/ we get

F(E,R) = Re)), (5.11)
for any relatively continuous subset R C &y.

Corollary 5.3.4. For any relatively continuous subset R of a Hilbert B, G-module £, we
have

Fix(€,R) = span(|Re){(Rel) and  Z(£,R) = span({(Re|Re)))-

Since the bra-ket operators are G-equivariant we see (again) that Fix(E,R) is a C*-
subalgebra of £9(€) = M1 (K(£)). Proposition 4.1.10(i) yields the equality

Fix(€,R) = span{(idk(e) ® @) (vce) (1€ (0])) - €1 € Re} (5.12)

The following result gives a useful criterion to show that a subspace is complete or to
calculate its completion.

Proposition 5.3.5. Let £ be a Hilbert B, G-module, let R be a subspace of £ and suppose
that Dy C L{(G) and By C B are dense subsets.

(i) R is complete if and only if it is si-closed, Do * R C R and R - By C R.
(ii) If Dy * R C R and R - By C ﬁSi, then the completion of R is equal to R

Proof. By Propositions 4.1.11 and 14.3.8 the left L}(G)-action and the right B-action on
Esi are continuous with respect to || - ||si. The assertions now follow easily. O
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At this point, the following question naturally appears. Let R, R’ C £ be complete,
relatively continuous subspaces and suppose that (€, R) = F(€,R’). Does it follow that
R = R'? For locally compact groups, that is, for G = Co(G), this is in fact true (|48,
Theorem 6.1]). Unfortunately, this is not the case for general locally compact quantum
groups. Problems appear for non-co-amenable locally compact quantum groups G. In
these cases, coactions are not necessarily injective. Take any non-injective coaction (&£, ~g)
of a locally compact quantum group G. Note that any £ € ker(v¢) is square-integrable with
|€) = 0. Thus R := {0} and R’ := ker(y¢) are different complete, relatively continuous
subspaces with F(E,R) = F(E,R") = {0}. In order to circumvent this problem we need
an extra condition.

Definition 5.3.6. Let £ be a Hilbert B,G-module. We say that a complete subspace
R C & is slice-complete, or shortly, s-complete if for all £ € &, with (€]€) € B »,G",
one has

wrEeRforallwe L}(G) = £ € R.

The s-completion of a subset R C &, denoted by R, is the smallest s-complete subspace
of &; containing K.

Note that, by definition, & is s-complete, and intersections of s-complete subspaces
are again s-complete. Thus the s-completion of a subset R C & always exists: it is the
intersection of all s-complete subspaces of &; containing R.

Note also that any s-complete subspace contains ker(yg) because w * & = 0 for all
w € L§(G) and € € ker(yg). Thus, if 4¢ is not injective, the trivial subspace R = {0} is
complete (and relatively continuous), but not s-complete. The converse is also true:

Proposition 5.3.7. Let £ be a Hilbert B,G-module. Then the s-completion of {0} is
ker(vg). In particular, {0} is s-complete if and only if ve is injective.

Proof. 1t suffices to show that R := ker(vyg) is s-complete. Of course, Ry is complete.
Now suppose that £ € € and w * £ € Ry for all w € L{(G), that is,

0 =7e(w &) = 7e((ide ® w)(1£(€))) = (ide ® idg ® w)(ve ® idg) (Ve (£))-

Since w € L}(G) is arbitrary, it follows that

0= (7e ®@idg)(ve(€)) = (ide ® A) (7£(€))-

And finally, because A is injective, we get v¢(§) = 0, that is, £ € ker(ye) = Ro. Therefore
Ry is s-complete. ]

If one restricts to injective coactions, that is, reduced coactions, then it is not clear
whether there exist examples of complete subspaces that are not s-complete. This is
not clear even in the compact case. Suppose we have a compact quantum group G (in
particular, G is unimodular and hence L{(G) = L'(G)). In this case, we have & = &€ for
any Hilbert B, G-module, the si-norm is equivalent to the norm on £ and any subset R C £
is automatically relatively continuous by Proposition [5.2.12. Thus a complete subspace
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R C &, that is, a closed L'(G), B-invariant subspace of &, is s-complete if and only if for
all £ € &, the condition w * ¢ € R for all w € LY(G) implies ¢ € R. Note that this has a
relation with the “slice map property” for the triple (G, £, R), which says the following;:

forallz € E® G, if (idg @w)(z) € R for all w € G*, then z € R® G.°

In fact, suppose that R is an L'(G), B-invariant closed subspace of £ satisfying v¢(R) C
R®G, and suppose that R is s-complete. This means that given & € £, if (idg®@w)(7£(§)) =
wk € € R forall we LYG), then &€ € R. Since L'(G) € G* and 7¢(R) € R ® G, this
implies the slice map property above for elements x € v¢(R). The problem is that the
slice map property is known to be false in general. But it is not clear to me whether some
of these counterexamples fit into our setting.

By the way, the relation above between s-completeness and the slice map property was
the reason to adopt the terminology “slice-complete”.

Remark 5.3.8. Note that every complete subspace R C & satisfies the following property:
for all £ € &; with (€]€) € Bx,G*,if £-be R for all b € B, then £ € R. In fact, let (e;)
be an approximate unit for B. Then ¢ - ¢; — & and yg(e;) — 1 strictly in M(B %, G°).
Now the condition (¢ |£)) € B x, G means that R’ := {¢} is relatively continuous. Thus
F = F(E,R) is a (concrete) Hilbert A-module, where A := B x, G°. Thus, by Cohen’s
Factorization Theorem, for any = € F, the map M(A) 3 a — = -a € F is continuous
for the strict topology on M(A) and the norm topology on F. Equation (5.4) says that
|£) € F. Thus

€ - ea)) = 1&)) o vm(ei) — [£))-

Hence £ - ¢; — £ in the si-norm and therefore £ € R.

Note that one important point above was the use of a (bounded) approximate unit for
B. In order to follow the same idea above and try to prove the same property for the left
Lé(g)—action, that is, to prove that every complete subspace is automatically s-complete,
one needs a bounded approximate unit for L{(G), that is, one needs co-amenability of G.
This is the content of the next result.

Proposition 5.3.9. Let £ be a Hilbert B, G-module and suppose that G is co-amenable.
Then every complete subspace R C &g is automatically s-complete.

Proof. Let (w;) be a bounded approximate unit for L}(G) (Proposition 4.3.17). Then

pw; — 1 strictly in M(B %, §C) Using Proposition 4.3.14, one can now follow the same
idea as in Remark [5.3.8. O

Proposition 5.3.9 applies to actions of locally compact groups, that is, to coactions of
G = Cy(@), where G is a locally compact group, because Cy(G) is always co-amenable as
a quantum group. On the other hand, it does not apply to coactions of groups, that is, to
the dual C¥(G), unless G is amenable. Indeed, as already mentioned, the quantum group
C}(G) is co-amenable if and only if G is amenable (see comments before Definition 2.5.4).

8 Since R is a closed B-invariant subspace of &, that is, a Hilbert B-submodule of &, it makes sense to
write R ® G. This is the external tensor and it is identified with the closed linear span of R©® G C £ ® G.
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Proposition 5.3.10. Let £ be a Hilbert B, G-module, and let R be a complete, relatively
continuous subspace of Esi. FEquipped with the si-norm, R is a mondegenerate Banach
right B-module, that is, R - B = R. Moreover, if G is co-amenable, then R is also a
nondegenerate Banach left Ly(G)-module, that is, L}(G) * R = R.

Proof. We already know that R is a Banach left Lj(G)-module and also a Banach right
B-module. We only have to prove the nondegeneracy of the actions. Now, if (e;) and
(w;) are bounded approximate units for B and L{(G), respectively, then, as we saw in
Remark 5.3.8/ and Proposition /5.3.9, we have { - e; — § and w; x § — § with respect to
the si-norm, for all £ € R. Therefore, by Cohen’s Factorization Theorem, R - B = R and
Li(G)*R =R. O

If G is not co-amenable, then the conclusion of Proposition [5.3.10 does not hold in
general. A trivial example can be found in the case of non-injective coactions. In fact,
if (£,7¢) is a non-injective coaction, then R := ker(vg) is relatively continuous and s-
complete (Proposition [5.3.7), but L*(G) * R = {0}. Note that the same problem appears
even if G is compact because compactness does not imply co-amenability.

Definition 5.3.11. Let £ be a Hilbert B,G-module. We say that a complete subspace
R C &y is essential if span® (L{(G)*R) = R. In this case we also say that R is e-complete.

With this new terminology, Proposition 5.3.10 says that every complete, relatively
continuous subspace R C £ is essential provided G is co-amenable. And as we have seen
above, ker(vg) is relatively continuous and s-complete, but it is e-complete if and only ~¢
is injective. If one restricts to injective coactions, then it is not clear, whether there exist
examples of non-essential, relatively continuous, complete subspaces.

Proposition 5.3.12. Let & be a Hilbert B,G-module and let F C LY(B®L*G),E) be a
concrete Hilbert A-module, where A := B X, G°. Define

Rr:={{ €& &) € F},

Ry :={z(K):z € F, K € BOAT})}.

Then Rgg C R, both Rgg and Rx are relatively continuous, R is complete, and |7€9:>>
and |Rx)) are dense in F. In particular, we have

FERY) =F(ERF) =F.
Proof. Let Rg := B ® A(T3) € B ® L*(G). By Proposition 5.2.9, Ry is a relatively
continuous subset of B® L?(G) and |Rg)) is a dense subspace of A. Proposition 4.1.10(iii)
implies that Rof C &; and
IRE) =Fo|Ro) CFoACF.

Thus R% C Rz. This implies that |R%)) C [Rz)) C F. The equation above also shows
that |R%)) is dense in F o A which by Cohen’s Factorization Theorem is equal to F. Since
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F*oF C A, RF (and therefore ROF) is relatively continuous. Since F is a concrete A-
module and & is L} (G), B-invariant, it follows from Propositions 4.1.10(ii) and 4.3.8 that
Rz is L}(G), B-invariant as well. From the definition of | - ||s; and because & is si-closed,
it follows that Rz is si-closed. Thus R is complete. ]

Remark 5.3.13. Proposition 5.3.12/is a quantum version of Meyer’s result [48, Proposi-
tion 6.1] for classical groups. There is a small difference between our version and Meyer’s
version in [48], namely, the choice of Rof. For groups, that is, for G = Cy(G), where
G is some locally compact group, one can replace Rof by the more canonical choice
7?,0_7_- = {2(K) : = € F, K € C.(G,B)}. This set satisfies the same properties of RY%
defined above (this is exactly [48, Proposition 6.1]). The point here is that C.(G, B) is
also a relatively continuous subset of L*(G, B) and F(L*(G, B),C.(G,B)) = C}(G, B)
(this is proved in [48]). For an arbitrary locally compact quantum group G we may take
any relatively continuous subset Rg C B ® L*(G) satisfying F (B ® L*(G), Ro) = B »; G*
and define R} = {z(K) : + € F, K € Ro}. An argument analogous to that in the
proof of Proposition 5.3.12/ shows 7@9; C R (so that 7?,0? is relatively continuous) and
F(E,RY) = F(E,RF) = F. We are going to see later that if R} is chosen in this way,
then the s-completion of 7@0; is equal to Rx. In this sense, all such choices are equivalent.

Proposition 5.3.14. Let F C £9(B ® L%(G),€) be a concrete Hilbert B x; G -module,
where & is some Hilbert B, G-module. Then Rr is s-complete.

Proof. By Proposition 5.3.12, Rz is complete. Suppose that § € & is such that (&1€) €
B x,G" and w* & € Ry for all w € L}(G). By Proposition [4.3.8, this means that

w &) =)@ po) € F

for all w € L§(G). Since p(L}(G)) is dense in G°, there is a bounded approximate unit (e;)
for G° of the form e; = p(w;) with w; € L}(G) for all i. It follows that (15 ® e;) converges
strictly to 1 in M(B x, G"). Since (£]&) € B x, G*, we get

wi * &) = &) (1 ® p(wi)) — [€)-
Therefore |£)) € F, that is, £ € R and hence R is s-complete. O

Remark 5.3.15. Let F C £9(B ® L%(G),€) be a concrete Hilbert B x; G -modules as
above. Suppose that ¢ € & and wx & € Ry for all w € L}(G). In general, this does
not imply £ € Rz, even in the case of (Abelian) groups (see Example [6.11.1). Thus the
condition ((£]€) € B x, G° is important.

5.4 Continuous square-integrability

Throughout this section, G denotes a locally compact quantum group and B denotes a
G-C*-algebra. We are ready to give one of the main definitions of this work.
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Definition 5.4.1. A continuously square-integrable Hilbert B, G-module is a pair (£, R)
consisting of a Hilbert B, G-module £ and a dense, complete, relatively continuous subspace
R C &. If, in addition, R is s-complete, then we say that (£,R) is an s-continuously
square-integrable Hilbert B, G-module.

The generalized fized point algebra associated to a continuously square-integrable Hilbert
B, G-module (£, R) is the C*-algebra Fix(€, R) = span |R))(R].

By Equation (5.12), the generalized fixed point algebra Fix(€,R) is the closed linear
span of the “averages” (idx(g) ® ¢)(x) where z = [£)(n| with {,n € R. Note that in the
group case G = Co(G), the average (id(g) ® ¢)(z) is the same as integral [ ay(x)dt,
where « is the corresponding action of G on K(&). In particular, Fix(€,R) is contained
in the big fixed point algebra My (K(€)) = {z € M(K(E)) : vi(e)(x) = = ® 1} and thus
elements in Fix(£,R) are fixed by the coaction of IC(E). Proposition 5.2.4] tell us that
Fix(&,R) is Morita equivalent to the ideal Z(£,R) = span((R | R) C B x; G, where
F(E,R) is the canonical candidate for the imprimitivity Hilbert module.

In what follows, we are going to generalize [48, Theorem 6.1] to the setting of lo-
cally compact quantum groups. This result describes relatively continuous subspaces via
concrete Hilbert modules. First we need some preliminary results.

Recall that o denotes the modular group and 7, denotes the Tomita x-algebra of the
left Haar weight ¢ (see Equation (2.5)).

Lemma 5.4.2. Let £ be a Hilbert B,G-module. Let b € T,, £ € & and suppose that
a € N, is such that Aa) € D(éé). Define w := wp) a@) = apb* € LY(G) and z, :=
ac_i(b*) € Ny. Then w§ € & and

llw s Ellsi < cwll[EN],
where ¢y, := max{[|A(zo) |, [|p(w)]}-
Proof. Lemma 4.5.3 implies
wx& =€) (1p ® Mzw)).
Thus ||w * & < [|[A(zu)]]||€)]]- Proposition 4.3.8 says that w * £ € £ and
w &) =) (1B © pu)-
Hence ||[|w * EY|| < ||pwll]||€)]]. The desired result now follows. O

The following result (for the right Haar weight) appears in the proof of [73, Proposi-
tion 1.9.5].

Lemma 5.4.3. Let G be a locally compact quantum group. Define
C :=span{e,z:n €N, z € T, }?

Then A(C) is a core for 6%, where § is the modular element of G and z is any complex
number. In particular, D(0%) N A(N,,) is a core for §7.

9See Equation (4.5) for the definition of e,.
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Proof. For any x € N, we have e,z € N, and
Alepx) = enA(x).
Since 0%e;, is bounded, it follows that A(e,z) € D(6%) and
0*A(epz) = 6%epA(x).

Thus A(C) C D(6*). Now take any v € D(6%), and choose (x) C 7T, such that vy :=
A(zg) — v. Define ¢, := epzy, € C. Then A(c, ) € D(6%) and (using that e, — 1
strictly and hence also strongly)

Alen k) = enA(z) — v, as n,k — oo.
For each n € N, we have
|07 env, — 0%env|| — 0 as k — oo,

because 6%¢e,, is bounded. Thus we can find a sequence of natural numbers k1 < ko < ...
such that
|0 envg, — d%env|| < 1/n, for each n € N.

Define &, := envg,, . Then &, € A(C), &, — v and (using that §%e, = €,6%)
|02&, — 6%v|| < [[6%envg, — 0%env]|| + |[0%env — 0%v|| < 1/n + ||end*v — 6|,
which converges to 0, because e,, — 1 strongly. Therefore A(C) is a core for §~. O
We are ready to proof one of the main results of this thesis.

Theorem 5.4.4. Let G be a locally compact quantum group, and let £ be a Hilbert B, G-
module. Then the map R — F(E,R) is a bijection between s-complete, relatively contin-
uwous subspaces of & and concrete Hilbert B x, G -modules F C L£9(B @ L2(G),&). Its
inverse is the map F — Rx. A concrete Hilbert module F is essential if and only if Rr
is dense in &.

Proof. By Proposition 5.3.14, R £ is relatively continuous and s-complete, so that the map
F — R is well-defined. By Proposition [5.3.12! we have F(£,Rz) = F. It remains to
show that R = Rz ) for every s-complete, relatively continuous subspace R of £. By
Equation (5.4), we have R C Rr¢ ). Let £ € Rrgr). Then, by definition of Rz (e r),
we have |€)) € F(£,R) = |R)) (for the last equality we have used Equation (5.11) and the
assumption that R is complete). Thus there is &, € R such that |§,)) — |£)). Take any
a € N, and b € 7, such that A(a) € D((S%) and define w := apb* = wy, € L{(G), where
u := A(b) and v := A(a). By Lemma 5.4.2, we have ||w * n||si < cl/[n)]| for all n € &,
where ¢, is a constant depending only on w. In particular,

lw & = wx&nlls < colll€) = [€nDll — 0.
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Since R is complete, we get that w x§ € R. Thus wpp)aa) *§ € R for all b € 7, and
a € N, with Aa) € D(éé). Now take any v € H and v € D((S%). By Lemma [5.4.3,
D(d%) N A(N,) is a core for §2. So there is a sequence (an) € N, with Afa,) € D(d%)
such that A(a,) — v and (5%(A(an)) — §2v. And A(7,) is dense in H (see Lemma 2.4.11)),
there is a sequence (b,) C 7, such that A(b,) — u. It follows that W,y A(a,) = Wuw N
L'(G) and

Py A@n) = (Id @ w V) = (d®w 4 ) (V") = plwu).

A(bn),52 Aan)
Proposition 4.3.8 implies that w (4,),A(an) ¥ — Wu,p *§ in the si-norm. Thus w+ ¢ € R for
all w € L{,(G) and hence also for all w € L}(G) because Lj,(G) is dense in L}(G). Since
R is s-complete we conclude that § € R. Therefore R = Rrg R)-

If F is essential, then by the definition of Rof (see Proposition 5.3.12)), the linear span
of R(}_- is dense in £. Thus Rx 2 729_- is dense in £ as well. Conversely, if Rz is dense,
then F is essential by Proposition 5.2.3. O

Corollary 5.4.5. Suppose G is a compact quantum group and £ is a Hilbert B, G-module.
Then the map R — F(E,R) is a bijection between L'(G), B-invariant closed subspaces of
& satisfying

tcfandwxE €R,Vwe LN (G) = € €R, (5.13)

and concrete Hilbert B x; G -modules F C L9(B ® L*(G),&). The inverse map is given
by F — Rr.

Proof. Since G is compact, any subset of £ is relatively continuous and the si-norm is
equivalent to the norm of & Thus R C & is complete if and only if it is an L'(G), B-
invariant closed subspace of £ (here we are using that G is unimodular so that L'(G) =
L{(G)). Such a subspace is s-complete if and only if it satisfies (5.13). Thus the assertion
is a special case of Theorem [5.4.4. ]

Corollary 5.4.6. Let £ be a Hilbert B, G-module, where G is a locally compact quantum
group, and suppose that R is a relatively continuous subset of £. Then the s-completion
of R is equal to Ry r)- In particular, the s-completion of a relatively continuous subset
1s also relatively continuous.

Proof. Let Ry be the s-completion of R. By Proposition [5.3.14, Rz ) is relatively
continuous and s-complete and we have R C Rz R). Thus Ree € Rpg ). In particular,
Rsc is relatively continuous. Now it is easy to see that the maps R — F(E,R) and
F +— Rz preserve inclusion. Thus R C Ry implies F(E,R) C F(E,Rsc). Since Ry is
relatively continuous and s-complete, Theorem 5.4.4 that Rre r) C RF@Er.) = Rse. U

Corollary 5.4.7. Let £ be a Hilbert B, G-module and suppose that G is co-amenable. Let
R C & be some relatively continuous subset. Then Ry g is the completion of R. In
particular, R is complete if and only if R is equal to RFe Rr)-

Proof. This follows from Proposition 5.3.9 and Corollary 5.4.6. O
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The result above implies, in particular, that our definition of completeness of relatively
continuous subsets is equivalent to [48, Definition 6.2] in the case of groups (see [48,
Proposition 6.3]).

Corollary 5.4.8. Let £ be a Hilbert B,G-module, and suppose that G is co-amenable.
Then the map R — F(E,R) is a bijection between complete, relatively continuous sub-
spaces of € and concrete Hilbert B x; G -modules F C L9(B @ L2(G),&). Its inverse is
the map F — Rr.

The following result gives a description of the s-completion of a relatively continuous
subset.

Proposition 5.4.9. Let £ be a Hilbert B, G-module, where G is a locally compact quantum
group and let R be a relatively continuous subset of €. Then the s-completion of R is given

by
Ree = {6 €& : (€]€) € Bx, G andw & € Re for allw € LY(G)},

where R denotes the completion of R.

Proof. Suppose that { € Rsc = Rrer). By Equation (5.11), we have F(E,R) = |R¢))
and hence there is a sequence (§,) in R. such that |&,) — [|£)). As in the proof of
Theorem [5.4.4, this implies that w * £ € R, for all w € L§(G). Thus

Rse C{E€&:(€|€) € B X G and w* £ € Re for all w € L(l)(g)}.

And the other inclusion is trivial because Ry is s-complete and R, C Rg. O

Corollary 5.4.10. Let &€ be a Hilbert B, G-module and let R C &£ be a relatively continuous
subset. Then
F(E,R)=F(E, Rsc)-

Proof. The inclusion R C Ry implies F(E,R) C F(E,Rsc). On the other hand, if £ € Ry,
then by the description of R in Proposition [5.4.9, we have w x £ € R, for all w € L}(G).
Thus

lw &) =[E)(1p ® pu) € [Re)) € F(E,Re) = F(E,R)

for all w € L},(G). Now taking a bounded approximate unit (e;) for G of the form
e; = p(w;), where w; € L§(G) for all 4, it follows that |£)) € F(£,R). Therefore

F(€,Rsc) = [Rec)) € F(E,R). 0

Corollary 5.4.11. Let £ be a Hilbert B, G-module and suppose that R C & is a complete,
relatively continuous subspace of £. Then we have

SpaHSi(L(l)(g) *R) = SpaHSi(L(l)(g) *Rsc) € R € Ree
In particular, if R is e-complete, then so is R. And if R is e-complete, then

span® (L} (G) * Ree) = R.
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Proof. By Proposition 5.4.9, we have L}(G) * Rse € R. Using the fact that L}(G) is
nondegenerate (Proposition 4.3.16) we get that

span® (L(G) * Ree) = span (L(G) - LL(G) * Ry.) C span (LE(G) * R) C R.
And since R C Ry, we also have span® (L} (G) * R) C span® (L} (G) * Rsc)- O

Remark 5.4.12. Let £ be a Hilbert B, G-module and suppose that R is an e-complete,
relatively continuous subspace of £. Corollary [5.4.11] that span® (L}(G) * Rsc) is again
complete. Moreover, let F := F (€, R) and suppose that R’ is another complete, relatively
continuous subspace of £ such that F(€,R') = F. By Corollary [5.4.6, the s-completions
coincide, that is, R}, = Rsc. It follows from Proposition [5.4.9 that

R = span’ (LY(G) * Ree) = span® (LY(G) * R..) C R'.

Thus R € R’ € Rg.. This shows that R is the smallest complete, relatively continuous
subspace of £ satisfying F(€,R) = F. And as we already know, Ry is the biggest one
with this property. Note also that

R = span” (Ly(G) * R) C span” (Lg(G) * R') C span” (Lg(G) * Rec) = R.

Thus R = span® (L} (G) * R'). In particular, span® (L} (G) * R') is again complete.
In general, if R is complete but not e-complete, then this is not clear to me. So, I will
leave the following question:

Question 5.4.13. Suppose that R C £ is a complete, relatively continuous subspace (not
necessarily essential) and define R := span® (L} (G) * R) C R. Is R complete?

Note that, by definition, R is si-closed and L(l)(g)—invariant, but it is not clear, in
general, whether it is also B-invariant. Of course, the problem here is that the left L}(G)-
action and the right B-action do not commute in general.

5.5 Functoriality and naturality

Throughout this section we fix a locally compact quantum group G and C*-algebra B with
a continuous coaction of G, that is, a G-C*-algebra.

Definition 5.5.1. Let (£1,R1) and (£2,R2) be continuously square-integrable Hilbert
B, G-modules. An operator T € L£9(&1,&) is called R-continuous if T(R1) € Ro and
T*(R2) C Ry.

Given a locally compact quantum group G and a G-C*-algebra B, the continuously
square-integrable Hilbert B,G-modules form a category with R-continuous adjointable
operators as morphisms. The s-continuously square-integrable Hilbert B, G-modules form
a full subcategory. By Proposition 5.3.9, these categories are identical if G is co-amenable.

In what follows, we analyze the functoriality of our constructions.
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Proposition 5.5.2. Let G be a locally compact quantum group and let B be a G-C*-
algebra. The construction (€, R) — F(E,R) is a functor from the category of continuously
square-integrable Hilbert B, G-modules to the category of Hilbert B x; G °-modules.

Proof. Given an R-continuous G-equivariant operator T : (€1, R1) — (€2, R2), the asso-
ciated adjointable operator T : F(E1,R1) — F(E2,Ra) is given by T(z) = T o x for all
x € F(E1,R1) C LY9(B ® H,&E). Here one uses that |T(€)) = T o [¢) for all £ € &
and the fact that F (&, Ry) is the closure of |Ry)), for k = 1,2. Since T(R1) C Rg, this
ensures that T is a map F(E1,R1) — F(E,Rz). In the same way, since T*(Ry) C R,
the operator T is, in fact, adjointable and its adjoint is given by T* (y) = T* oy for all
(TS ]:(52, Rz). O

Given an abstract Hilbert B xré “-module F, we can, by Theorem 5.1.2, identify it with
the concrete Hilbert B x, G -module T(F) C £9(B® H,EF), where £ := F®4 (B® H),
A:=Bx,G and T : F — L9(B @ H,EF) is the canonical representation (5.3). Recall
that T'(z)f = x ®4 f for all x € F and f € B® H. In this way we get an s-complete,
relatively continuous subspace Rr C £ as in Proposition 5.3.12 by

Rr :={£ € Er : £ is square-integrable and |€)) € T'(F)}.
Since F is essential, R is dense £r. In fact, note that by Theorem 5.4.4/ and Propo-
sition 5.3.12, Rz is the s-completion of the linear span of T(F)(B ® A(73)) and this
linear span equals F ® 4 (B @/A\(T@)). Thus the pair (£, Rx) is an s-continuously square-
integrable Hilbert B, G-module.
Lemma 5.5.3. With notation as above we have F(Er, Rr) = T (F).

Proof. Since T(x) € LY9(B ® H,E) we have 1 ®4 ( = T(x)¢ € & for all z € F and
(€ (B®H)g and |z @4 C) = |T(2)¢) = T(x) o|C). Tt follows that

F(Er,RF) =span(|R)) o A)
= span(|F ®a Ro)) o A)
= span(T(F) o [Ro)) o A)
— span(T(F) o A) = T(F). O

Proposition 5.5.4. The construction F +— (Er, RF) is a functor from the category of
Hilbert A-modules to the category of s-continuously square-integrable Hilbert B, G-modules.

Proof. As already observed in Section 5.1, the map F — £ is functorial. To an adjointable
operator S : F; — Fo we associate the G-equivariant adjointable operator S ® 4id : &, —
&y, where & = Fr, ®4 (B ® H), k = 1,2. It remains to show that S ®4 id is R-
continuous, that is, (S ®4 id)(R1) € Rz and (S ®4id)*(R2) C R1, where Ry := Rz,
k =1,2. Since (S ®41d)* = S* ®4id, it is enough to show that (S ®41d)(R1) C Ra. Let
Ty : Fr — LY9(B ® H, &) be the canonical representation of Fy, that is, Ty(z)f = 2 @4 f
for all z € & and f € B® H. Note that (S ®4id) o T1(z) = T2(S(x)) for all z € Fi.
Thus (S ®4 id) o T1(F1) € T»(F2). Combining this with the relation [(S ®41d)¢)) =
(S®aid)o|€)), for every square-integrable element £ € & (see Proposition 4.1.10(iii)), the
desired result follows. O
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Corollary 5.5.5. Let G be a locally compact quantum group and let B be a G-C*-algebra.
Isomorphism classes of Hilbert modules over A := B x, G° correspond bijectively to iso-
morphism classes of s-continuously square-integrable Hilbert B, G-modules via the functors

(E,R)—F(E,R) and Fw— (Er,RF), (5.14)
where Ex == F @4 (B® H) and Ry is the s-completion of F ®4 (B ® f\(’]:p))

Proof. The proof combines Theorems [5.1.2] and [5.4.4. The maps in (5.14) are considered
between isomorphism classes and are well-defined by Propositions [5.5.2 and 5.5.4. To
prove that they are inverse to each other, let (£, R) be an s-continuously square-integrable
Hilbert B, G-module and define F := F (£, R). We have to prove that (Ex, Rr) = (€, R).
Define U : £ — E by U(xr @4 () :=(¢) forall x € F C LY(B® H,£) and ¢ € B® H.
The unitary U appears in Theorem 5.4.4/ and is G-equivariant. It remains to show that
URg) = R. Since Ry, R C & are relatively continuous and s-complete, it is enough
to show that F(E,U(Rx)) = F(E,R) = F. Note that U(Ry) is the s-completion of
U(F ©®4 Ro) = span F(Ry), where Ry := B ® A(T@). Since F C £9(B ® H,€) and
|Ro)) = A, we have F(E,Rx) = span(F o A) = F. Therefore (£,R) = (€, Rx). Now
assume that F is a Hilbert A-module and define (£,R) := (€7, Rr). We have to show
that F = F(E,R). Let T : F — L£LY9(B ® H,EF) be the canonical representation (5.3) of
F, that is, T'(z)¢ := 2 ®4 (. We know, by Theorem 5.1.2, that F = T'(F) (as Hilbert
A-modules). Finally, by Lemma 5.5.3, T'(F) = F(&,R). O

Finally, we prove that our constructions are natural and yield an equivalence between
the respective categories.

Theorem 5.5.6. Let G be a locally compact quantum group, and let B be a G-C*-
algebra. Let (£,R) be an s-continuously square-integrable Hilbert B,G-module, and let
F = F(E,R). Then there is a canonical, injective, strictly continuous x-homomorphism
¢ : L(F) — LI(E), whose range is the space of R-continuous operators. It maps K(F)
isometrically onto Fix(E,R).

The categories of s-continuously square-integrable Hilbert B,G-modules and Hilbert
modules over Bx:G* are equivalent via the functors (€,R) — F(E,R) and F — (Ex, RF).

The generalized fized point algebra Fix(E,R) is the closed linear span of the operators
(idicey @ @) (1€)(n]) € LY(E), &m € R, and it is Morita equivalent to the ideal Z(E,R) =
span{((&|n) : &,n € R} of B»:G".
Proof. Since R is s-complete, we have R = Ry and F = @ (by Corollary 5.4.6 and
Equation (5.11)). These facts together with Proposition 4.1.10(iii) imply that the set M
in Theorem 5.1.3 equals the set of R-continuous operators. Therefore, the same ¢ of
Theorem [5.1.3 yields the first statement. Combining this with Theorems [5.4.4/ and 15.1.2

(see also Remark 5.1.4), we get the second statement. The last statement follows from
Equation (5.12) and Proposition [5.2.4. O

Corollary 5.5.7. Let G be a compact quantum group and suppose that B is a G-C*-algebra.
Then the functor

F—F ® (B®L*G))
Bx,G°¢
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is an equivalence between the categories of Hilbert B X, G“-modules and Hilbert B,G-
modules. In other words, any Hilbert B, G-module appears in this way for a unique Hilbert
module F over B %, G* and the map L(F) — LI(E) is an isomorphism.

Given a Hilbert B,G-module £, the generalized fixed point algebra associated to £ is
the usual fived point algebra:

Fix(£) ={z € K(&) : y(z) =z @ 1} = K(Fe),
where Fg = F(E,E) is the Hilbert B Q\C—module associated to £.

Proof. If G is compact, then any Hilbert B, G-module is continuously square-integrable and
R = & is the unique dense, complete, relatively continuous subspace. Therefore there is no
difference between the categories of continuously (and hence also s-continuously) square-
integrable Hilbert B, G-modules and arbitrary Hilbert B, G-modules. The assertions now
follow from Theorem 5.5.6. O

In particular, for compact quantum groups every Hilbert B, G-module is “proper” in
the following sense:

Definition 5.5.8. We say that a Hilbert B,G-module £ is R-proper if there is a unique
dense, s-complete, relatively continuous subspace of £.

By Theorem 5.4.4, £ is R-proper if and only if there is a unique concrete, essential
Hilbert B x; G "-module F C L9(B® L*(G),E). Note that for an R-proper Hilbert B, G-
module &, the multiplier algebra of the generalized fixed point algebra is isomorphic to
the big fixed point algebra M, (K(€)) = £9(£). This follows from Remark 5.1.4(1).

Recall that in the group case G = Cy(G), a G-C*-algebra A is called spectrally proper if
the canonical induced action of G on the primitive ideal space Prim(A) is proper (see [48,
Definition 9.2]). This class includes all the proper G-C*-algebras in the sense of Kasparov
[35]. By Theorem 9.1 in [48], every Hilbert module over a spectrally proper G-C*-algebra
is R-proper. In particular, a commutative G-C*-algebra Cp(X) (where X is a locally
compact G-space) is R-proper if X is a proper G-space. Conversely, if Cyo(X) is R-proper,
then it is, in particular, integrable and therefore, by Rieffel’s Theorem 4.7 in [66], X is a
proper G-space.

In the general quantum setting, unless G is compact, it is not easy to find non-trivial
examples of R-proper Hilbert modules. In this direction, we have the following result:

Proposition 5.5.9. Let G be a locally compact quantum group and let G coact on itself by
the comultiplication. Then G is an R-proper G-C*-algebra if and only if G is semi-regular,
that is, K(L?(G)) is contained in C := span(GG ) =2 G %, G . In this case, R = Gy is the
unique dense, s-complete, relatively continuous subspace of G. The Hilbert G Nréc -module
F(G,R) is isomorphic to the dual L*(G)* of L*(G) considered as a Hilbert C-module in
the canonical way. In particular, Fix(G,R) = C and Z(G,R) = IC(LQ(Q)). The quantum
group G is reqular if and only if R is saturated.
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Proof. By Proposition [3.2.12 we have R = Gy = N and

1) = (1g @ A(E) )W, (& =W*(1g ® A(£Y)), EE€R.

Since G is semi-regular, Proposition 5.2.6 says any subset of Gg; is relatively continuous.
Now note that if Rg C G is a complete subspace, then

F(G,Ro) = [Ro) = (1g ® A(Ry)*)W = (1g ® H;)W,

where Hy := A(R}) (which is a closed subspace of H = L?(G)). Equivalently,

F(G,Ro)" = (Rol = W*(1g © Ho).
In particular, F(G,R)* = W*(1g ® H). Define the following linear map
T AN,) € IX(G) — (RIS FG.RY, T(AE) = W* (g @ AE)).
Then (identifying C = Clg € M(G))

(TA)T(AM)) = (W (1g ® A€)) W* (1 ® A(n))
— (1g ® A()")WW*(1g ® A(n))
= 1g¢(£"n) = (A(E)AM)) 12(g)-

It follows that T' extends to an isomorphism L?(G) = F(G,R)* (as Hilbert spaces). Thus
F(G,R) = L*(G)* as Hilbert modules over K(L?*(G)) and hence also as Hilbert modules
over C.

Finally, suppose that Ry C G is dense and s-complete. Then

Z(G,Ro) = span{ W*(1g ® [§)(n)W : §,m € A(R() } = W™ (1g ® K(Ho))W.

The subset Z(G, Ro) C W* (1g ®/C(H))W cg ><11r§C is an ideal of G X G° and hence also
of W*(1g @ K(H))W. It follows that K(Hp) is an ideal of KC(H). Since K(H) is simple,
we get K(Hgy) = K(H) (Hy is not zero because Ry is dense in G). Cohen’s Factorization
Theorem yields H = K(H)H = K(Hop)H = Hy. Hence

F(G,Ro) = (1g @ H)W = (1g @ H )W = F(G, R).

Therefore, Ry = R because both Rg and R are s-complete. The last assertion was already
proved in Proposition [5.2.6. ]

Remark 5.5.10. Examples of non-semi-regular quantum groups have been constructed
in [7]. It has been observed there that for such examples the coaction of G on itself via the
comultiplication is in some sense not “proper”. We can now give this statement a precise
meaning if we agree that “proper” means R-proper.

Moreover, if we agree that a proper (that is, R-proper) coaction is “free” if the corre-
sponding dense, s-complete, relatively continuous subspace is, in addition, saturated, then
we can also say that the comultiplication of a locally compact quantum group is proper
and free if and only if it is regular.
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Chapter 6

Coactions of groups

In this final chapter we study group coactions, that is, coactions of the locally compact
quantum group G = CJ(G), where G is a locally compact group. We are going to see
that in this case, continuously square-integrable coactions of G are closely related to Fell
bundles over G.

6.1 The Haar weight of C)(G)

In this section we collect some facts about the Haar weight of the locally compact quantum
group G = C}(G) to be used later in the study of continuously square-integrable coactions
of groups.

Let G be a locally compact group and consider the locally compact quantum group
G = Ci(G) C L(L*(G)), that is, the dual of Co(G). The comultiplication A in this case is
characterized by A()\s) = A\s ® \s, where ) is the left regular representation of G on L?(G).
The Haar weight ¢ on G, which is left and right invariant, is (up to a positive scalar) the
restriction of the Plancherel weight ¢ on the von Neumann algebra £(G) := CJ(G)”. In
what follows we recall the definition and some basic facts about the weight ¢ (see [58,
Section 7.2] or [69, Section VIL.3] for a detailed construction).

A function ¢ € L?(G) is called left bounded if the map C.(G) > f — &+ f € L*(G)
extends to a bounded operator on L?(G). In this case, we denote this operator by A(€).
Note that A(£) belongs to L(G) for every left bounded function . The Plancherel weight
¢ : L(G)T — [0,00] is defined by the formula

3(x) = el if 23 = A(€) for some left bounded function ¢ € L?(G),
4 oo otherwise.
From the definition above it follows that (see notation in Section 2.4)

5> =1{\¢) : € € L*(G) is left bounded}

and (by polarization) @(A(£)*A(n)) = (£|n) whenever &, € L*(G) are left bounded.
There is a canonical GNS-construction (L%(G), ¢, A) for ¢, where ]\(/\(5)) = ¢ for every
left bounded function ¢ € L*(G) and ¢ denotes the inclusion C}(G) — L(L*(G)). We
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always use this GNS-construction. Since ¢ is, by definition, the restriction of ¢ to C¥(G)™,
we have

Ny = {A(€) : € € L*(G) is left bounded and A\(§) € CF(G)}.

and a canonical GNS-construction (L?(G),t, A), where A is the restriction of A to NV,. We
also get that

Ny ={A(€) : € € L*(G) is left bounded and A(§) € M(C(G))}. (6.1)
It is easy to see that
(€ xn)(t) = (£|Vin) for all &,n € L*(G) and t € G, (6.2)

where Vi(n)(s) := n(st). In particular, the function £* * 7 is continuous and we have
(€* xn)(e) = (£|n). Thus, if £&,n € L*(G) are left bounded, the operator A(&* * 1) =
A(£)*A(n) belongs to Mg and

G(AE *m)) = (&ln) = (" *n)(e).

Thus
Mg = )\(CG(G)),

where C.(G) := span{¢* xn : £,n € L?(Q) left bounded} C C(G), and ¢ is given on
functions of C.(G) by evaluation at e € G. Since ¢ is the restriction of ¢ to C}(G), we
have M, C M, and the same formula holds for ¢. Note that Equation (6.2) implies

5@(75)%(5* xn)(t) = (£] pem), where p = 5g(t)%v;g is the right regular representation. It
1

1

follows that 62 - (£**n) € A(G), the Fourier algebra. In particular, 62 -Ce(G) C A(G). This
inclusion has dense image in A(G) because C.(G) contains all the functions in C.(G)? =
span(Ce(G) * Co(G)) (which is dense in A(G)).

Remark 6.1.1. Although the formula @(A(f)) = f(e) makes sense for all f € Cc(G), it
is not true in general that A(Cc(G)) C My, that is, it is not true that C.(G) C Ce(G) (of
course, we always have C.(G) *C.(G) C C.(G)). In fact, suppose that G is compact. Then
L?(G) C L'(G), so that any function ¢ € L?(G) is left bounded. Since G is unimodular
the map & + &£* is an anti-unitary operator on L?(G), so that L?(G)* = L?(G). Hence
Ce(G) = span(L*(G) * L*(G)). As already noted, we always have C.(G) C C(G). If, in
addition, C(G) = Cc(G) C Cc(G), then we get span(L*(G) * L*(G)) = C(G). But this is
true only if G is finite (see [29, 34.16, 34.40 and 37.4]). Therefore, we have just seen that
for every compact infinite group G, )\(CC(G)) is not contained in Mz. However, we can
prove a partial result:

Proposition 6.1.2. Let G be a locally compact group and f € C.(G). If N(f) > 0 as
an operator on L*(G), then there exists a left bounded function ¢ € L*(G) such that

)\(f)% = A(&) and f =& x & In particular, \(f) € M} and
(M) = €13 = (€5 &)(e) = fle).

164



6.2. NON-ABELIAN FOURIER ANALYSIS

Proof. The proof is just a suitable modification of [58, 7.2.4]. Let (fy)uev be the usual
approximate unit for L!(G), where U is the set of all compact neighborhoods of e and
each f, is a positive-valued continuous function with fG fu(t)dt = 1 and supp(f,) C u.
Since f € C.(G), the nets (fy, * f) and (f * f,,) converge uniformly to f. The same is true

for (f = f) and (f = f;). Define &, := )\(f)%(fu) € L*(G). We have
[1€u — va% = (fu = [o M) (fu = [0))
= ((fu - fv)* * f x (fu - fv))(e) — 0.

Thus {&,}. is a Cauchy net in L?(G). Let £ € L?(G) be the limit of this net. For each
g € C.(G) let p(g) be the operator in £(L?*(G)) given by p(g)(n) = n*g. It is clear that
p(g) is in the commutant C}(G)’ of C}(G). Hence

p(9) fu = A(f)2(9)-

NI

Exg= 1111}1p(9)A(f)%fu = lim A(f)

This means that £ is left bounded and A(§) = A(f )% Finally, note that V; € C}(G)’ for
all t € G and therefore

(€ + (@) = (€]Vi(8))

(
= Um(f * ful Vifu)
= Hm(fy = f* fu)(t) = f(1). O
Finally, let us we remark that the modular group {o,}.,ecr of ¢ is given by
oz(a) = V=V~  ae L(G), r€R, (6.3)

where V is the modular operator. It is given by (V&)(t) = dg(t)E(t), € € L3(G), t € G.
The domain of V is

D(V) = {5 c L*(G): /G 1£())?0c (1) dt < oo} :

Equation (6.3) yields o,(\) = 0g(t)*\; for all t € G and = € R. This implies that ); is
analytic with respect to o and

o.(\) = 6q(t)¥N\s forall z€ C,teQq. (6.4)

6.2 Non-Abelian Fourier analysis

First we define a special family of densely defined linear functionals on £(G).

Definition 6.2.1. For each t € G, we define the functional

Q1 Mg —C, () = p(MN—12), x € M.
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We shall also denote by ¢; the restriction of ¢; to M, C Mg. The following result
shows that the functionals ¢; are well-defined.

Lemma 6.2.2. For each t € G, we have Na\, = Nz and MMz = Mzl = M.

Proof. As already observed, )\; is analytic with respect to the modular group o of ¢ (see

Equation (6.4)). In particular, \; € D(c1). It follows that Mz\s C N (see, for example,
2

[73, Theorem 4.6.2]). Since t € G is arbitrary, we get Nz = N3\, ' Ay € N3\ From

Mg = span./\/'g./\@ we obtain AAMg = Mg = M. O

Note that, since ¢ is the restriction of ¢, it also follows from the lemma above that for
all t € G:

Ncp)\t - N@’ )\tMcp - Mﬂﬂ)‘t - ./\/hp (65)
-/\_/;p)\t - ./\_/;0, )\t-/\;l<p == Mgo)‘t = M¢. (66)
Definition 6.2.3. Given z € Mg, we define the (inverse) Fourier transform of x to be

the function Z : G — C,

i(t) = @i(x) = g\ ), teG.

If G is Abelian, then under the isomorphism £(G) = L*°(G), the Plancherel weight on

~

L(G) corresponds to the usual Haar integral on L*°(G). In this picture, Mg corresponds

to L(G) ﬁLl(@) and Z corresponds to the inverse Fourier transform of the corresponding
function in L= (G) N LY(G).

Proposition 6.2.4. Let G be a locally compact group. Then the following properties hold:

(i) We have & € Cc(G) for all x € My. In particular, & is a continuous function.
(ii) We have \(f) = f for all f € C.(G).

(iii) If we equip Co(G) with convolution and the involution f*(t) := dq(t=1)f(t=1), then
Ce(G) is a *x-algebra and the map

Mg sz — 1 €C(G)

is an isomorphism of x-algebras. The inverse is given by the map f — A(f). In
particular, we have

(xyy=x&*y, and ()= forallz,yec Msg.

iv) Suppose that © € My and that the function t — Z(t)\s € L(G) is weakly integrable.
@
Then
w
/ )N\ dt = 2,
G
where the superscript “w” above stands for weak integral. In particular, we get

A&) = /wy'c(t)/\t d.

G

!Note that the equality ANz = N is automatically satisfied because N is a left ideal of £(G).
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Proof. We already know that Mg = A(Ce(G)). Let = A(f) with f € Ce(G). Then

At = AT = Aeve(f)),

where ev; denotes the evaluation functional at t € G. Hence

(t) = ¢(Meve(f))) = evi(f)(e) = f(1).
Thus # = f. This proves (i) and (ii). If f,g,&, 17 € L*(G) are left bounded, then

(f % g) + (€ xn) = (Mg)"f)" * (A(&)"n)-

Note that, given z € £(G) and ¢ € L?(G) left bounded, x( € L?(G) is left bounded and
Mz¢) = zA(¢). Tt follows that (f* * g) x (£ *n) € C.(G). This shows that C.(G) is an
algebra with convolution. Note also that (f**g)* = g* x f € C.(G), and therefore C.(G) is
a *-algebra. It is easy to see that the map Mg > z — & € Cc(G) preserves the *-algebra
structures. For example, to prove that (zy) = & * g, take f, g € C.(G) such that = = A(f)
and y = A(g). Then (xy) = ()\(f * g))v = fxg = Zy. Item (ii) and the fact that any
r € My has the form x = A(f) show that the map = +— & has f — A(f) as its inverse.
Finally, we prove (iv). Take &,1 € C.(G). Then

(el( [ aonae)w) = [ atoneinimar

G
= [ &(s)(@*n)(s)ds
G
= (€IA@)n) = (&|xn). =

6.3 Fell bundles

For full details concerning Fell bundles, we refer to [23]. In this section, we point out some
important facts to be used later.

Definition 6.3.1. Let GG be a locally compact group. A Fell bundle over G is a continuous
Banach bundle B = {B;};cq over G equipped with a continuous multiplication

BxB—B, (bc)—b-c

and a continuous involution

B— B, b~ b,
satisfying
(i) By - Bs C Bis and Bf = B;—1 for all t,s € G
(ii)) (a-b)-c=a-(b-¢), (a-b)* =b*-a* and (a*)* = a for all a,b,c € B;
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(ii) [[o- el < [[ollflc] and [[6*|] = [[b]] for all b, ¢ € B;
(iv) [[b*blls, = [|bl|3, whenever b € By (e denotes the unit of G); and

(v) b*b>0 (in B.) for all b € B.

Let C.(B) be the space of compactly supported continuous sections of B. For each

&,m € Ce(B), define
(Exn)(t /f

(1) = o (t) e,
where d¢ denotes the modular function of G. Then & xn € C.(B) and £* € C.(B), so that
C.(B) becomes a *-algebra. By definition, L*(B) is the completion of C.(B) with respect

to the Ll-norm:
el = / lE@)|ldt,
G

and the cross-sectional C*-algebra C*(B) is the enveloping C*-algebra of L!(B).
Let L?(B) be the Hilbert B.-module defined as the completion of C.(B) with respect
to the Be-inner product:
e, = [ €

(&-b)(t) :=£&(t) - b

The left reqular representation of B is the map

Ag : C*(B) — L(L*(B))

and

and the right B.-action:

given by Ag(§)n = € xn for all £, € C.(B). The reduced cross-sectional C*-algebra of B
is, by definition, C (B) := Ag(C*(B)).

A Fell bundle B over G is called amenable if A\g is an isomorphism. For example, if G
is amenable, then all the Fell bundles over G' are amenable (see [21, Theorem 3.9]).

Example 6.3.2. (1) Let (B,G,«) be a C*-dynamical system. Then the trivial Banach
bundle B := B x G with operations

(b,t) - (¢, 5) := (bag(c),ts), (b,t)* := (ap-1(b*),t71),

is a Fell bundle over G, called the semidirect product of (B,G,a) and denoted by B =
B x4 G. Moreover,

Cc*(B) = C*(G,B) and C}(B)=C!(G,B).
In particular, if B = C with the trivial action of G, then

C*(B)= C*(G) and C*(B) = CH(G).
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In this case, Ag corresponds to the left regular representation A\g of G.

(2) Let (B, G, ) be a C*-dynamical system. Suppose that I is a closed two-sided ideal
of B. For each t € G, we define I := I N «ay(I) (which is also a closed two-sided ideal of
B) and a map 6; : I[;-1 — I by 6,(b) := a(b). Then 0 := {I;,60,}1cc is a partial action of
G on I (see [20]). It is called the restriction of a to I.

Define

B:={(bt):be;} CBxG, B :=Lx{t}=1I

with operations

(b,t) - (¢, 8) == (bay(c),ts), (b, t)* := (-1 (b*),t71).

Then B is a Fell bundle over G, called the semidirect product of the partial dynamical
system (I,G,0); it is denoted by B = I xy G. We have

C*(B)= C*(G,1,6) and C{(B)=C(G,1.6),

where C*(G,1,6) and C}(G, I,0) denote the full and the reduced crossed product of the
partial dynamical system (I, G,0).

More generally, one can associate Fell bundles to twisted partial actions, and up to a
regularity condition all Fell bundles are of this form (see [20] for details).

Definition 6.3.3. Let £ be a Hilbert B-module, and let B = {B;} be a Fell bundle over
a locally compact group G. A representation of B on € is a map 7 : B — L(€) such that

(i) m, : Bt — L(E) is linear for all ¢ € G}

(ii) w(be) = w(b)w(c) for all b, c € B;

(iii) 7(b)* = 7(b*) for all b € B; and

(iv) for each £ € &€, the map B> b — m(b)¢ € £ is continuous.

A representation 7 of B on & is called nondegenerate if span(m(B)E) = £. It is called
isometric if ||w(b)|| = ||b|| for all b € B.

Every representation 7 of B on £ corresponds to a unique representation (still denoted
by ) of C*(B), called the integrated form of 7, which is determined by

Né= / t))édt forall f e L'(B) and £ € €.

This induces a one-to-one correspondence between representations of B and representations
of C*(B). This correspondence preserves nondegeneracy. Note that condition (iv) above
implies that the function G 3 ¢ — 7(f(t)) € L(£) is strongly continuous for all f € Cc(B).
Since it is also bounded, it is strictly continuous. Since C.(B) is dense in L'(B), it follows
that the function G > t — 7w (f(t)) € L(E) = M(K(E)) is strictly measurable for all

169



6. COACTIONS OF GROUPS

f € LY(B), that is, for all z € K(€), the map G > t — 7(f(t))z € K(&) is measurable.
Moreover, we have

[ansliar< ([ 1rolar) ja < o

It follows that the map G > ¢ — Tr(f(t)) eM (IC(é’)) is strictly integrable for all f € L(B).
The formula above for the integrated form can now be rewritten in the form

m(f) = / m(f(t))dt forall f e L'(B), (6.7)
G
where the superscript “s” stands for strict integral.

Let B be a Fell bundle over G, and for each t € G, let ®; : B; — M (C*(B)) be the map
defined by ®;(b)¢|s = bE(t71s) and £@4(b)|s = da(t™1)E(st™1)b for all b € By, £ € C.(B) and
seq. Let ¥y : By — M(C’;“ (B)) be the composition ¥; = A\go®;. Note that if we identify
M(C§(B)) € L(L*(B)), then U, is given by W;(b)¢|s = b&(t~1s) for all § € Ce(B) C L*(B).

Proposition 6.3.4. Let B be a Fell bundle over G. With the notations above, we define @ :
B — M(C*(B)) and ¥ : B — M(C;(B)) by ®(b) = ®¢(b) and ¥(b) = W(b) for all b € By.
Then ® and ¥ are nondegenerate isometric representations of B. The integrated forms

are, respectively, the inclusion C*(B) — M(C*(B)) and the left reqular representation
Ap: C*(B) — M(C’;‘(B))

Proof. 1t is easy to check the condition (i)—(iii) in Definition [6.3.3. To check (iv), it is
enough to show that the map b — ®(b)¢ is continuous from B to C.(B) with respect to the
inductive limit topology for all £ € C.(B). Suppose that (b;) is a net in B converging to
some b € B. Take t;,t € G such that b; € By, and b € B;. For each i, we define a function
fi:G—C by

fi(s) = 1(@(0:)€)(5) — (RB)E)(s)I| = [[bs& (£ ') — bEEs)]-

Note that f; belongs to C.(G). Since t; — t, we may assume that the net (¢;) is contained
in a fixed compact subset of G. Thus the supports of the functions f; are all contained
in a fixed compact subset Ko C G. Now for each ¢, there is s; € Ky such that z; :=
sUpseq fi(si) = fi(si). Passing to a subnet, if necessary, we may assume that (s;) converges
to some s € Ky. It follows that z; — 0 and hence ®(b;)§ — ®(b)¢ in the inductive limit
topology. Therefore, both ® and W are *-representations of B. The integrated form of ®
is given by

B(1)el = [ ()= [ Fee s fe
for all f,¢ € Cc(B), that is, ® is the canonical inclusion of C*(B) into M (C*(B)). Hence the
integrated from of ¥ = Ago® coincides with Ag. In particular, ® and ¥ are nondegenerate.

Suppose now that b € B, and ®(b) = 0. This means that b¢(t) = 0 for every £ € C.(B)
and t € G. In particular, b{(e) = 0 for all £& € C.(B), which is equivalent to bc = 0 for
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all ¢ € B.. Thus b = 0 and therefore ®, when restricted to B, is injective and hence
isometric. Hence, for all b € B:

[2(0)[1> = @) @®)[| = |2(6"b)|| = [[6"b]] = [|b]1>.
This shows that ® is isometric. Similarly, one proves that ¥ is isometric. ]

Remark 6.3.5. Let 7 : B — L(£) be a nondegenerate representation of B, and let us
denote for a moment by 7 its integrated form. Then we have 7o ® = «. In fact, for every
be B, feCe(B) and £ € £ we have

HEW)R(NE= 7@ e = [ =(@BN()eds
:/ (bef(t71s))Eds = w(bt)/ m(f(s))éds = m(b)7(f)E.
G

T
G

In particular, if 7 is isometric, then so is 7. Since, in general, A\ is not injective, Propo-

sition 6.3.4] shows that the converse is not true.

6.4 Square-integrability of dual coactions

In this section we prove that the dual coactions on the full and reduced cross-sectional
C*-algebras of a Fell bundle are square-integrable.

Let G be a locally compact group, let B = {B;}icc be a Fell bundle over G and let
A := C*(B) be the cross-sectional C*-algebra of B. We shall identify each bs; € B, with
an element of M(A) via the map ® in Proposition 6.3.4. Thus bs € Bs will be identified
with the multiplier of A = C*(B) given by (b, - £)(t) := bs - £(s7't) for all £ € C.(B)
and s,t € G. With this identification, each section £ € C.(B) can be seen as an element
of C. (G,MS(A)), the space of compactly supported strictly continuous functions from
G to M(A). Since the integrated form of & : B — M(A) coincides with the inclusion
A C M(A), Equation (6.7) yields

- /G B(¢(s)) ds = /G £(s) ds, €€ Cu(B), (6.8)

(195

where the superscript “s” stands for strict integral. The same equation also holds for
¢ € LY(B), but we just need it for £ € C.(B).

Let G = C}(G). There is a continuous coaction of G, that is, a continuous coaction of
G on A denoted by v53 : A — M(A® G) and characterized by yg(bs) = bs ® As for by € Bs
(see [21] for details). It follows from Equation (6.8) that

5(6) = /G E(s)® Aeds, £ € CulB) (6.9)

Recall that A(G) denotes the Fourier algebra of G. Given u € A(G) and £ € C.(B), we
have

wr € = (1d @ u)(15(6)) = (id © u) (/ng(s) 9\ ds> _ /ng(s)u(s) ds—u-£  (6.10)
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That is, the Banach left action of A(G) on A induced by the coaction vz, when restricted
to C.(B), is given by pointwise multiplication.

Now let A be an arbitrary C*-algebra. We consider in C, (G, MS(A)) the operations

€ wn(t) / (s M) s, €5(8) == 0a(t)EEY), € € ColG MP(A)).

With these operations C.(G, M*(A)) is a (locally convex) x-algebra as in [15, C.6]. More-
over, the map

C.(G, M3 () Sfr—>/GS§(t)®ut dt € M(A® C*(G))

is an injective *-homomorphism which is continuous for the inductive limit topology on
Ce(G, M5(A)) and the strict topology on M(A ® C*(G)), where ¢ — u; denotes the
canonical inclusion of G into M (C*(G)) (see [15, C.7]). We will view C.(G, M3(A)) as a
*-subalgebra of M (A ® C*(G)). In this way, we can consider the x-homomorphism

ida ® A : Co(G, MP(A)) C M(A® CH@)) — M(A® CHG))

given by the formula
(ida ® \)(§) := /Sg(s) ® Asds, & €Ce(G, M3(A)). (6.11)
G

Thus, if we have a Fell bundle B and set A := C*(B), then the dual coaction vz satisfies

v8(&) = (ida @ A\)(§) for all € € C.(B). (6.12)

A special case of Fell bundle, which is very good to keep in mind, is the semidirect
product bundle B associated to an action of G on a C*-algebra B (see Example [6.3.2).
The C*-algebra C*(B) is identified in this way with the full crossed product C*(G, B) and
the dual coaction vz is identified with the classical dual coaction of G.

We already know that every classical dual coaction is integrable (Corollary [3.3.5). We
are going to generalize this result, proving that the dual coaction yg defined above is
integrable for any Fell bundle B. The argument used in Corollary 13.3.5 to prove that
classical dual coactions are integrable does not apply to the coaction vg. We are going to
use the definition of integrability in order to prove that s is integrable.

Recall that ¢ denotes the Haar weight of G = C}(G) described in Section 6.1

Lemma 6.4.1. Let A be a C*-algebra. Let & € C.(G, M5(A)) and 6 € A%.. Consider the
function f € Cc(G) defined by f(s) :== 0((€* x€)(s)). Then A(f) is a positive element of
CH(G) € L(LA(G)). In particular, X(f) € M.

Proof. Note that for all n € L?(G),

/ / (s70) dsdt = / / 6(s) ™" f(ts™)n(t)n(s) ds dt.
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6.4. SQUARE-INTEGRABILITY OF DUAL COACTIONS

Taking a GNS-construction for 8, we may assume that A C L£(H) for some Hilbert space
H and 6(a) = (v|av) for some v € H. Thus we have

S(s) " F(ts1) = ba(s)~ (w] (€7 % €) (s~ o)
— 5a(s)! / (0| €(r) € (rts™ Yo} dr
G

= /G<5g(t)1§('rt1)v | 5@(3)*1§(rs*1)fu> dr.

Therefore

M) = [ < | nwau)l»:(rtl)vdt) /| 77(8)5G(8)1€(7‘81)vd8> dr > 0.

The last assertion follows from Proposition [6.1.2. O

Recall from Section 6.1/ that we always use the GNS-construction (L?(G),t, A) for the
Haar weight ¢, where A(A(f)) = ¢ for every left bounded function ¢ € L?(G). Here ¢
denotes the inclusion map C}(G) — L(L*(G)).

Proposition 6.4.2. Let A be C*-algebra and let G := CJ(G). Consider the x-homomor-
phism idg @ X : Co(G, M5(A)) — M(A®G) given by Equation (6.11). Then

(i) for all & € CC(G, MS(A)), the element (ida ® N)(&) belongs to /\7idA®¢ and
(ida ® A)((ida ® N)(€)) =T¢ € L(A, A® L*(G)),

where Ty is element of L(A, A® L*(G)) = L(A,L*(G,A)) given by Teal; := £(t)a
foralla e A andt € G; and

(i) for all n € C.(G, MS(A))2 = span{f x g : f,9 € Cc(G, M3(A))}, the element
(ida @ \)(n) belongs to Miq e, and

(ida ® @) ((ida @ A)(n)) = n(e).

Proof. We shall use Proposition 2.4.5. Let 1 := £**£ € Co(G, M5(A)), 2 := (ida®A)(n) €
M(A®G)T and a := n(e) € M(A). Note that

a=(E#E)e) = /G £°(s)(s e) ds = /G £(s)"€(s) ds,

so that a € M(A)*. Let 6 € A%. We have

(0 9id)) = 0 01idg) ( [ 1) 9 0cs) = [ 06615 = M),

G
where f := [s — 0(1(s))] € Cc(G). By Lemma 6.4.1, we have (§ ® idg)(z) € M} and
e ((0 @idg)(x)) = f(e) = O(n(e)) = 0(a).
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Now Proposition 2.4.5 yields z = (ida ® A\)(n) € Mid, e, Thus (ida ® A)(§) € Ma, ey
and

(ida ® @) ((ida ® X)(m)) = n(e).
By polarization, we get (ida ® A\)(n) € Mia, g, and
(ida ® @) ((ida ® A)(n)) =n(e) foralln € CC(G,MS(A))Q.

It is easy to see that the adjoint Tg of T is given by

T = [ 60T £ eCG,A)
Thus we have, for all f € C.(G, A),

(ida © A)((ida ® A)(€))"(f) = (ida @ A)((ida @ A)(€)) " (ida @ A) ((ida @ A)(f))
= (ida ® ) ((ida ® N)(&* = [))

_ ** e) = * _16
— (& f)(e) /Gs (Ot e) dt
- /G £ F(t) dt = TL (). =

In what follows we use the notations introduced in Definition [3.2.9.

Theorem 6.4.3. Let B be a Fell bundle over G. Then the cross-sectional C*-algebra
C*(B) considered with the dual coaction is an integrable G-C*-algebra. Moreover, each
element & € C.(B) is square-integrable with

(&l = T
Equivalently, each & € Co(B)? :=span{n = (:n,( € Cc(B)} is integrable with
E1(§) =¢&(e). (6.13)
Proof. Let A := C*(B). Since Cc(B) C Cc(G, M3(A)), the assertions follow directly from
Definition 3.2.1, Definition 13.2.9, Equation (6.12)) and Proposition 6.4.2. O

We now turn our attention to the reduced C*-algebra C}(B) of a Fell bundle 5. Recall
that the left regular representation of B is defined by

A B— L(L*(B)), Ap(b)é(s) :=b&(t™'s) forall b, € B, and s,t € G,

where L?(B) denotes the Hilbert B.-module completion of the pre-Hilbert B.-module C.(B)
with the obvious right action of B, and the Be-inner product

), = /G gty ntydt, €. e ColB).
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By definition, we have

Ci(B) := Ag(C*(B)) C L(L*(B)).

There is a continuous coaction 75 of G on C}(B), also called the dual coaction, such that
Ag 1 C*(B) — C¥(B) is equivariant (see [21] for details). Moreover, v is injective and
satisfies

() = Wiz @ 1)Wpg,

where W is the unitary in £ (L?(B) ® L*(G)) defined by Wgé(s,t) = &(s, s~ 't) for all
€ €C.(Bx G) and s,t € G. Here we identify L?(B) ® L?(G) = L*(B x G), where B x G
denotes the pull-back of B along the projection G x G 3 (s,t) — s € G.

The equivariance of A\g yields

Ye(A8(br) = A ®@id)(y8(b)) = A ®id) (b @ A¢) = Ap(bs) @ ¢ for all b, € By,

and hence

S
5 (As(6)) = /3 s(€(1) @ \edt, € € Cu(B).
We can carry over our results from C*(B) to C}(B):

Corollary 6.4.4. Let B be a_Fell bundle over G. Then Cy(B) considered with the dual
coaction g is an integrable G-C*-algebra. Moreover, for every & € C.(B), the element
A8(€) € Ag(Ce(B)) is square-integrable and

(&) = (Ap ® id)(T¢-).
Equivalently, each element in \g (CC(B))2 is integrable and
E1(A8(€)) = Ag(&(e))  for all & € C(B)?.

Proof. This follows from Theorem 16.4.3 and Proposition [3.3.1. O

6.5 Continuous square-integrability of dual coactions

Let G be a locally compact group and let B be a Fell bundle over GG. Consider the
G-C*-algebra A = C*(B) with the dual coaction y5. We already know that A is square-
integrable. Moreover, from Theorem 6.4.3 we know that C.(B) consists of square-integrable
elements. In this section, we prove that C.(B) is also relatively continuous, that is, we
prove that ((C.(B)|C.(B))) is contained in the crossed product A %, G.

Let £,n € Cc(B). By Theorem 6.4.3, we have
(€ 10" = Ty € L(A® IX(G)) = L(LA(G, 4)). (6.14)
This operator is given by the formula

T3l = [ €n(s)C)ds, ¢ CG.A) € LG A)
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6. COACTIONS OF GROUPS

Thus it is an integral operator
Tuch = [ K(t9)5()ds
G

with kernel K = [£,7] € C.(G x G, M5(A)) given by [&,7](t,s) := £(t)n(s)* € By C
M(A). Note that (¢,s) — |[K(t,s)|| is a scalar continuous function. Moreover, define
the continuous function o : G x G — G by o(t,s) = ts~!. Let A be the pull-back of
B along 0. Then A is a continuous Banach bundle over G x G whose fiber over (¢,s)
is naturally isomorphic to B,,-1. In this way, the space C.(A) of continuous compactly
supported sections of A is naturally identified with the space of all continuous compactly
supported functions ¢ : G x G — B satisfying (¢, s) € By,-1 for all t, s € G. In particular,
[£,m] € Ce(A). If we identify Ay = Bi-1 € M(A), then we may view C.(A) as a
subspace of C.(G x G, M*(A)).

We want to prove that (&*|n*)) € A%, G C L(A® L*(G)) for all {,n € Cc(B). Recall
that

A x, G =5pan{vya(a)(la ® My):a € A, f € Co(G)},

where M : Co(G) — L(L*(G)) is the multiplication representation, and we identify v4(a) €
M(A®C}(G)) CM(A®K(L*G)))= L(A® L*(G)). In this way, each v4(a) defines a
multiplier of A, G. In particular, we have v4(a)(1a®My¢)ya(b*) € Ax, G foralla,b e A
and f € Co(G). Now, the idea is to approximate (£*|n*)) by va(§)(1a ® My)ya(n*), for
suitable functions f € C.(G). Note that

1A(€)(1a @ My)yaln / / £t (s) ® AeMA, dt ds.

It is easy to see that A\ My = M,,s)At, where ay(f)| := f(t7'r). Thus, for all a € A and
y € C.(G), we have

(14(6) (1a ® Mp)ra(n))(a @ y)ly = / / (5)a® M(an(f)Ms(w)) | lt s

//5 s)af(t 1 r)y(s ) dtds

- /G (&7 * ) (. 8)(a @ y)(s) ds,

where

([&,n] = f)(r,s) /5 srT ) f(t ) og (r i) dt.

Note that &(t)n(sr~1t)* f(t~1r)dg(r~1t) € B,s—1 for all 7 € G. Thus the integral above is
a Bochner integral with values in B, -1, which is viewed as a subspace of M(A). With
this new notation, we therefore have

Ya(€)(1a ® My)va(n®) = Tie pjus- (6.15)
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In other words, v4(§)(1a ® Mf)ya(n*) is an integral operator with kernel K = [£,n] * f.
Using [23, 11.15.19] one proves that [¢, 7] * f € Cc(A) C C.(G x G, M3(A)). In particular,
the function (s,t) — ||([£,n] * f)(s,t)|| belongs to C.(G x G).

We may assume without loss of generality that A C £(H), for some Hilbert space H.
Then £(A® L*(G)) € L(H ® L*(G)) = L(L*(G, H)), and an integral operator Tk with
kernel K € C.(A) C Co(G x G, M5(A)) C C.(G x G, L5(H)) takes the form

Ticlr = /G K(t,s)((s)ds, ¢ € Co(G, H).

The assumption A C L£(H) allows us to calculate the norm of Tk more easily. In fact, by
the Cauchy—Schwartz inequality, we have

HTK(C)H%S/G(/GIIK(LS)IIIQ(S)H%)Qdt

< [ ([ ixwsnzas) ([ e as) a=1xgicls

where || K||2 denotes the norm of the function (¢,s) +— ||K(t,s)|| in L?(G x G). Thus
[Tl < 1 l2- (6.16)

Before we proceed, let us consider a special case. Suppose that G is discrete. Let &,n €
Cc(B) and let 0, be the delta Dirac function at e € G. Then it is easy to see that the kernel
function [£, n]*J. is equal to [£,n]. In particular, we see that in the case of a discrete group,
Cc(B) is relatively continuous. In fact, this is something we already know from the general
theory because in this case the quantum group C}(G) is compact (see Proposition 5.2.12).

In general, if G is not discrete, we are going to approximate [£,n] by elements of the
form [¢, 7] * fi, where (f;) is some approximate unit of L!(G).

Lemma 6.5.1. Let B be a Fell bundle over G, and let {,n € C.(B). Then

lim sup [|£(s7)n(t) — £(s)n(rt)| =0
r—esteG
Proof. Define f(s,r,t) := ||£(sr)n(t) — &(s)n(rt)|]. Note that f € C(G x G x G) because
norm, product, and difference operations on a Fell Bundle are continuous. Fix some
compact neighborhood Uy of e € G. Let g be the restriction of f to G x Uy x G. Note
that g € Co.(G x Uy x G). In fact, let K := supp(&) and L := supp(n). Then it is easy to
see that supp(g) C KUO_1 x Uy X Uo_lL. Define the compact subset Ky := KUO_1 U Uo_lL
and the function h : Uy — R by
h(r) := sup f(s,rt).
s,teG

We have to prove that h is continuous in e. Let (r;) be a net converging to e with r; € Uy
for all i. Note that, for each 7, there are s;,t; € K¢ such that h(r;) = f(s;,7i,t;). Since Ky
is compact, there are subnets (s7) and (t7) of (s;) and (¢;), respectively, and so, to € Ko,
such that s; — so and t; — to. Therefore, h(r}) = f(s},7},t;) — f(s0,e,t0) = 0. This

VARNA
yields the desired continuity of h. O
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Proposition 6.5.2. Let B be a Fell bundle over G and let £&,n € C.(B). Let (fy) be the
usual approvimate unit of L'(G), consisting of positive-valued functions fy € Co(G) with
supp(fy) CV and fG fv(r)dr =1 for any compact neighborhood V' of e € G. Then
&, n] = fv(s,t) — [§,ml(s, 1)  uniformly in s,t € G.
Proof. We have
(€] * fv(s,t) = /Vﬁ(r)n(ts_lT)*fv(?”_18)50(8_17“) dr
- /V E(sr m(tr™)* fu(r)oa(r) 2 dr.

Thus, setting ¢ := sup Hf )n(t _1)*H < 00,
s,rteG

€] fu(s,t) — [Em)(s,8)]| < /V st 06 (r)% — &(s)n(e)” | fv () dr
< / st |[[66(r) % — 1] fu(r) dr

+ [ st mter =y = ohnte)”| )

< c/ }5@(7")_ —l‘fv(r)dr

+ / st [J€(or= () = &Iy ()
Observe that
Sstue%Hf n(tr=h)* = E(s)n(t)*| —Sszlp\lf () = E(s)n(t ™ r)"||
= Sstue%}lﬁ )i(t) — E(s)a(r )|,

where 7(g) := n(g~!)* for all g € G. The assertion now follows from Lemma [6.5.1. O

Theorem 6.5.3. Let B be a Fell bundle over G and consider the G—C’*—algebm A :=C*(B)
with the dual coaction yg. Then C.(B) is a relatively continuous subspace of A. In other
words, we have

(&lm) € Ax: G for all &, n € Ce(B).
The pair (C*(B),CC(B)Si) is a continuously square-integrable G-C*-algebra.
Proof. Since C.(B) is self-adjoint, it is enough to prove that

(& |n*) e Ax, G for all £, € C.(B).
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We may assume that A C L£(H) for some Hilbert space H. Equation (6.14) implies that
(& In*) € L(L*(G, H)) is given by

((5*\77*>>C|t=/G§(t)77(8)*4(8)d8Z/G[f,n](RS)C(S)d& ¢ €Ce(G, H).

And by Equation (6.15), the operator ya(£)(14 ® My, )va(n*) € A x. G C L(L*(G, H))
is given by

a(€)(1a ® My, )y ()]s = /G (0] * fv)(t5)C(s) s, C € Cu(G, H).

By Proposition 6.5.2, ([£,n] * fv)(s,t) — [£,7n](s,t) uniformly in s,t € G. Moreover, it is
easy to see that
supp([€, 7] * fv) C supp(&) supp(fv) x supp(n) supp(fv).

Thus [£, n]* fyr — [£,n] in the inductive limit topology. Using Equation (6.16), we conclude
that

7a(€)(1a ® My, )ya(n®) — (€[ in L(L*(G, H)).
Therefore C.(B) is relatively continuous. Equation (6.10) says that C.(B) is A(G)-invariant.

Proposition [5.3.5(ii) implies that C.(B)" is the completion of C.(B). The last assertion
now follows. O

Corollary 6.5.4. Let B = {B;}iec be a Fell bundle over G and consider A, := C}(B) with

the dual coaction of G. Then R, := A (CC(Z’)’))S1 is a dense, complete, relatively continuous
subspace of Ay, and we have

(As(&) [A(m) = As ((&[m)  for all &, n € Re.
The pair (A, Ry) is a continuously square-integrable @—C’*—algebm.

Proof. By Corollary 3.3.3 and Theorem 6.5.3, R, is relatively continuous and the formula
above holds. Since C.(B) is A(G)-invariant and Ag is equivariant, A\g(C.(B)) is also A(G)-
invariant. Proposition [5.3.5(ii) implies that R, is complete. O

6.6 The Fourier transform

We are keeping the notations G = Cy(G) and ¢ for its Haar weight. Recall that ¢ :
M, — C is the functional defined by @;(x) = ¢(\; 'x). We can also define slice maps
with these functionals. For a C*-algebra A, we define

ida ® @1 Mid,ep — M(A),  (ida ® ) (z) == (ida ® ) ((1a ® \; Hz).

Since the elements ); are analytic with respect to the modular group of ¢ (see Equa-
tion (6.4)), Proposition 2.4.13(ii) yields the following generalization of (6.5):

(Iga® )\t)./\;lidA@sp = MidA@tp and -/\7idA®<p(1A R N\) = -/\7idA®go for all t € G.

In particular, the functional id 4 ® ¢; is well-defined on Miq AR
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Definition 6.6.1. Let y4: A — M(A® G) be a coaction of G. For a € A; we define the
t-Fourier coefficient Ey(a) by

Ey(a) == (ida ® ¢1) (v4(a)).
The map t — FEi(a) from G to M(A) is called the Fourier transform of a € A;.

~

If the group is Abelian and if we identify G = CO(Ci) by means of the Fourier transform,
then (14 ® A\—1)(f)(z) = (x| ) f(z) for all f € Cp(G, M5(A4)) ¥ M(A®G) and z € G,
where (z|t) := z(t). So if 74 corresponds to an action a of G on A, then the ¢-Fourier
coefficient coincides with the Fourier coefficient defined by Exel [18], 19]:

Ei(a) = /ésu@,t)ax(a) dz, a€A;.

If € is a Hilbert B-module with a coaction ¢ of G and &, € &, then we already know
that |£)(n] € K(E); (see Proposition 4.1.10). Using the induced coaction of G on K(&), we
can apply Definition 6.6.1 to A = IC(€) to get the t-Fourier coefficient

Ey(I&)(nl) = (idx(e) ® e1) (vice) (16) () € M(K(E)) = L(E).

Proposition 6.6.2. Let A be a @-C*-algebm and let a € A;. Then the t-Fourier coefficient
Ei(a) belongs to the t-spectral subspace M(A) of M(A) defined by

Mt(A) = {b S M(A) : ’)/A(b) =b® )\t}

Proof. Since the comultiplication A of G = C}(G) satisfies A(A\) = A\t ® ¢, the coaction
identity (74 ® idg) o y4 = (ida ® A) o y4 gives

(va ®idg) ((1a ® A\, )va(a) = (1a @ A @ 1g)(ida ® A)((La ® Ay M)yala)).
Using Lemma [2.4.8(i) and Corollary 4.2.3, we get
= 7a((ida @ 9)((1La ® \7)7a(a))
= (idy ® idg ® @) ((WA ®idg)((1a ® Af)m(@)))
= (ida ®idg ® ) (14 ® A ® 16)(ida ® A)((1a © N )7a(a)))
= (14 ®A)(ida ® idg @ ) (ida @ A) (14 @ A7 )7a(a)))
= (

148 ) ((ida ©9) (L © A7)74(0)) © 1g)
= Et(a) ® At ]

YA (Et(a))

Let e € G be the unit element. Note that the e-spectral subspace M.(A) is exactly
the fixed point algebra:

Me(A) = Mi(A) = {b e M(A) : ya(b) = b 1}.

The following result is a generalization of [19, Proposition 6.4].
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Proposition 6.6.3. Let A be a @-C’*-algebm and consider a,b € A;, s,t € G and m €
M(A). Then
(i) Ei(a)* =da(t) ' Ei-i(a®),
(ii) ma € A; and mFEy(a) = Eg(ma),
(iii) am € A; and Ei(a)m = dg(s)Eis(am),
) Ei(a)Es(b) = Eis(Er(a)b) = dc(s)Ets(aEs(D)).

Proof. (i) Recall from Equation (6.4) that A\; is an analytic element and o,(\;) =
5c(t)# ) for all 2z € C. Proposition 2.4.13(ii) yields

Ei(a)”

(iv

(ida ® ) ((1a ® A H)yala)”
(ida ® ¢) (ya(a™)(1a ® Ar))
(ida ® ¢) ((1a ® 03(Ae))7a(a"))
0 (t) " B (a¥).

(ii) Since A; = span AgAY, we may assume that a = bc* with b,c € As. By defini-
tion of Ay, we have y4(b) € 7;&A®@. Thus, by Proposition 2.4.6(iv) and Propo-
sition 2.4.13(ii), va(mb) = (m ® A)va(b) € Nj, g, that is, mb € As. Therefore
ma = mbc* € AgA% C Aj. Moreover, since y4(m) = m ® As, we conclude that

mEi(a) = m(ida @ ¢)((1a ® A\-1)va(a))
= (ida ® ) ((m ® Ap-1)ya(a))
— (1da © ) (14 © A1 Ay )J74(ma)
= Eg(ma).

(iii) As in (ii) one proves that am € A;. Using Proposition 2.4.13(ii) as well as the
relations o, (\s) = dg(5)*\s and y4(m) = m @ A, we get

Ei(a)ym = (ida ® ) ((1a ® Ap-1)7a(a))m
(ida ® ) ((14 @ M-1)7a(a)(m @ 1g))
( )((

((

ida ® ) ((1a @ XN—1)valam)(1a @ A— 1))
(ida @ ) ((1a ® gi(Ag-1)A-1)va(am))
dc(s)(ida ® ) (14 @ Ay Ap-1)74(am))
0G(s)Es(am).

(iv) Follows from (ii) and (iii).

Now we generalize the formula (6.13).
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Theorem 6.6.4. Let B = {Bi}ieq be a Fell bundle and consider A := C*(B) with the
dual coaction vp of G defined in (6.9). If we view B; as a subspace of M(A), then for all
£€C(B)? and t € G, we have

Et(f) :§<t)-

Proof. For t = e this is exactly (6.13). The idea now is to make a change of variables in
order to prove the general case. The right change will be 7(s) := \;—1(§)(s) = £(ts). The
problem is that 7 is not a section of B because 7)(s) € Bs. To solve this problem we consider
each & € Cc(B) as an element of (G, M5(A)). By Proposition 6.4.2, (ida ® A)(£) €

Mid, ey for every € € Co(G, MS(A))2 and
(ida ® @) ((ida ® A)(€)) = £(e)-

Now for £ € C.(G, M5(A)), the change of variable 1 := \;-1(£) makes sense. And if
¢ € CC(G,MS(A))Z, then n € C.(G, MS(A))2_because A—1(&1 % &) = A—1(&1) * & for all
£, € CC(G, MS(A)). Thus (ida ® A)(1) € Miq,ee and

(ida ® ) ((ida ® A)(n)) = n(e) = &(1).

Note that

S

(410 N0 = [

n(s) ® Asds = /Sg(ts) ® A ds
G G

_ /G T€(5) @ Apry ds = (14 ® A )(ida © ) ().

Therefore, for every £ € CC(G, MS(A))Q,
(ida ® @) ((ida @ A)(€)) = (id ® ) ((ida ® A)(n)) = &(t).

In particular, the equation above holds for £ € C.(B)? C C.(G, MS(A))Z. Equation (6.12)
implies the desired result:

Ey(€) = (ida ® ¢1) (78(€)) = (ida @ @) ((ida @ A)(€)) = &(1)- H

Remark 6.6.5. Let us illustrate how easy it is to prove Theorem [6.6.4 if G is discrete.
Moreover, in this case the result is true for every ¢ € L'(B). In fact, in this case we have

’78(6) = Z‘S(S) ® As

seG

for all ¢ € LY(B) and the functional ¢, € G* satisfies ;(\s) = d¢,s for every t, s € G, where
dt,s denotes the Kronecker delta function. Therefore,

Ey(€) = (id @ 1) (Z £(s)® >\s> =Y &s)pi(s) = £(0).

seG seG
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6.6. THE FOURIER TRANSFORM

Theorem 6.6.4 is a generalization of [18, Theorem 5.5] for non-Abelian groups. The-
orem 5.5 in [18] is proved using an appropriate Fourier inversion formula. Let us explain
what we mean by Fourier inversion formula in this context. If G is Abelian, then the dual
coaction yz corresponds to the action 3 of G on C* (B) given by

Bo(6)(t) = (@ [)E(t) forall § € Co(B), t€ G, z€G.

It is easy to see that 3, (by) = (z|t)b for all by € By C M(C*(B)). Equation (6.8) yields

BalE) = /G lS)e(s)ds = /G " ETe(s) ds.

Thus we can think of 3,(§) as a generalized Fourier transform of £ € C.(B). In this way,
Theorem 6.6.4 is the Fourier inversion formula

/ju<x,t> </u (z]s)E(s) ds) dz =&(t) forte G, € € C.(B)?.

G G

Now we carry Theorem 6.6.4 over to C}(B) using Ap : C*(B) — C}(B). First, we need
a preliminary result.

Proposition 6.6.6. Let (A,v4) and (B,vg) be coactions of G. Suppose that 7 : A — B
is an equivariant nondegenerate x-homomorphism. If a € A;, then w(a) € B; and

Ei(m(a)) =7 (E(a)) forallteG.

Proof. By Corollary 3.3.2, w(a) € B; for all a € A;. Moreover, the equivariance of 7 yields

Ei(m(a) = (idp @) (15 @ A7)y (r(a))
(idz © ) (7 ©id) (14 © \7)a(0)))

=7 ((ids © ) (e @ X )1a(@)) )
= W(Et(a)). O

Corollary 6.6.7. Let B = {B:}iec be a Fell bundle over G and consider the dual coaction
vg of G on C}(B). Then

Ei(As(€)) = As(&(1))  for all & € Co(B)*.
Proof. This follows from Theorem [6.6.4/ and Proposition 6.6.6. O

Recall from Section 6.1 that V; denotes the operator in £(L?*(G)) given by V;(£)(s) =
¢(st) for all s,t € G and & € L%(G). Note that V;V, = Vi, V, ! = Vi-1 and Vj* =
5 (t)~1V,-1 for all t,s € G. Therefore, the map

VG- L(L*G)), t—V
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6. COACTIONS OF GROUPS

is a (non-unitary) representation of G on L?(G), and we have V; = 5@(75)_%/),5, where p is the
right regular (unitary) representation of G. Since p is strongly continuous, the same is true
for V' (see also [29, 20.4(ii)]). The same argument shows that V' is also strictly continuous
if we identify £(L2(G)) = M(K(L*(@))). Note that |[Vi|| = |[ViVi|2 = d¢(t)2, so that
V' is not bounded for non-unimodular groups.

If B is an arbitrary C*-algebra, we also write V for the representation of G on the
Hilbert B-module B ® L?(G) given by

V:G— L(B®LYG)), Vi(&)(s)=E(st)
for all ¢ € C.(G,B) C L*(G,B) = B® L*(G).
Recall that (L%(G),t, A) denotes the canonical GNS-construction for the Haar weight

¢, where A(M(&)) = ¢ for every left bounded function ¢ € L?(G) (see Section 6.1). The
next result is a generalization of Proposition 2.4.20(ii) for G = C}(Q).

Proposition 6.6.8. Let £ be a Hilbert B-module. Then, for every x,y € ./\71d€*®¢ and
t € G, we have

(idk(e) ® @i) (@) = (idex @ A)(2) Vi (idex @ A)(y).

Proof. Recall from Equation (6.4) that )\ is an analytic element and o,()\;) = dc(t)* N
for all z € C. Propositions 2.4.20/ and 2.4.22 imply

id ) @ @) ((1x ;a'y)

idic(e) ® @) ((x (1lc &) ® )\t)) y)

idgs @ A)(x(1e) © M) (idex ® A)(y)

idg- @ A)(z)*(1p ® Ja%(At)J) (idgx @ A)(y),

(idk(e) ® i) (x™y)

(
(
(
(

where J denotes the modular conjugation of ¢ in the GNS-construction (L?(G),t,A). Tt
remains to shows that Joi(\)J = V;. The modular conjugation J is given by J{(s) =
2

(5(;(8)_%5(8_1) for all £ € L?(G), s € G. Therefore,

(Jo3 (M) TE)(s) = 6:(5) "2 (05 (A) TE) (5
= 0a(s)"206(t) "2 (M JE) (s )
= da(s) 20a(t) "2 (JE)(E s )
= &(st) = Vig(s). O

The next result is a generalization of Proposition 4.1.10(i) for G = C}(G). It can also
be seen as a generalization of [19, Lemma 7.4].

Corollary 6.6.9. Let £ be a Hilbert B-module with a coaction ve¢ of G. Then

Et(‘@@?’) =[EWVil(n| for all&,me &y and t € G.
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6.6. THE FOURIER TRANSFORM

Proof. Proposition 6.6.8| yields

E(1€)(nl) = (idicey @ 1) (vice) (1€) (n]))

(
= (ide(ey @ 1) (Ve (E)re(n)*)
(
=[¢

ides ® A) (v£(€)*) Va(ider ® A) (ve(n)*)
WVel(nl. 0

Let A be a C*-algebra with a coaction of G and let a € A;. Corollary6.6.9yields several
properties for the Fourier coefficients F;(a) which are not so easy to obtain directly from
the definition. For example, since E;(a) is defined in terms of ¢, which is not bounded
unless G is discrete, it is not so clear that one can obtain any type of continuity or
boundedness property of the Fourier transform

G >t— Ei(a) € M(A).

But since ||Vi|| = (5@(1&)7%, it follows directly from Corollary 6.6.9 that

1

[Et(a)l] < coa(t)™2

for all t € G, where c is a positive constant. In particular, the map ¢ — 6g(t)%Et(a) is
bounded.

Concerning continuity of the Fourier transform, we prove the following result, which
is a generalization of [18, Proposition 6.3] to non-Abelian groups.

Corollary 6.6.10. Let A be a é-C’*—algebm and consider a € A;. Then the Fourier
transform G 3 t — Ey(a) € M(A) is strictly continuous.

Proof. Since A; = span Ag A%, we may assume a = {n*, with {,n € Ag. Corollary 6.6.9
yields Ei(a) = |£)Vi{(n|. Thus, for t,tp € G and b € A,

[ Ee(a)d — Bty ()bl < [[IEN]] - [V ({nlb) — Vi, ((nlb) .

and

[bE(a) — bEy (a)|| < |[BIENVE — BIEW Vo | - ||
= [V (4&lb™) = Vi (4&lv™) |||l |
= {66 (¢7") Vi (L&16") = 8 (¢ 1) Vi ((E67) || - ([ ol

The assertion now follows from the strong continuity of ¢ — V; and the continuity of the
modular function d¢. O

For Abelian groups, [19, Proposition 6.3] contains a stronger result, namely, that the
Fourier transform G > t — Ei(a) € M(A) (a € A;) is uniformly continuous in the strict
topology of M(A). This means that

lim sup [| Es(a)b — Et(a)b]| = 0

S7e e
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6. COACTIONS OF GROUPS

and

lim sup ||bEs¢(a) — bE¢(a)|| =0

STeteG
for every b € A. This is a special feature of the Abelian case. First of all, if G is
non-Abelian, we have two concepts of uniform continuity on G, namely, left and right
uniform continuity (see [29, 4.12]). The two equations above say that the Fourier transform
G >t — Ei(a) € M(A) is right uniformly continuous in the strict topology of M(A). Left
uniform continuity means that

lim sup || Eys(a)b — E¢(a)bl| =0

STeteG
and

lim sup [[b By (a) — bE:(a)]| = 0

STe el
for every b € A.

The problem in general is that G 3 ¢ — V; € L(L*(G)) is neither left nor right
uniformly continuous in the strong topology of E(LQ(G)). In fact, V is left uniformly
continuous in the strong topology of £(L?(G)) if and only if G is unimodular (see [29),
20.30(b)]). Moreover, if G is unimodular, then V is right uniformly continuous in the strong
topology of E(LQ(G)) if and only if G has equivalent left and right uniform structures (see
[29, 4.13] and [29, 20.30(c)]). Of course, if G is Abelian, then (G is unimodular and) the
left and right uniform structures are equivalent (in fact equal).

Suppose that V is left uniformly continuous in the strict topology of M (K(L?*(G))) =
L(L*(G)). Since L*(G) = K(L*(G)) - L*(G), strict convergence implies #-strong conver-
gence.? From the discussion above, G is unimodular. Moreover, for every ¢ € L?(G) we
get (using the unimodularity of G, so that V;* = V,—1)

0 = lim sup [|V;5(§) — Vi (&) = lim sup [[Vi—1;-1(&) — Vi1 (§) ]| = Lim sup [ Vi (§) — Vi ().
STeteG STeted 5=C teG

This means that V' is also right uniformly continuous in the strong topology of E(LQ(G)).

Again, the discussion above implies that the left and right uniform structures of G are

equivalent.

Similarly, if we suppose that V' is right uniformly continuous in the strict topology of
L(L*(G)), then G is necessarily unimodular and has equivalent uniform structures.

Thus, in general, we cannot expect left or right uniform continuity of the Fourier
transform G 3 t — Ei(a) € M(A) in the strict topology. But we can at least prove the
following partial result.

Proposition 6.6.11. Assume that G is unimodular and has equivalent left and right
uniform structures . Then the Fourier transform

G >t Ei(a) € M(A)

is (left and right) uniformly continuous in the strict topology of M(A).

2A net {T;} in L£(£), where £ is a Hilbert B-module, converges #-strongly to T € L(£) if and only if
T >TEand T — T*E forall £ € £.
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6.6. THE FOURIER TRANSFORM

Proof. We shall use the term “uniformly continuous” meaning both left and right uniformly
continuous (which are equivalent in this case). The discussion above shows that V is
uniformly continuous in the *-strong topology of E(Lz(G)). Hence the map

Got— 1,0V, € L(A® L*(G))

is also uniformly continuous in the *-strong topology of E(A ® LQ(G)). As in the proof of
Corollary 6.6.10, we estimate

| Ees(a)b — Er(a)b]| < C1]|(14 ® Vis)(G1) — (14 @ Vi)(G1) ||

and
|bEs(a) — bE(a)||< Col|(14 ® Vis)*((2) — (14 ® V3)* (&) ||

for all b € A, where C;,Cs are constants and (1, (> are elements of A ® L?(G). The
assertion now follows. O

Definition 6.6.12. Let B be a C*-algebra and let T' € £(B ® LQ(G)). We say that T is
V -continuous if the map

Got— VTV, ' € £L(B® L*(G))
is continuous in the norm of £(B ® L*(@)).

Proposition 6.6.13. Let £ be a Hilbert B-module with a coaction of G and let £, 1 € E;.
Define p :=|£)(&| and q := |n)(n|. Then the following assertions are equivalent:

(i) (&|n) € L(B® L*(G)) is V-continuous;

(ii) lim sup |[Ew(p)Es(q) — Et(p)Ers(q)|| = 0 for every compact K C G;
r—CsteK

(i) 1im || Eu(p) Ee(a) — Ee(p)Er(@)ll = 0 and Jim || Eu(p) -1 (a) — Ee(p) Eela) | = 0.

Proof. The idea is basically the same as the one in [19, Theorem 7.5]. Corollary 6.6.9 and
the relation ||V;|| = 5g(t)_% yield

|1Ers(0)Eela) = Eo(0)Est(a)|| = [1ED Vs (€ Im) Vadinl = [€)V2 (€ Im) Ve (|
< DI IVAII-[Va e oy — e VH V-l nll|
< da(rst) "2 1| V(e Vs = (e mhI-ll Gnll-

Hence (i) implies (ii). Suppose now that (ii) is true. Taking K = {e}, it follows that
%im |Et(p)Ee(q)—Ee(p)Et(q)|] = 0. Moreover, taking K to be a compact neighborhood of e,
—€

and using that ¢ +— ¢! is continuous in G, we also get %im | Ee(p)Ei-1(q)—Ee(p)Ee(q)]| = 0.
—e
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6. COACTIONS OF GROUPS

Therefore, (ii) implies (iii). Finally, we show that (iii) implies (i). Using V;* = 5@(1&)_%‘/[1,
we get
(Velelmyvi™t = qelm)) (Vi Imp Vi = (g 1mh)” (Vedelmy Vi~ = (€lm))
= Ve(€lm n 1N Impvit = Vilg ) {n €MV (€ Im))
= Vi(€lmvi il Ve Im Vi + Vekelmh Vi~ {nl€) (€ )
— (ElMVilnl VeIV + (€l Veln |ENV: (€ Im)
+ (el nlEMVElm VT — (e lm {nl EN el m)
= Vil{€l(Be(q) Ee(p) — Er-1(a) Ee(p))m) Vi
+ Vill€l(B-1(0) Ee(p) — Ee(@)Ep1 (p))Im) Vi
+ (€1(Ee(a) Ee(p) — Ee(q) Ee(p) Imh Vi~
+ (EI(E(9) Er-1(p) — Ee(q) Ee(p))|n)-

Taking adjoints and using the fact that for an element a of a C*-algebra, |aa*al| = ||a||?,
we conclude that (iii) implies (i). O

Remark 6.6.14. If one uses the modified Fourier transform E;(a) := 5C,v(t)%Et(a), then
one can replace the statement (ii) above by

(ii) lim sup [|Ep(p)Es(q) — Ev(p) Ers(@)]| = 0.
T—e€ s te@
That is, we do not need to restrict to compact subsets of G. This can be seen from the
proof above.

Remark 6.6.15. Let (A,v4) be a continuous coaction of G. Recall that the crossed
product is defined by

Ax, G =span{va(a)(la® My):a € A, f €Co(G)} C LIA® L*(G)).
The dual action a of G on A %, G is given by a;(va(a)(la ® My)) = vya(a)(1a ® My.y),
where (t- f)(s) := f(st). It is easy to see that
1a® My =V,(1a® M)V,
Since y4(a) € A® C}(G) and V; is in the commutant of A ® C}(G), it follows that
a(T) = VTV, forall T € A, G.
In particular, all elements of A x, G are V-continuous. Therefore, if £, € Ay, then
ey = (&n) € L(A® LQ(G)) is V-continuous.

Moreover, for G Abelian, Exel proved in [19] that the converse of the implication above
also holds. In general, it is not clear to me whether this is true. Although we do not need
this characterization of relative continuity, it would be interesting to see if it is also true
in general. Note that if G is discrete, then every operator in E(L2(G, A)) is V-continuous.
Hence, in order to show that the converse implication above holds, one has to prove that
€ X for all £, € Ag. Since in this case G = C¥(G) is a compact quantum group, this
follows from Proposition 5.2.12.
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6.7 The Fourier inversion theorem

Let G be a locally compact group, let B be a Fell bundle over G and let a € C.(B)2.
Theorem [6.6.4' allows us to rewrite the formula

a:/Gsa(t)dt:/Gsua(t)dt
a:/GsuEt(a)dt

The last equation above makes sense for an arbitrary integrable element a of an arbitrary
G-C*-algebra A such that t — FEy(&) is strictly-unconditionally integrable. It is the content
of this section to investigate when the last equation above holds.

in the form

Recall that B,(G) = C;(G)* denotes the (reduced) Fourier—Stieltjes algebra of G.

Lemma 6.7.1. Let (A,v4) be a G-C*-algebra. If a € A; and w € B.(G), then w*a € A;
and

Ei(w*a) = Ey(a)w(t) for allt € G.

Proof. We may assume that ¢ and w are positive and hence w * a is positive as well. Note
that

Ya(w*a) =v4((ida ® w)ya(a))
= (ida ® idg @ w) ((va ® id)ya(a))
= (ida ® idg ® w) ((id ® A)ya(a)).

Since a € A", we have v4(a) € MldA@w Since ¢ is right invariant, Proposition 4.2.4(ii)

17

says that (id ® A)(ya(a)) € MldA®w®ldg The calculation above implies y4(w * a) €

MldAW that is, w* a € A", and
Eo(wxa) = (ida ® @) (va(w *a))
= (ldA®90)( (ida ® idg ® w)((id ® A)ya(a )))
= (1dA®w)( ida ® ¢ ®idg) ((id ® A)va(a )))
= (ida @ w)(( 1dA®90 ’YA (a)) ®1g)
= (ida ® ¢)(v4(a))w(lg) = Ee(a)w(e).

189



6. COACTIONS OF GROUPS

Using Proposition 4.2.4(ii) again, we get the desired result for an arbitrary t € G:
Ey(w+a) = (ida ® ¢)((
(da®e (

= (ida ® @)

14 ® A ya(w=a))
ida ®@idg ®w)((1a ® A, @ 1g)(ida ® A)y (a))>

(
(ida ® idg ® wAr)(ida ® A)((1a ® A7) )
)
)

(ida ® wh) ((ida @ @ idg) ((ida ® A) (14 & A )y (a))))
(ida ® @A) ((ida © 9) (L @ X )7a(0) @ 1g)
= Ei(a)w(t). O

Theorem 6.7.2. Let (A,v4) be a @—C*-algebm. Let a € A; and suppose that the Fourier
transform G 3 t — Ey(a) € M(A) is strictly-unconditionally integrable. Then we have

va(a) = /G h Ei(a) @ A\ dt.

If v4 is faithful (for example, if G is amenable), then f a)dt = a. In general, we
have

/ Ei(wxa)dt =wxa for allw € B,(G).
G

Proof. Since the function ¢t — Ey(a) is strictly-unconditionally integrable, the same is true
for t — Ey(a) ® &t = ya(Ey(a)), and

YA (/GsuEt(a) dt) z/GsuEt(a)@)Atdt.

Take any § € A* and define z := (®id)(y4(a)). Since y4(a) € Miq, gy, We have z € M,,.
Thus

(0 @ id) (/ Ey(a ®)\tdt> /Sue( (@) A dt
AL

9 (ida @) ((14 ® A;l)yA(a))))\t dt

@

/ (A (0@ id)va(a)) A dt

/ oA, a;)\tdt

u

= (t) A dt

Q

mQ

Q

=1z (see Proposition 6.2.4(iv))

= (0 @id)(va(a)).
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Since # € A* is arbitrary, we conclude that

va(a) = /Gsu Ei(a) ® A\ dt.

This implies

ol [ E@at) = [ Eia) o dt = vaa).
([ mwa) = [

Therefore, if 74 is faithful, then [ E;(a) dt = a. Finally, if w € B:(G), then Lemma6.7.1
yields

wxa=(ida ®w)(ya(a))
= (ida ® w) </Gu Ey(a) ® M df)

- / " B (a)w(t) dt
G

—/ Ei(w xa)dt. O
G

Remark 6.7.3. The injectivity of 74 in Theorem 6.7.2 is really necessary. In fact, if
a € ker(y4), then a € A; and Ei(a) = 0 for all t € G. Thus, if 4 is not injective, and if
0 # a € ker(y4), then

su
/ Ei(a)dt =0 # a.

G

Theorem [6.7.2 generalizes Proposition 6.6 in [19] to non-Abelian groups. Assume that
G is Abelian. Then, under the usual identification M (A4 ® C}(G)) = Cy(G, M5(A)), the
element E;(a) ® A; corresponds to the function x +— (x|t) Ey(a). Thus Theorem 6.7.2] says
that

/Su (x|t)Ey(a)dt = ag(a),

G

where « is the action of G on A corresponding to the coaction v4. The Fourier coeflicient
Ey(a) in this case is given by the integral [5'(x|t)az(a)dz. Thus we can also rewrite the
equation above in the form of a generalized Fourier inversion formula:

/:M (/;@It)az(a) dw) dt = az(a).

6.8 Fell bundles from Hilbert modules over crossed prod-
ucts

In this section we associate Fell bundles to Hilbert modules over crossed products B X, G,
where B is a G-C*-algebra. By Theorem 15.1.2, it suffices to consider concrete Hilbert
modules F C L& (B ® L*(G), 5), where £ is a Hilbert B, G-module.
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Given a concrete Hilbert module F C £C (B® L*(G),€) over B x, G, we define
B.(F) :=span(FV,.F*) C L(E), teQG.
Recall that V; € £(B ® L*(G)) is defined by the formula
Vi(f)(s) = f(st), forall feC.(G,B)and s € G.

Note that
B.(F) =span FF* = K(F). (6.17)

Throughout this section we denote the dual action of G on B x; G by 8. It is given by
Bi(x) = VeV, z€Bx, G,
Lemma 6.8.1. We have
Bs(F)B(F) C Bat(F) and By(F)* = Bi-1(F)
for all s,t € G.
Proof. Since F is a concrete Hilbert B x, G-module, we have F*F C B x, G. Thus
Bs(F)By(F) C span(}"éj’:*}'Vt}"*)
C span(]:ﬁs (F*F) Vstj’:*)
C span(Ffs (B x; G) Ve F¥)
= span(F (B x; G)VaF¥)
= span (F Ve F*) = Ba(F).

The second equality follows from the identity V;* = 6g(t) "1 V,-1. O

Let B(F) be the disjoint union of the family of Banach spaces {Bi(F)}icq. By
Lemma 6.8.1, B(F) forms a Fell bundle over G considered with the discrete topology.
In order to turn B(F) into a Fell bundle over G with its own topology we have to define
an appropriate topology on B(F).

Lemma 6.8.2. There is a unique topology on B(F) making it into a continuous Banach
bundle such that the sections t — xzViy* are continuous for all x,y € F.

Proof. Consider the space I' of sections of B(F) spanned by the sections
t— 2V, forax,yeF.
Given z,y, z,w € F, the function

G 3t (2Viy") (2Viw*)* = da(t) L abi(y*w)z* € L(E)

is (norm) continuous because y*w € B x, G. Therefore, the function t — || f(#)]|*> =

Ilf(t)f(t)*] is continuous for all f € I'. By [23, 11.13.18], there is a unique topology
on B(F) making it into a continuous Banach bundle such that all the sections of I' are
continuous. O
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Lemma 6.8.3. The Banach bundle B(F) with the topology given in Lemma 6.8.2 and the
multiplication and involution induced from L(E) is a Fell bundle over G.

Proof. The only non-trivial axioms are the continuity of multiplication and involution. In
order to prove the continuity of the multiplication, it is enough to show (by [23, VIII.2.4])
that given sections of the form

f@t) == aViy", g(t) = 2Vyw",
where x,y, z,w € F, the map
G x G > (s,t)— f(t)g(t) € B(F)

is continuous. To prove continuity at a given point (sg,tg) € G X G we use [23] 11.13.12].
Thus we show that there is a continuous section h of B(F) such that h(soto) = f(s0)g(so)
and

[h(st) = f(s)g(O)]| = 0 as (s,t) — (s0,%0)-

Define h(r) := xfs,(y*z)V,w*. Note that xf8s,(y*z) € F(B x; G) = F and hence h is a
continuous section of B(F). Moreover, we have h(soto) = f(s0)g(to) and

[h(st) = f(s)g(Dl = [[28s (y"2) Varw™ — xViy*2Viw™||
1 * *
< da(st) 2|zl - |85 (y™2) — Bs(y™2)|| - [Jw]] — 0.
To prove that the involution is continuous, it is enough to show that the map
Got— f(t)*eB
is continuous for every section of the form f(t) = zViy* with z,y € F. Since f(t)* =
5 (t)~tyV,-1z*, this follows from the definition of the topology on B(F), the continuity

of d¢ and the continuity of the inversion map on G. O

Proposition 6.8.4. Suppose that F is a full Hilbert B x, G-module. Then B(F) is a
saturated Fell bundle, that is,

span Bs(F)By(F) = Bst(F)  for all s,t € G.

Proof. Since F is full, we have span F*F = B x; G. Thus

span By (F)B,(F) = span(FV,F*FV,F*)
= Spa n( s (B x; G) V;.F¥)
ati(FBs(B %, G)Var F)
( V")
+(F). O

I
mm
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Definition 6.8.5. Given a Hilbert B,@-module &€ and a relatively continuous subset
R C &, we define
B(E,R) := B(]:(S,R)).3

Proposition [5.3.2, Equation (5.11) and Corollary [5.4.10) yield
B(E,R) = B(S,ﬁSi) =B(E,AG)*R)=B(E,R-B)=B(E,Re) = B(E, Rsc)-

Thus, in general, there are many relatively continuous subspaces generating the same Fell
bundle.

Proposition 6.8.6. Let F C L6 (B ® L2(G),8) be a concrete Hilbert B,@—module, and
suppose that Fy is a dense subset of F. Then

Bi(F) = span{zVyy* : x,y € Fo} for allt € G.
The topology is determined by the continuous sections t — xVyy*, x,y € Fo.

Proof. The description of the fibers follows from the definition of B(F). The last assertion
follows from the observation that the topology of a continuous Banach bundle is determined
by any pointwise dense subspace of continuous sections (see [23], 11.13.18]). O

Corollary 6.8.7. Let £ be a Hilbert B,@—module and assume that R C & s relatively
continuous. Then

By(&,R) = span{[)Vil(nl : §,m € Ro} = {Ei(a) : a € Wo},

where Wy := span|R)(Ro| C K(E) and Ry is any relatively continuous subset of € such
that |Ro)) is dense in F(E,R). The topology of B(E,R) is determined by the continuous
sections t — Ei(a), a € Wy.

Proof. Corollary 6.6.9 yields E.(|£)(n]) = [£)Vi({(n| for all £, € E;. The assertions now
follow from Proposition [6.8.6. O

Corollary 6.8.8. Let (£,R) be a continuously square-integrable Hilbert B,@—module.
Then the generalized fixed point algebra Fix(E,R) is equal to the unit fiber B.(E,R) of
B(E,R).

Proof. This follows from Corollaries [5.3.4 and [6.8.7. O

6.9 Fell bundle structures

Definition 6.9.1. Let A be a @—C*-algebra.

(1) A full Fell bundle structure for A is a pair (B, ) consisting of a Fell bundle B over
G and a G-equivariant *-isomorphism 7 : C*(B) — A.

3For the definition of F (€, R), see Definition [5.2.1.
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(ii) A reduced Fell bundle structure for A is a pair (B, ), where B is a Fell bundle over
G and 7 : C}(B) — A is a G-equivariant *-isomorphism.

Since C(B) is a reduced @—C*—algebra, reduced Fell bundle structures can only exist for
reduced é—C*—algebras, that is, for @—C*—algebras with an injective (continuous) coaction
of G. A full Fell bundle structure for a @-C’*—algebra A can only exist if the coaction is
maximal, at least if G is discrete. In fact, for discrete groups it was proved in [14] that the
dual coaction on C*(B) is maximal and that any maximal coaction of a discrete group has
this form. However, for non-discrete groups, it is not known whether the dual coaction on
C*(B) is maximal.

Of course, if G is amenable, then all these problems disappear. In this case, all the
coactions of G are reduced and maximal at the same time and all Fell bundles over G are
amenable, that is, Ag : C*(B) — C(B) is a G-equivariant isomorphism. Therefore, in this
case, there is no difference between full and reduced Fell bundle structures and we can
forget the words full and reduced.

In [9] we consider only Abelian groups and view Fell bundle structures for a G-C*-
algebra A as “continuous spectral decompositions” of the underlying action of G on A,
following Exel’s treatment in [19]. However, for non-Abelian groups the interpretation as
a spectral decomposition is missing, and we prefer to use the terminology of Fell bundle
structures.

Let (£,R) be a continuously square-integrable Hilbert B, G-module. In Section 6.8,
we have constructed a Fell bundle B := B(E,R) over G whose fibers are given by

By = span{[{) Vi((nl : &;n € R} = {Ei(a) : a € Wr},

where Wg := span|R)(R| C K(£). The topology on B is determined by the continuous
sections ¢ — Ey(a) for a € Wg.
In what follows, we show that B determines a full (resp. reduced) Fell bundle structure
for the G-C*-algebra A := K(E), provided the coaction on A is maximal (resp. reduced).
By definition, each fiber of B is contained in £(£). Thus we can consider the inclusion
map

k:B— L(E).

Proposition 6.9.2. With the notations above, the map k is a representation of B on &.
Its integrated form k : C*(B) — L(E) is given by the formula

k() = /ng(t) dt  for all € € LY(B),

where we view By as a subspace of L(E), so that the strict integral above gives rise to an

element in M(K(E)) = L(E).

Proof. The only non-trivial axiom is [6.3.3(iv). To prove it, let n € £ and suppose that
{b;} is a net in B converging to by € B. Let t; € G with b; € B;,. Then we have t; — to.
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Fix € > 0 and take a continuous section & of B of the form £(t) = Ei(a) with a € Wg such
that ||{(to) — bo|| < €. Corollary 6.6.10 yields

[bin — bonll < [|bin — &(t)nll + [1€(t:)n — &(to)nl| + (1€ (to)n — bon|
< ||bg = &(ta) Il + | Bt (a)n — Egy(a)nll + [1€(to) — boll |7l
— [[bo — &(to)[lInll + 0+ llbo — & (to) ||l < 2¢ln]|.

The formula for the integrated form follows from the general formula

which holds for any representation x (see Equation (6.7)). Since we are identifying B; C
L(E), we have k(£(t)) = £(t) by definition of &. O

Lemma 6.9.3. Let A.(G) denote the space of compactly supported functions in A(G) (the
Fourier algebra). The space J(B) spanned by the sections

{t > w(t)Ei(a) :w e A(G),a € Wr}
is dense in C.(B) with respect to the inductive limit topology.

Proof. Since t — Ey(a) is a continuous section of B, and since the space of continuous
sections is a C(G)-module, it follows that J(B) C C.(B). Since A.(G) contains C.(G) *
Cc(G), which is dense in C.(G) with respect to the inductive limit topology, it follows that
the closure of J(B) in C.(B) contains the space spanned by the sections t — f(t)E¢(a),
where f € C.(G) and a € W. This space is dense in C.(B) by [23] 11.14.6]. O

Proposition 6.9.4. Let (£,R) be a continuously square—intggmble Hilbert B,é—module.
Then, with the notations above, k : C*(B) — L(£) is a G-equivariant nondegenerate
x-homomorphism, whose image is the G-C*-algebra A := K(E). Moreover, we have

% (T (B)) = span (A¢(G) * Wr) .

Proof. Consider the section £ € J(B) given by &(t) := w(t)Ei(a) = Ei(w * a), where
w € A:(G) and a € Wg. Theorem 6.7.2 and Proposition 6.9.2] yield

k(&) = /ng(t)dt: /;Et(w*a)dt:w*a.
Thus
Kk (J(B)) = span (A.(G) * Wg) .
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Lemma 6.9.3 yields £(C*(B)) = K(£). In particular, s is nondegenerate. To prove the
G-equivariance of k, we use Theorem 6.7.2] again:

(r i) (6(6) = (cwid) [ €00 rar)
= /Gsn(.g(t)) ® A\ dt

:/ E(wx*a) @\ dt
G

= ic(e) (W * a) = Ye) (K(E)). O
We need the following result from [21, Corollary 2.15]:

Lemma 6.9.5. Let B be a Fell bundle over G and let p : B — L(E) be a representation
of B on a Hilbert B-module £. Then the representation p @ A : B — L(E ® C}(Q))
given by (p @ X)(bt) = by @ Mt factors through Cy(B), that is, there is a x-homomorphism
0:CHB) — L(E®CHQG)) such that oo Ap = p @ X. Moreover, if p|g, is faithful, then so
is 0.

Proposition 6.9.6. In the situation of Proposition 6.9.4, suppose that A is a reduced
@—C*—algebm. Then the x-homomorphism k : C*(B) — A factors through a é—equivam’ant
x-isomorphism 7w : C¥(B) — A. In other words, (B, ) is a reduced Fell bundle structure
for A such that the following diagram commutes:

C*(B) —= A
AB

C(B)
Proof. Consider the representation
QA B—>M(A®CE(G)) :£(5®C’;"(G))

defined by (k@) (by) := k(b)) @ A\¢. Let £C.(B) be the section defined by £(¢) := w(t)Ei(a),
where w € A.(G) and a € Wg. Lemma 6.7.1/ and Theorem 6.7.2 yield

(h© N = /G RE(L) © A dt
—/Z@@@®&&
G

:/ E(w*a) @\ dt
G

= 74w x a) = va(k(E))-
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By Lemma [6.9.3) the space J(B) spanned by the section of the form t — w(t)E¢(a) above
is dense in C*(B). The calculation above implies k ® A = 4 o k. This yields the following
commutative diagram:

C*(B) A

M(A® CH@))

YA

A

By definition,  is the inclusion map B — M(A). In particular, ), : Be — M(A) is
faithful. Lemma [6.9.5 implies that the representation k ® A\ factors faithfully through
C(B), that is, there is a faithful x-homomorphism ¢ : C}(B) — M(A ® C;(G)) making
the following diagram commute:

G (B)
KQA 77 A
C*(B) M(A® CHG))
o YA
A

Since Az and k are surjective, the diagram above implies that o(C;(B)) = v4(A). Since
Y4 is injective, the equation v4(m(z)) = o(z) well-defines a surjective *-homomorphism
7w : CF(B) — A. Since g and y4 are injective, 7 is injective as well. Moreover, it is easy to
see from the diagram above that m o A3 = &, that is, the diagram

C*(B) — A

commutes. Since x and Ag are equivariant, and since Ag is surjective, m is necessarily
equivariant. [

Let (A,v4) be a G—C*:\algebra. Recall that a reduction of A is a reduced @—C*—algebra
(Ar,7Y) together with a G-equivariant surjection 9 : A — A, such that the induced map
Y xG:AxG— A x G is an isomorphism.

198



6.9. FELL BUNDLE STRUCTURES

Proposition 6.9.6/ can be generalized in the following way:

Proposition 6.9.7. In the situation of Proposition [6.9.4, let ¥ : A — A, be a reduction
of A. Then there is a G-equivariant isomorphism m : C¥(B) — A, making the following
diagram commute:

C*(B) = A

AB 9

Cy(B) - Ar

Proof. Recall that x denotes the inclusion map B — M(A). Let & :=J ok : B— M(A,).
Then £ is a representation of B on A;. Its integrated form & : C*(B) — M(A,) has image
Fa(C* (B)) = J(A) = A;. In particular, & is nondegenerate. We claim that &|z, is faithful.
In fact, suppose that b € Be and #(b) = 9(b) = 0. Then (¢ x G)(v5(b)) = a4, (9(b)) = 0.
Since ¥ G is an isomorphism, we get y3(b) = 0. But b € B. € M. (C*(B)) = M1 (C*(B)),
the fixed point algebra, and hence y5(b) = b ® 1. Thus b = 0, proving our claim. Now we
can define the representation A @ A : B — M (Ar ® Cf (G)) of B and follow the same idea
as in the proof of Proposition [6.9.6] to get the desired isomorphism 7 : C¥(B) — A,. O

Proposition 6.9.8. Let B be a Fell bundle over G and consider the @—C*—algebm A=
C*(B). Then the reduction Ay of A is isomorphic to Cy(B). The quotient map ¥ : A — A,
is identified with \g : C*(B) — C¥(B). In particular, ker(yg) = ker(\g), and

ABXG:C*(B)xG— CIHB)»xG
s an isomorphism.

Proof. Consider the inclusion map & : B — M(A). As we have seen in the proof of
Proposition 6.9.7, the composition & := Yok : B — M(A;) is faithful on B.. Now
considering the representation £ @ A : B — M(A ® C;(G)), the same idea as in the proof

of Proposition 6.9.6/ shows that there is a G-equivariant isomorphism 7 : C}(B) — A, with
moAg =1. O

Recall that a Fell bundle is called amenable if A : C*(B) — C;(B) is injective.

Corollary 6.9.9. The dual coaction (C*(B),~p) is reduced if and only if B is an amenable
Fell bundle.

The following theorem summarizes the results of this section. If G is discrete, then
this has been proved in [13, Lemma 2.1].

Theorem 6.9.10. Let (E,R) be a continuously square-integrable Hilbert B,@-module.
Define B := B(E,R) and A := K(£), and let k : B — M(A) be the inclusion map. Then
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the integrated form of k is a @-equivam’ant surjection  : C*(B) — A, and there is a
G-equivariant surjection v : A — CF(B) with A\g = v o k. Moreover, the induced maps

EXG:C*"(B)xG— AxG vXG:AXxG— CHB)xG
AMXG:C*"(B)xG— C!HB)xG
are isomorphisms and we have Ag X G = (v X G) o (k x G). If (A,v4) is reduced, then v

is an isomorphism, that is, (B,v) is a reduced Fell bundle structure for A. And if (A,74)
is maximal, then K is an isomorphism, that is, (B, k) is a full Fell bundle structure for A.

Proof. Let v be the composition 7101 of Proposition/6.9.7. The equality A\g = vok implies
AXG = (rxG)o(kx@G). Since A\ X G is injective, so are v X G and k x G, and therefore
they are isomorphisms. Since C}(B) is reduced, v : A — CJ(B) is a reduction of A. In
particular, if A is reduced, then v is an isomorphism. Now suppose that A is maximal.
Take a maximalization p : A, — C*(B) of (C*(B),y5). Since k x G : C*(B) X G — AXG
is an isomorphism, kop : A,,, — A is a maximalization of (4,7v4). Since (A,~4) is assumed
to be maximal, uniqueness of maximalizations implies that x o y is an isomorphism (see
also [34, Proposition 3.3]). Hence k is an isomorphism as well. O

Note that in the situation above, v : A — C}(B) is always a reduction of (A4,v4) and
k: C*(B) — A is maximalization of (A,~4) whenever (C*(B),y3) is maximal. As already
mentioned, it is not known whether (C*(B),~y3) is maximal for every Fell bundle over G.
This is true for discrete groups (see [14]) and, of course, also for amenable groups. In the
case of classical dual coactions (that is, if B = C' x, G is the semidirect product of some
action (C,~) of G) it is also true for all locally compact groups. We shall use the following
terminology:

Definition 6.9.11. We say that a Fell bundle B over G has the maximality property if
the dual coaction (C*(B), ) is maximal. We also say that G has the mazimality property
if every Fell bundle B over G has the maximality property.

By Proposition [6.9.8, the map A\g x G : C*(B) x G — C}(B) x G is an isomorphism.
Thus, if B has the maximality property, then A\g : C*(B) — C}(B) is a maximalization of
(CY(B),1B)-

The following result follows directly from Theorem 6.9.10.

Corollary 6.9.12. Let B and A be as in Theorem 6.9.10. If A is reduced and mazimal,
then B is amenable. Conversely, if B has the maximality property and if B is amenable,
then A is reduced and mazimal.

6.10 Fell bundles and continuously square-integrable C*-al-
gebras

Let B be a Fell bundle over G. By Theorem [6.5.3 and Corollary (6.5.4, we can associate
to B two continuously square-integrable G-C*-algebras

si ~ 5 551

(A(B), R(B)) = (C*(B),Cc(B)") and  (A:x(B), Ra(B)) = (C}(B), A5(Ce(B)) ),

200



6.10. FELL BUNDLES AND CONTINUOUSLY SQUARE-INTEGRABLE C*-ALGEBRAS

where we always furnish C*(B) and C(B) with the dual coactions of G. Thus we can
consider the maps

B— (A(B),R(B)) and B (A:(B), R:(B)).

These two maps are considered between Fell bundles over G and continuously square-
integrable @—C*-algebras. The aim of this section is to prove that, under certain hypothe-
ses, they are equivalences between suitable categories. Firstly, we define the categories
and prove that the maps above give rise to functors between these categories. The first
one is the category of Fell bundles over G with the usual morphisms:

Definition 6.10.1. Let By and By be Fell bundles over G. A morphism from By to By is
a continuous map ¢ : By — By satisfying ¢(B1+) C By, for all ¢ € G, which is linear on
the fibers, norm decreasing, and preserves multiplication and involution.

_ The second category that we need is the category of continuously square-integrable
G-C*-algebras with morphisms as follows:

Definition 6.10.2. Let (A1, R1) and (A2, R2) be continuously square-integrable G-C*-
algebras. A morphism from (A1, R1) to (A2, R2) is a G-equivariant s-homomorphism
m: A1 — Ay such that TI'(Rl) C Ro.

Notice that we do not require m : Ay — As to be nondegenerate. Thus it need not
extend to a strictly continuous sx-homomorphism between the multiplier algebras. To
circumvent this issue, we shall work with the bidual von Neumann algebras. Given a C*-
algebra A, we denote its bidual von Neumann algebra by A” (also called the von Neumann
enveloping algebra of A, see [58]). This can be concretely defined as the bicommutant of
A in its universal representation. As a Banach space, A” is isomorphic to the second
dual A** (|58, Proposition 3.7.8]). We always identify A C M(A) C A” in the usual
way ([568, 3.12.4]). The assignment A — A” is functorial. Given a *-homomorphism
7w : A1 — As, we denote its bi-transpose by 7" : AY — AlJ. Tt is the unique weakly
continuous *-homomorphism extending 7.

Lemma 6.10.3. Let A1 and Ag be @—C*-algebms, let R1 - Ay and Ro C Ay be relatively
continuous subspaces, and assume that m: Ay — As is a G-equivariant x-homomorphism
with m1(R1) € Re. Then:

(i) 7 (Ei(a)) = E¢(n(a)) for all a € R1Rj.
(ii) 7 is contractive for the si-norm on Rq, that is, |7(&)|lsi < ||€]|si for all £ € R;.
Proof. (i) By definition, we have

Eya) = (id®@ @) (1@ X )7a,(0) =s-lim ([d @ w)((1 @ A7 )ya,(a)

wegq}

4Recall that the script “s” denotes strict limit. See Section 2.4/ for the definition of G,.
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Note that (id ® w)((1 ® A\; ')y4,(a)) € A; for all w € G,,. Since 7" is weakly continuous,
and since the weak topology is weaker than the strict topology, we get

7 (E¢(a)) = w-lim 7T<(id ®w)(l® A D4, (a))),

weg«p

where the script “w” stands for weak limit. Finally, since 7 is equivariant, we have
Ey(m(a)) = s-lim (id ® w) (y4,(7(a)))
wEQp

= s-lim (id ® w) ((7r ® id)v4, (a))

wEQp

= S_wher(i F((id ow)((l® )\t_l)’yAl(a))).
Therefore, Ey(m(a)) = n”"(E¢(a)) as desired.
(ii) It follows from (i) that

| Ee(m(€€)]| = || (Be(€6M) || < I1E(6€7)II-

Using Proposition 4.1.10(i), we conclude the proof:

1

l7(©)llsi = 7@ + [I= (€| = 7€)l + [[l(©)) {m (©)I]|2

1 eun
= [m @l + || Ee (€€ 2 < llEll + 1Ee(&€)1= = lI€]lsi- O
Remark 6.10.4. If 7 : Ay — A5 in Lemma [6.10.3] is nondegenerate, then the hypothesis
m(R1) C Rz is not necessary and the properties (i) and (ii) hold for any a € A;; and
&€ € A (see Proposition 6.6.6). Moreover, in this case we know that m(Rq) C Ay is

relatively continuous for any relatively continuous subspace R1 C A; (see Corollary [3.3.3).
However, in general, if 7 is degenerate, then it is not even clear whether 7(R1) C Agi.

Proposition 6.10.5. The construction (A, R) — B(A,R) is a functor from the category of
continuously square-integrable G-C*-algebras to the category of Fell bundles over G. Given
a morphism 7 : (A1, R1) — (A2, R2), the associated morphism ¢ : B(A1,R1) — B(A2, R2)
is given by ¢(E¢(a)) = Ei(m(a)) for alla € RiR} and t € G.

Proof. Recall that the fibers are given by Bi(Ay, Ri) = span{Ei(a) : a € RyR;} for all
t € G, where k = 1,2 (see Corollary6.8.7). By Lemma/6.10.3(i), the equation ¢(b) := 7" (b)
defines a map ¢ : B(A1,R1) — B(A2,R2). This maps respects the algebraic operations
because they are inherited from the multiplier algebras. It remains to prove that ¢ is
continuous. But this also follows from Lemma [6.10.3(i) because ¢(E(a)) = E¢(m(a)) for
all a € R1R;. Since m(R1) C Ra, this equation says that ¢ maps the generating space of
continuous sections of the form ¢ — E;(a) for B(A1,R1) to the continuous sections of the
form ¢ — Ey(m(a)) in B(A2, Ra). O

Proposition 6.10.6. The maps B — (A(B),R(B)) and B — (A:(B),R:(B)) are func-
tors from the category of Fell bundles over G to the category of continuously square-
integrable G-C*-algebras. Given a morphism ¢ : By — Ba, the associated morphism
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7 (A(B1),R(B1)) — (A(B2),R(B2)) is characterized by the formula 7(£)(t) = ¢(£(t))
for all & € Co(By) and t € G, and the associated morphism p : (A:(B1), Re(B1)) —
(Ar(BQ),Rr(BQ)) is uniquely determined by the following commutative diagram:

(A(B1), R(By)) s (A(B2), R(B2))

/\B >\B

1 2

(Ar(B2), Re(Ba)) ———— (A:(Ba), Ru(Ba)).

Proof. The formula m(£)(t) := ¢(£(¢)) for £ € Co(B1) and ¢ € G defines a *-homomorphism
7 : Ce(B1) — Cc(B2). By the universal property of the cross-sectional C*-algebras, this
extends to a x-homomorphism 7 : C*(By) — C*(B2). Note that Equation (6.10) implies
T(wx &) = wx*xm(§) for all £ € C.(B1) and w in the Fourier algebra A(G). Hence 7 is
G-equivariant. Since A, : C*(B1) — C*(By) is a reduction of (C*(B1),vs,) (see Propo-
sition 6.9.8), Lemma 2.7.2] yields a unique G-equivariant *-homomorphism p : C¥(B;) —
C;(B) satisfying p o Ag, = Ap, o 7. It remains to prove that 7(R(B1)) € R(B2) and
p(Ru(B1)) € Re(By). Since 7(Co(B1)) C Co(Bs) and p(Ag, (Ce(B))) C A, (Co(B2)), this
follows from Lemma 6.10.3((ii). O

At this point we have three functors: (A,R) — B(A,R) from the category of con-
tinuously square-integrable @—C*—algebras to the category Fell bundles over G, as well as
B — (A(B),R(B)) and B — (A;(B),R:(B)) in the opposite direction. We now analyze
the compositions of these functors. First we show that starting from the category of Fell
bundles over G and applying two of the functors consecutively, we get an equivalence on
the category of Fell bundles over G. Under certain additional hypotheses, we also get an
equivalence by starting from the category of continuously square-integrable @—C*-algebras.

Lemma 6.10.7. Let B be a Fell bundle over G. Then {{(t) : § € Co(B) xC.(B)} is dense
in By for allt € G.

Proof. 1t is clear that By = {£(t) : £ € C.(B)} (see [23, Remark I11.13.19]). The assertion
now follows because C.(B) * C.(B) is dense in C.(B) for the inductive limit topology (see
[23, Remark VIII.5.12]). O

Theorem 6.10.8. Let B be a Fell bundle over G. Then the canonical inclusions
By — M(C’*(B)) — B (A(B),R(B)) and B; — M(C:(B)) — B (Ar(B),Rr(B))
induce natural Fell bundle isomorphisms B = B(A(B), R(B)) = B(A:(B), R.(B)).

Proof. Let @ : B — M(C*(B)) and ¥ : B — M(C;(B)) be the canonical inclusions.
Recall that ¥ = Ag o @ (see Proposition 6.3.4). Theorem 6.6.4, Corollary 6.6.7/ and
Lemma 6.10.7 yield the equalities

®(B;) = {F(a) :a € C.(B)2} and W(B:) = {F:(a):a e \g(Cc(B))?}.
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Corollary 6.8.7 implies that
Bt (A(B),R(B)) = (I)t(Bt) and Bt (Ar(B),Rr(B)) = \Ift(Bt)

Therefore, we get fiber-preserving bijective maps ® : B — B(A(B), R(B)) and ¥ : B —
B (Ar(B), ”Rr(B)). These maps preserve all the algebraic operations because, by definition
of B(A(B), R(B)) and B(A:(B), R.(B)), all these operations are inherited from M (C*(B))
and M (C}(B)), respectively. Moreover, again by Theorem 6.6.4, we have ®(£(t)) = Ey(£)
for all ¢ € C.(B)2. This equation says that ® maps the pointwise-dense subspace of contin-
uous sections C.(B)? for B (here we use Lemma 6.10.7) onto the pointwise-dense subspace
of continuous sections ¢ — Ey(€), & € Co(B)?, for B(A(B),R(B)). This implies that ®
preserves the topologies, that is, ® is a homeomorphism (see [23, I1.13.16]). Analogously,
Corollary [6.6.7 implies that ¥ is a homeomorphism. Therefore ® and ¥ are isomorphisms
of Fell bundles.

Finally, we prove that these isomorphisms are natural. Let B; and By be Fell bundles
and suppose that ¢ : By — Be is a morphism. We have to prove that the diagram

B, 2 B(A(By), R(By))
6 3
Bs o B(A(B2), R(B2))

commutes, where ®; denotes the isomorphism B = By, (A(Bk),R(Bk)) for kK = 1,2, and
¢ denotes the morphism induced by ¢. The latter is given by qg(Et(a)) = Ey(m(a)) for all
a € R(B1)R(B1)*, where 7 : (A(B1), R(B1)) — (A(B2), R(B2)) is the morphism given by
7(&)]e = ¢(&(t)) for every compactly supported continuous section & of B(A(By), R(B1)).
Note that if £ € Co(B1)?, then 7(£) = [t — ¢(£(¢))] € Ce(B2)?. Thus

2:(6(6())) = Bi(x(€)) = 9(E©)) = 6(@1(£1) ).

This shows the commutativity of the diagram above, and therefore the naturality of the
isomorphism B = B(A(B), R(B)). The naturality of B = B(A;(B), R:(B)) is shown in an
analogous way. O

Before we proceed with the analysis of the functors, we describe the generalized fixed
point algebra Fix(A,R), the Hilbert module F(A,R) and the ideal Z(A,R) (see Defini-
tion 5.2.1) associated to the pairs (A(B), R(B)) and (A:(B), R.(B)).

Corollary 6.10.9. If B is a Fell bundle, then we have isomorphisms of C*-algebras
B. = Fix(A(B), R(B)) = Fix(A:(B), R.(B)).

Proof. This follows from Theorem 6.10.8 and Corollary 6.8.8. O
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Proposition 6.10.10. Let B be a Fell bundle over G. Then
F(AB),R(B))" = F(A:(B), Re(B))" = L*(B)
as Hilbert modules over Fix(A(B), R(B)) = Fix(A:(B), R:(B)) = Be.

Proof. Let us denote (4, R) := (A(B), R(B ) and (Ay, R;) := (A:(B), R:(B)). Since R is
the si-closure of C.(B), we have F(A,R) = |R)) = [C.(B)) C L(A ® L*(G), A). Hence

F(A,R)* = (Cc(B)] C L(A, A® L*(@G)).

Proposition 6.4.2 yields ((£*| = T¢ for all £ € Cc(B), where Ty € L(A, A® L*(G)) is the
operator defined by Tcal; = £(t)a for all a € A. Here we identify B; € M(A). Define
T:C(B) — F(A,R)* by T'(§) := T¢. Note that

(TOITM))rixar) = TgTy = [ENN"| = Ee(€" xn) = (& xn)(e) = (&l b.

for all £, € C.(B), and

T(&-b)nle = (& - 0)(t)n = &(t)bn = (T(€) - b)nl:

for all &, € Co(B), b€ Beand t € G. Thus T'(¢-b) = T(€) - b. Therefore, T' extends to an
isomorphism 7 : L?(B) — F(A,R)* of Hilbert modules over B, = Fix(A4,R).
Similarly, since R, is the si-closure of Ag(C.(B)), we have

F(AnRe)* = (As(Ce(B))] € L(Ar, Ar @ L*(G)).

Thus, we can also define a map T : Co(B) — F(Ar, Re)* by T(€) := (\s(£*)|. Proposi-
tion 3.3.1/(ii) gives

T(6) = (As(€)] = M @idm)((€7]) = (As @ idu)(T(£)),

where H := L*(G). Thus T = (Ag ® idy) o T Tt follows that

(TEOITM))Fix(arre) = As(El)s.)

for all £,n € Cc(B), and

T(§-b) =T(&) - As(b)
for all ¢ € C.(B), b € B,. Since A Be — Fix(A;, R;) is a *-isomorphism (here we identify
B. € M(A)), we conclude that T extends to an isomorphism 7T : L*(B) — F(A;, R;) of
Hilbert modules over B, = Fix(A;, R:). O

Recall that Ag x G : C*(B) x G — C}(B) x G is an isomorphism (Proposition 6.9.8)).
Given a continuously square-integrable @—C*—algebra (A, R), the ideal Z(A,R) in A %, G
is, by definition, the ideal generated by the inner product of F(A,R), that is, it is the
algebra of compact operators of the dual F(A, R)*. This yields the following result:
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Corollary 6.10.11. Let B be a Fell bundle over G. Then
T(A(B). R(B)) = T(A(B). Re(B)) = K (L(B)).
In particular, K(L*(B)) is (isomorphic to) an ideal of C*(B) x G = Cf(B) x G.

Now, we return to the analysis of our functors. Theorem [6.10.8/says that, up to natural
isomorphism, the functor
(A, R) — B(A,R)

is a left inverse for the functors
B— (A(B),R(B)) and B (A:(B), R:(B)).

We are going to prove that, under a certain hypothesis, it is a right inverse for first functor
if we restrict to maximal coactions, and for the second functor if we restrict to reduced
coactions. The missing hypothesis is the content of the next definition.

Definition 6.10.12. We say that a continuously square-integrable Hilbert B, G-module
(£,R) is essential if R is essential, that is, if span® A(G) * R = R.% In this case, we
also call (€, R) an e-continuously square-integrable Hilbert B,G-module. 1f (A,R) is a
continuously square-integrable @—C’*—algebra with R essential, we also say that (A, R) is
an e-continuously square-integrable @—C’*—algebm.

Proposition 6.10.13. If G is discrete or amenable, then every continuously square-inte-
grable Hilbert B, G-module (£,R) is essential.

Proof. 1If G is discrete, then R = £ and || - ||si is equivalent to the norm on &, and hence
the result follows from Proposition 2.6.10. And if G is amenable, then G = C}(G) is a
co-amenable quantum group and therefore the result follows from Proposition 5.3.10. [

Proposition 6.10.14. Let B be a Fell bundle over G. Then, for all £ € C.(B), we have

M@_M%wwW/s <wﬁ2gwm@+(émwwawY

Proof. Theorem [6.6.4] and Corollary [6.6.9 imply

W@W—wseW=wvw8H=Hw€ @l

- | [eorial-

The assertion now follows from the definition of || - ||si (see Proposition 4.1.11]). O

3 ).

Proposition 6.10.15. Let B be a Fell bundle over G. Then both pairs (A(B), R(B)) and
(A:(B),R:(B)) are e-continuously square-integrable G-C*-algebras.

"Recall that * denotes the Banach left action of the Fourier algebra A(G) on & induced by the coaction
of G on &; see Equation (2.18).
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Proof. We only have to show that R(B) = C.(B)" and R.(B) = Az (Ce(B)) " are essential.
Equation (6.10) says that the left A(G)-action on C.(B) C C*(B) is given by pointwise
multiplication. Since A(G) is dense in Cy(G), we can find a net (w;) in A(G) such that
wi(t) — 1 uniformly on compact subsets. As a consequence, if £ € C.(B), then (w; *£)(t) =
(wi-&)(t) — £(t) uniformly on G. It follows from Proposition 6.10.14/ that |jw;*—£]|si — 0.
Thus

-si

AG) % C(B) = A(G) % Cu(B)" = C(B)".

This shows that C.(B)" is essential. Now, since Ag : C*(B) — C*(B) is equivariant,
Proposition [3.3.1 yields ||[Ag(§)]lsi < ||€]|si for all & € C*(B)gi. Thus

i

As(Ro™) = As(Ro)"  for any subset Ry C C*(B)s. (6.18)

Finally, note that

AG)  A5(C(B)) = A(G) * As(Co(B))" = Aa(A(G) % Co(B))"

—_——si
Therefore, Ag(Cc(B)) s also essential. O

Let us fix a continuously square-integrable @-C’*—algebra (A,R), and denote B :=
B(A,R). As in Lemma [6.9.3, we define

J(B) :=span{n : n(t) = w(t)Ei(a), a € Wg, w € A(G)} C C.(B),
where Wpx := span RR*.

si si

Lemma 6.10.16. We have Co(B) = J(B) and A5(C(B)) = \s(JT(B))" .

Proof. Since J(B) C C.(B), we have J(B)" C C.(B) . On the other hand, by Lemmal6.9.3,
J(B) is dense in C.(B) with respect to the inductive limit topology. Thus, if £ € C.(B),
there is a net (§,) in J(B) such that &, (t) — £(t) uniformly on G and supp(¢,) C K for
all n, where K is some fixed compact subset of G. It follows from Proposition 6.10.14 that

€0 — £|lsi — 0. Therefore, Co(B)” = J(B) . As a consequence of Equation (6.18), we get

———si si

\5(Co(B))" = As(Co(B) )°i — s (W“)Di — (7B O

Lemma 6.10.17. Let (A, R) be a continuously square-integrable @—C*-algebm. Then the
si-norm closure of Wpr = span RR* is equal to R.

Proof. Since R is complete, we have Wi = span RR* C span RA C R, so that Wr~ C R.
Now, since R is dense in A, we can take a bounded approximate unit (e;) for A contained
in R*. Thus e; — 1 strictly in M(A). It follows that v4(e;) — 1 strictly in M(A %, G).
Since F(A,R) = |[R)) is a Hilbert A x, G-module, Proposition 4.1.10(ii) yields |e;) =
1ENyales) — |€) for all € € R. Thus £e; — & in the si-norm, and therefore R C Wr™. [
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Theorem 6.10.18. Let (A, R) be a continuously square-integrable @-C’*-algebm.

(i) If (A,v4) is a mazimal and R is essential, then there is a natural isomorphism

(A,R) = (A(B(A,R)),R(B(A,R))).

(i) If (A,va) is reduced and R is essential, then there is a natural isomorphism

(4,R) = (4:(B(4,R)), Re (B(4,R)) ).

Proof. Define B := B(A,R). From Theorem [6.9.10 we have a commutative diagram

c*(B) : A

Gy (B)

where all the maps are equivariant surjections. If (A4, 74) is maximal, then « is an isomor-
phism and if (A,~4) is reduced, then v is an isomorphism.

We know from Proposition 6.9.4] that «(J(B)) = span(A.(G) * Wg). Since A.(G) is
dense in A(G), Lemmas 6.10.16 and 6.10.17 yield

si si

k(C.(B)) = k(T (B)) =span” (A.(G) * R) = span® (A(G) * R). (6.19)

Thus, if (A,7v4) is maximal and R is essential, then (using that x is an equivariant iso-
morphism)

#(C(B)") = v(C.(B))” =R,
Therefore, r : (A(B), R(B)) — (A, R) is an isomorphism of continuously square-integrable

(A;—C*—algebras. Similarly, if (A, v4) is reduced and R is essential, then (using that v is an
equivariant isomorphism)

si

) = v(+(C(B))” = As(Ca(B)) .

Therefore, v is an isomorphism between (4, R) and (A4;(B), R:(B)).

Finally, we prove the naturality of the isomorphisms. Let (A;,R;) and (A2, R2) be
continuously square-integrable @—C*—algebras and suppose that 7 : (A1, R1) — (A2, R2) is
a morphism. Define By := B(Ag, Ry) for k = 1,2, and let ¢ : By — Ba be the morphism of
Fell bundles induced by 7. Recall that it is given by ¢(E;(a)) = Ey(m(a)) for all a € RiR}.
Let 7 : (A(B1),R(B1)) — (A(B2), R(B2)) be the morphism induced by ¢. It is given by

v(R) = v((Cc(B)
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(5)!

~

o€ ( )) for all £ € C.(B1). In order to prove the naturality of the isomorphism
( B)), we have to show that the following diagram commutes:

K1

(A(B1),R(B1)) (A1, R1)
(A(B2), R(B2)) (A2, R2)

where ky, : (A(Bk),R(Bk)) — (Ag, Ry) for k = 1,2, are the canonical maps given by the
integrated forms of the inclusions By, < M (A). Thus they are given by rx (&) = [ &(¢) dt
for all £ € C.(By). We have, for all £ € C.(B1),

(o)
- [0 [wco

_ / RO (1) dt = ra(R(E)).

G

This shows that the diagram above commutes and, therefore, proves the naturality in the
maximal case. The reduced case is similar. O

With notation as above, note that given a continuously square-integrable @—C*—algebra
(A,R), we have that v : A — C}(B) is a reduction of A, and if B has the maximality
property (see Definition [6.9.11)), then x : C*(B) — A is a maximalization of A.

Therefore, the functor (A,R) — (A:(B(A,R)), R:(B(A,R))) is essentially the re-
duction functor, and, if G has the maximality property, then the functor (A,R) —
(A(B(A,R)), R(B(A,R))) is essentially the maximalization functor, both acting on the

category of continuously square-integrable é-C’*—algebras.

Combining Theorems 6.10.8 and [6.10.18, we immediately get the following result.
Theorem 6.10.19. Let G be a locally compact group. Then the functor

B (A(B), R.(B))

is an equivalence between the category of Fell bundles over G and the category of e-
continuously square-integrable reduced G-C*-algebras. And if G has the maximality prop-
erty, then the functor

B — (A(B),R(B))

is an equivalence between the category of Fell bundles over G and the category of e-
continuously square-integrable mazximal @—C’*—algebms. The inverse of both functors is
given by

(A, R) — B(A,R).
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If G is amenable, then every @-C*—algeibra is reduced and maximal at the same time,
and every continuously square-integrable G-C*-algebra is essential. Therefore, we get the
following consequence.

Corollary 6.10.20. Let G be an amenable locally compact group. Then the functor
(A, R) — B(A,R)

s an equivalence from the category of continuously square-integrable é—C*—algebms to the
category of Fell bundles over G. The inverse is given by the equivalent functors

B (A(B),R(B)) and B (A(B),R.(B)).

The corollary above generalizes our main result for Abelian groups in [9, Theorem 38].
In particular, it also generalizes Exel’s result in [19, Theorem 11.14].

If G is discrete, we can drop the hypothesis of essentialness in Theorem 6.10.19. More-
over, in this case we have a lot of simplifications, and we get the following well-known
result (see [52, 62, [14]).

Corollary 6.10.21. Let G be a discrete group. Then the functor B — C}(B) is an
equivalence from the category of Fell bundles over G to the category of reduced G-C*-
algebras. The functor B — C*(B) is an equivalence from the category of Fell bundles over
G to the category of maximal @—C*—algebms. Given a @—C’*—algebm (A,v4), the associated
Fell bundle is given by By = {a € A:va(a) =a® N} forallt € G.

Proof. Since G is discrete, the quantum group C}(G) is compact, and hence there is no
difference between continuously square-integrable and arbitrary é—C*-algebras. Given a
C?’—C’*—algebra, the si-norm is equivalent to the norm of A, and hence R = A is the unique
dense, complete (relatively continuous) subspace of A. Thus the first two assertions follow
directly from Theorem [6.10.19/ and the fact that discrete groups have the maximality
property. If (A,v4) is a @-C*—algebra A, the associated Fell bundle B = B(A, A) over
G is, by definition, given by B, = {Ei(a):a € A} for all t € G. We have E;(a) =
(ida ® 9) (14 ® A; ')va(a)) € A because ¢ is bounded and v4(a) € M(A@ Ci(G)). And
Proposition 6.6.2 yields y4 (E¢(a)) = E¢(a) ® Ar. Now take any b € A with y4(b) =b® Ay
Then Ey(b) = (ida ® ¢)((1 ® A; )va(b)) = b. Therefore, By = {a € A: va(a) = a® M}
forallt € G. O

Remark 6.10.22. (1) Corollary[6.10.21 implies, in particular, that for a discrete group G,
the categories of maximal and reduced coactions of G are equivalent. This is, in fact, true
for any locally compact group ([34, Theorem 3.5]). The equivalences are given by applying
the functors of reduction and maximalization. Note, however, that we are working with
coactions of CJ(G), whereas in [34], coactions of C*(G) are used instead, that is, full
coactions of G. In this setting, reduced coactions are replaced by normal coactions (and
reduction by normalization).

(2) Let B be a Fell bundle over G with B, # {0}. It is well-known that C*(B) (resp.
C}(B)) is a unital C*-algebra if and only if G is discrete and the unit fiber B, is unital (see
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[23, Chapter XI, Exercise 39]). Using our results, we can give a simple proof of this fact.
Indeed, let A be either C*(B) or C;(B). We know that A is an integrable G-C*-algebra.
If it is, in addition, unital, then Proposition [3.2.5 implies that the quantum group C}(G)
is compact, that is, G is discrete. Since B, = {a € A : y4(a) = a® 1}, we also get that B,
is unital. Conversely, if G is discrete and B, is unital, then it is clear that A is unital.

Our results can be used to classify the Fell bundle structures for a given @—C*—algebra
A. Recall that a full (resp. reduced) Fell bundle structure for A is a Fell bundle B over G
together with a G-equivariant isomorphism 7 : C*(B) — A (resp. 7 : CF(B) — A).

Given a full (resp. reduced) Fell bundle structure (B, ) for A, we define R(B, ) to be
the dense, e-complete, relatively continuous subspace m(C.(B) 1) (resp. W(AB(CC(B))SI))
of A.

We say that two full (resp. reduced) Fell bundle structures (B1,71) and (B, m2) for
A are isomorphic if there is an isomorphism ¢ : By — By such that w5 o (;3 = m, where
¢ : C*(By) — C*(Ba) (resp. ¢ : C*(By) — C*(B)) is the isomorphism induced by ¢.
Note that in this case the corresponding relatively continuous subspaces R (B, 71) and
R(Bs, m2) are equal.

Our results above now yield the following consequence:

Corollary 6.10.23. Let A be a mazimal (resp. reduced) é-C*—algebm. Then isomorphism
classes of full (resp. reduced) Fell bundle structures for (A,~v4) correspond bijectively to
dense, e-complete, relatively continuous subspaces of A via the map (B,7) — R(B, ).

Our results can also be used to classify Fell bundle structures (B, ) for a given G-
C*-algebra A if we disregard 7w as part of the data. It might happen that we have two
dense, relatively continuous, complete subspaces R1 and R of A which are not equal,
but there might be a @—equivariant automorphism 7 of A such that 7(R1) = Re. In this
case, we can regard 7w as an isomorphism between the continuously square-integrable G-
C*-algebras (A, R1) and (A, Rz2). Proposition 6.10.5 implies that the corresponding Fell
bundles B(A,R1) and B(A, R2) are isomorphic.

Conversely, if we have two isomorphic Fell bundles Bi, B2 over G which are part of
full (resp. reduced) Fell bundle structures (B, ) and (Ba,m2) for A and if we consider
the associated relatively continuous subspaces Ry := R(B1,71) and Ro := R(B2, m2) of A,
then we have m(R1) = R3), where 7 is the G-equivariant automorphism 7 := myogomy ! of
A. Here ¢ is the isomorphism ¢ : C*(B;) — C*(Bs) (resp. ¢ : C*(B1) — C*(B)) induced
by the given isomorphism ¢ : By — Bs.

Let us formalize these observations.

Definition 6.10.24. Let A be a G-C*-algebra and let Autz(A) denote the group of G-
equivariant automorphisms of A. We say that R1,R2 C A are Autz(A)-conjugate if there
is m € Autz(A) with m(R1) = Ra.

The discussion above together with our previous results yield the following;:
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Corollary 6.10.25. Let A be a mazimal (resp. Teduceg) é-C*—algebm. Then isomorphism
classes of Fell bundles B over G for which there is a G-equivariant isomorphism C*(B) =
A (resp. CF(B) = A) correspond bijectively to Autz(A)-conjugacy classes of dense, e-
complete, relatively continuous subspaces of A.

The corollaries above have been formulated in terms of dense, e-complete, relatively
continuous subspaces. However, as we are going to see, one can also formulate them in
terms of dense, s-complete, relatively continuous subspaces.

Definition 6.10.26. Let A be a (A?—C*—algebra. Given a dense, complete, relatively con-
tinuous subspace R C A, we define Rec := span’ (A(G) * R) We call R the essential
part of R.

The following result gives a partial solution to Question 5.4.13.

Proposition 6.10.27. Let A be a G—C’*—algebm. The essential part of a dense, complete,
relatively continuous subspace R C A is a dense, e-complete, relatively continuous subspace
of A, and we have

F(A,Ree) = F(A,R) and B(A,Rec) = B(A,R).

Moreover, the map

Csc(A) D R = Rec € Cec(A)

is a bijection, where Csc(A) and Coc(A) are the sets of all dense, s-complete and e-complete,
relatively continuous subspaces of A, respectively. The inverse map is given by the map

Cec(A) 3 R Ry € Coe(A) B

Proof. Tt follows from Equation (6.19) that Re. is complete (and, of course, also dense
and relatively continuous). Since A(G) - A(G) is dense in the Fourier algebra A(G) (see
comments before Proposition 2.5.5), R is essential.

By Proposition 5.3.2, F(A, Rec) = F(A,R). This also implies B(A, Rec) = B(A, R).
By Corollary 5.4.6, the s-completions of Re. and R coincide. By Corollary 5.4.11, the
essential part of Ry coincides with R... The last assertion now follows. O

Proposition 16.10.27 allows us to reformulate Corollaries [6.10.23 and 16.10.24! in terms
of dense, s-complete, relatively continuous subspaces.

Remark 6.10.28. Let 7 : (A, R) — (A’,R') be a morphism of continuously square-
integrable @—C’*—algebras. This means that 7 : A — A’ isa @—equivariant sx-homomorphism
satisfying m(R) C R’. Since 7 is G-equivariant, we have 7(w#¢) = wxm(¢) for all w € A(G)
and £ € A. Hence m(Rec) C R... Therefore, the assignment F : (4, R) — (A, Rec) is a
functor from the category of all continuously square-integrable @—C*—algebras to the full
subcategory of e-continuously square-integrable G-C*-algebras. Moreover, when restricted

5Recall that Rs. denotes the s-completion of R. See Definition [5.3.6L
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to the subcategory of s-continuously square-integrable @—C*-algebras, F is injective. This
follows from Proposition 6.10.27.

It is not clear to me whether the assignment G : (4, R) — (A, Rsc) is a functor, that
is, it is not clear whether, given a morphism 7 : (A, R) — (A", R’), we get 7(Rsc) C Rl.-
However, this is the case if we restrict to nondegenerate homomorphisms. If 7 is nondegen-
erate, then m(Ag) C AL, and if £ ~ &, then 7(£) ~ 7(£) (see Corollaries 3.3.2 and 13.3.3).
Thus, the result follows from the description of the s-completion in Corollary 5.4.9. But
in general, if 7 is degenerate, then it is not even clear whether m(Ag) C AL. If this were
true, then F would be an invertible functor having G as its inverse and, therefore, the
categories of e-continuously and s-continuously @-C*—algebras would be isomorphic.

It is not clear either whether we can reformulate our theorems above in terms of
s-continuously square-integrable @-C’*—algebras. However, since isomorphisms are non-
degenerate, we can reformulate them in terms of isomorphism classes of s-continuously
square-integrable @—C*-algebras. For example, we can say that isomorphism classes of
s-continuously square-integrable reduced @—C*—algebras correspond bijectively to isomor-
phism classes of Fell bundles over G.

Recall that a @—C’*—algebra A is R-proper if there is a unique dense, s-complete, rel-
atively continuous subspace of A. By Proposition [6.10.27, this is equivalent to say that
there is a unique dense, e-complete, relatively continuous subspace of A. This fact together
with Corollary [6.10.23| yields:

Corollary 6.10.29. Let A be a mazimal (or reduced) é—C*—algebm. Then A is R-proper
if and only if there is, up to isomorphism, a unique full (or reduced) Fell bundle structure

for A. In particular, if A is R-proper, then there is, up to isomorphism, a unique Fell
bundle B over G such that C*(B) =2 A (or C}(B) = A) as G-C*-algebras.

6.11 Some examples and counterexamples

Let G be a locally compact group, and consider the quantum group G = C}(G).

Example 6.11.1. We begin with one of the most basic (and important) examples in
the theory of continuously square-integrable coactions of groups, namely, we consider the
G-Hilbert space L?(G) with the usual coaction given by Y2 (§) = W*( ®1) for all
¢ € L*(G), where W € L(L*(G x G)) is the unitary defined by W((s,t) == ((s, s~ ') for
all ( € L?(G x G) and s,t € G. Recall that W is the left regular corepresentation of the
dual of G, that is, of G = M (Co(G)) = Co(G). Therefore, Yr2(c) is the same coaction we
have considered in the general case of locally compact quantum groups. Here M : Cy(G) —
E(L2(G)) denotes the multiplication representation. As we already know from the general
theory (see Proposition [5.2.8)), there is at least one dense, relatively continuous subspace of
L?(G), namely, Ry = A(T¢). Recall that 75 denotes the Tomita *-algebra of the left Haar
weight of G = Co(G). The modular group of Co(G) is trivial, and therefore the Tomita
#-algebra is Ny NNZ = Co(G) N L?(@). Since A is simply the inclusion of Co(G) N L2(G)
into L?(@), the general theory shows that Ro = Co(G) N L?(G) is a (dense) relatively
continuous subspace of L?(G) and that F(L?(G), Ro) = G =G= M (Co(@)) = Co(G).
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We are going to prove these facts directly from the definitions. For all £,7, f € L?(G)
and t € GG, we have

e O DSl = (€ O DT Nl = [ T e His.)ds
= [ &) 0 ds = AE- )l
where - denotes the pointwise product of functions. Hence

T2 () (@ 1) = ME-n) for all £,n € L*(G).

The pointwise product £ - belongs to L'(G) and hence is always a left bounded function.
Thus, Equation (6.1)) yields

£ € L*(Q)s & ME-n) €N, for all n € L*(G) « € -n € L*(G) for all n € L*(G).

The last condition above is true if and only if £ € L*°(G) (see [28, Problem 51]). This
means that L?(G)g = L*(G) N L*>(G) and (recall that A(A(¢)) = ¢ for every left bounded
function ¢ € L?(G) with A(¢) € C¥(G); see Section 6.1)

(&ln=AAE-m) =& n= Mg, foralée Q) ne L*G).

In other words, ((£| = Mg or, equivalently, |€)) = M. In particular, we get:

lellsi = NEN + N = ll€llz + ll€llo  for all € € L*(G)si = L*(G) N L¥(G).

With the above description of the bra-ket operators, we can now describe relative conti-
nuity. By definition, given &, € L?(G)s, we have ¢ ~ n if and only if (& |n) = M,
belongs to the reduced crossed product C x, G = M (Co(@)) = Co(G). Thus

¢ e=E-ne Q).

With this criterion, it follows immediately that Ro = Co(G) N L?(G) is relatively continu-
ous. By the formula |¢)) = M¢, we also have F(L*(G), Ro) = M (Co(G)) = Co(G).

What is more interesting is that the criterion above allows us to find other (dense)
relatively continuous subspaces of L?(G). One possible choice is R, := M, (Ry) for any
function g € L>°(G) with |u|*> = - p = 1. By the same criterion above, R, is also a
(dense) relatively continuous subspace of L?(G) and

F(LHG), Ry) = {Myg : € € Co(G)} = Co(G).

In particular, we have Fix(L*(G),R,) = I(L*(G,R,)) = Co(G).

Note that the union Rg U R, is relatively continuous if and only if u € Cy(G). Thus
the union of relatively continuous subspaces need not be relatively continuous (of course,
this can only happen if G is not discrete, that is, if CJ(G) is not compact).
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Another source of relatively continuous subspaces of L?(G) is the following. Let S C G
be an open subset of full measure, that is, the complement G\S has measure zero (for
instance, if G is not discrete, then one can take S to be the complement of any finite
subset) and define R := L%(G)NCy(9), that is, the space of all functions in L*(G)NCo(G)
vanishing outside of S. Note that Rg C Ry is a dense, relatively continuous subspace of
L*(G). Moreover, we have

F(L*(G),Rs) = M(Co(5)) = Co(S),

where we consider the ideal Cy(S) C Cy(G) as a Hilbert Cy(G)-module in the obvious way.
In particular, Fix(L?(G), Rs) = Z(L*(G),Rs) = Co(S). Thus, in general, the generalized
fixed point algebra need not be isomorphic to Co(G) (not even Morita equivalent).

More generally, we can consider Rg, = M,(Rg), with o as above. The subspace
Rs, € L?(G) is also relatively continuous with F(L?(G), Rs,) = Co(9) for all u. Note
that all the examples of dense, relatively continuous subspaces considered above are of the
form Rg,, (just consider the special cases S = G and p = 1).

For all the relatively continuous subspaces considered above, it is easy to see that
R = RF2(q)r), that is, all the subspaces are s-complete. Let us now describe explicitly
what completeness means. For this, one has to describe the left A(G)-action. Given
f,9,&,m € L*(G), we have

(€1(d © wp.g) (W) = (€ ® [ g) //5 o(st) ds dt

//5 (Tg(t)n(s) dsdt = /f (g% F)(s)n(s)ds = (l(g + ) - ),

where f is the function f(r) := f(r—1). Thus (id ® wf’g)(W*) = M, 7 The functional
wy 4 is identified with the function t — wy 4(\;) in A(G). Note that wy () = (g * £ (2),

where we write h(t) := h(t~!) for a function h on G. It follows that

W€ = (B W) (136 (©) = (dew) (T (Ee 1) = (dew) (V) = Mt =w ¢

for allw € A(G) and £ € L*(G). Thus the action of A(G) on L?(G) induced by v72(g) is, up
to the operation”, given by pointwise multiplication. The Fourier algebra A(G) is invariant
under the operation”, that is, A(G) = A(G) (moreover, this operation is isometric; see [22,
Remark 2.15]). Thus, by definition, a subspace R C L%(G)s = L*(G)NL>®(G) is complete
if and only if it is closed with respect to the norm || - |lss = || - |l2 + || - ||co and invariant
under pointwise multiplication by functions in A(G). Note that [|w - &g < [|w|oo||{]]si for
all w € A(GQ) and ¢ € L?(G). Since A(G) is dense in Cy(G), it follows that R is complete
if and only if it is si-closed and invariant under pointwise multiplication by functions in
Co(G).

By this criterion, all the relatively continuous subspaces Rs, considered above are
complete. Indeed, as already mentioned, they are s-complete. Moreover, we claim that
any complete subspace R C L?(G); is automatically s-complete. In fact, let ¢ € L?(G)g
with é X ¢ and w* € = - ¢ € R for all w € A(G). Since A(G) is dense in Co(G), there
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is a bounded approximate unit (w;) for Co(G) with w; € A(G) for all i. This means that
(w;) is uniformly bounded and converges uniformly to 1 on compact subsets of G. Thus
w; - & — €in L?(Q) for all ¢ € C.(G) and hence also for all £ € L?(G). Since & ~ &, that
is, since |£]? € Co(@G), we also get w; - € — & in L*°(G). Tt follows that w; - & — £ in the
si-norm and, therefore, & € R because R is si-closed. This argument also shows that any
complete, relatively continuous subspace of L?(G) is e-complete. We conclude that all
the extra conditions (s-completess and e-completeness) are automatically satisfied by any
complete, relatively continuous subspace of L?(G).

The condition & ~ ¢ above was important in order to prove the s-completeness of
any complete subspace. If we just suppose that w-§ € R for all w € A(G) (or even
in Co(G)), then this does not imply, in general, that £ € R, even if R is s-complete
and relatively continuous. Indeed, if we take R = L*(G) N Cy(G), then any function
£ e R:=L*G)NCy(G) C L(Q)g satisfies the condition w - & € R for all w € Cy(G), but,
in general, R is not contained in R (consider, for example, G = R). This also provides
an example of a dense, complete subspace which is not e-complete and not relatively
continuous. In fact, note that R is complete, and the si-closed linear span of A(G) R is
equal to R. Thus R is not e-complete in general. It is also not relatively continuous in
general either.

By Proposition 2.6.14, an operator T € [,(LQ(G)) is é’—equivariant if and only if
it commutes with all the multiplication operators M,, for w in A(G) and hence also in
Co(G), that is, T € M(L*°(G)). In other words, L% (L*(G)) = M(L*(G)). Thus, the
@-equivariant unitaries on L?(G) are exactly the operators M,,, where y is some function
in L®(G) with |uf*> =5 -p=1.

In particular, (L*(G),Rs,) and (L?(G), Rs) are isomorphic as continuously square-
integrable G-Hilbert spaces for all 4 and S as above. And as we have already seen, the
associated Hilbert Co(G)-module is Cy(S5).

We claim that R, is a maximal, relatively continuous subspace of L*(G) for all p. In
fact, since M), is an equivariant unitary and R, = M, (Ro), it is enough to prove that R
is maximal. Suppose that R is a relatively continuous subspace of L?(G) containing Ry.
Thus (& |n) = Mg, € M (Co(G)) for all ¢ € R, n € Ro. This means that &n € Co(G) for
all § € R and n € Ro. This implies that £ is a continuous function. Since (£[&)) = M¢p2 €
M (Co(@)), we get & € Co(G) NL*(G) = Ry. Therefore, Ry is maximal, proving our claim.

This simple example shows that, in general, there may be several maximal (and hence
s-complete) relatively continuous subspaces of a Hilbert module.

Note, however, that in the example above the subspace Ry = Co(G) N L(G) is, up
to an equivariant unitary, the only maximal relatively continuous subspace of L?(G) we
have so far. If we drop the maximality requirement, the only examples of dense, complete,
relatively continuous subspaces of L?(G) we have so far are, up to equivariant unitaries,
of the form Rg, where S is some open subset of G of full measure.

Question 6.11.2. Is every dense, complete, relatively continuous subspaces of L?(G) of
the form R, for some S and p as above?
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The answer to this question depends on the topological structure of G. Even if G is
not discrete, there are cases where the answer is affirmative and others cases where the
answer is negative. However, this is not easy to see from the definition as in the examples
above. In order to give a satisfactory answer to this question and also to produce new
examples, we are going to use our general results. All this will be done in the next section.

6.11.1 Square-integrable G-Hilbert spaces

In this section, we not only provide an answer to Question 6.11.2, but also describe the class
of separable (continuously) square-integrable G-Hilbert spaces in terms of (continuous)
measurable fields of Hilbert spaces. The results we obtain here generalize those appearing
in [48, Section 8] to the setting of non-Abelian groups.

By Theorem [5.5.6, the category of s-continuously square-integrable G-Hilbert spaces
(that is, Hilbert C, G-Hilbert modules) is equivalent to the category of Hilbert Co(G)-
modules. Given a Hilbert Co(G)-module F, the associated s-continuously square-integrable
G-Hilbert space is (€7, Rr), where £ = F ®¢, () L?(G) and R is the s-completion of
F Ocy(c) Ro- Here Ro = AMT3) = Co(G) N L*(G) as in Example 6.11.1.

Isomorphism classes of Hilbert Co(G)-modules correspond bijectively to isomorphism
classes of continuous fields of Hilbert spaces over G (see [78]).  Given a continuous field
of Hilbert spaces H = {H;}teq, the associated Hilbert Co(G)-module is the space Co(H)
of continuous sections of H vanishing at infinity (with the canonical structure of a Hilbert
Co(G)-module).

Let L?(H) be the Hilbert space of square-integrable sections of H (as usual, we identify
any two sections that coincide almost everywhere). Note that

Co(H) @cy(c) L*(G) = L*(H)

(as Hilbert spaces) via the map f ®¢,q) & = f - &, where - denotes pointwise multiplica-
tion. Via this isomorphism, we can therefore endow L?(H) with a coaction of G' turning
it into a G-Hilbert space. It is easy to see that this coaction is given by the formula
Yr2)(€) = U(E ® 1) for all £ € L*(H), where U € L(L*(H) ® L*(G)) is the unitary
defined by U (¢ ® )(s,t) := £(s)n(st) for all ¢ € L?(H) and n € L?(G). Here we identify
L?(H) ® L?(G) = L*(H x G) in the canonical way, where H x G denotes the pull-back of
‘H along the projection G x G — G, (s,t) — s). Note that U is the corepresentation of
G = C(G) associated to yr2(3). If H is the trivial bundle H = G x C, then L*(H) = L*(G)
and U is the corepresentation W already considered in Example 6.11.1.

If G is Abelian, then the coaction 723 corresponds to the action 7 of G on L2 (H)
given by the formula

(O] = (| D)E(t) for all € € L*(H), z € G, t € G. (6.20)

Basically, the same the same considerations for L?(G) in the previous section can also be
done in the general case of L?(H). In fact, we have the following result.

"We refer to [10, [11}, 23] for more details on fields of Hilbert spaces. In [23, [78], continuous fields of
Hilbert spaces are also called (continuous) Hilbert bundles.
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Proposition 6.11.3. Let H = {H:}teq be a continuous field of Hilbert spaces and consider
the G-Hilbert space L*(H) as above.

(i) An element ¢ € L2(H) is square-integrable if and only if & € L°°(H) (the space of
essentially bounded measurable sections of H), that is, L>(H)s = L*(H) N L= (H).

(ii) For & € L*(H)si, the operators (£ € L(L*(H),L*(G)) and |€)) € L(L*(G), L*(H))
are given by

(&lnle = €@ [n@)) and |E)fl: = £(E)f(t)
for alln € L*(H), f € L*(G) and t € G.

(iii) For &,m € L*(H)si, the operators (& |n) € L(L*(G)) and |£)((n] € L(L*(H)) are
given by

(&l fle = €@ N F(E) = Migpyo fle - and ) (nlCl: = @) (n(t)[C(1))

for all f € L*(G), ¢ € L*(H) and t € G, where (£ | n)o(t) := (£(t) | n(t)) and
M : L*(G) — (L2( )) denotes the multiplication representation. In particular,

£~ = (E]n)o € Co(G).
Proof. Take & € L*(H). Then, for all n € L?(H), f € L*(G) and t € G, we have

(€ @ Dfle = (€ © VU ® )l
- /G ()| U* (0 ® f)(s,1)) ds

- /G (€(s) () F (s~ 1) ds
= A€l 1

Thus v7207)(§)*(n ® 1) = A((§[7)0). Note that (|n)o € L'(G). Equation (6.1) yields
£ € L*(H)s <= A((E]mo) € Ny V1 € LA(H) <= (£]n)o € LX(G) V1 € L*(R),

and, in this case, (&|n = (£|n)o for all n € L?(H). Since (£|n)o € L*(G) for all £ € L*>®(H),
we get L2(H) N L®(H) C L?(H)s. Conversely, if £ is any element of L?(H), we can define
the linear map

Se:Co(G) — IA(H),  Se(f)le = £ 1 (). (6.21)

Suppose that & is square-integrable. It is easy to show that ((&[n | f) = (n | Scf) for
all n € L*(H) and f € C.(G). It follows that [E)f = S¢f for all f € Cc.(G). Thus |€))
extends S¢ to a bounded operator L?(G) — L?(H). This can only happen if £ € L*®(H)
and, in this case, the same formula (6.21) for the operator S¢ also holds for any function
f € L*(G). Therefore, L*(H)s = L*(H) N L>°(H), and |€)) = S¢ for all £ € L*(H)g. All
the other assertions now follow. O
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Now we describe completeness for subspaces of L?(H)s;.

Proposition 6.11.4. The si-norm on L?(H)s = L?(H) N L>®(H) is given by
l€llsi = 1€ll2 + [1€lle for all € € L*(H)si,

where ||€||2 (resp. ||€]|oo) denotes the norm of & in L?(H) (resp. L°(H)). The left A(G)-
action on L?(H) induced by the coaction of G is given by

wrE=w-£ foralwe AG), € € L*(H), (6.22)

where - denotes pointwise multiplication and W(t) := w(t™!) for all t € G.

A subspace R C L*(H)s is complete if and only if it is si-closed and w - £ € R for all
w € Co(G).

Any complete subspace of L*(H)s is automatically s-complete, and any complete, rel-
atively continuous subspace of L*(H) is automatically e-complete.

Proof. Let £ € L*(H)si. Since (£]€)) = Mige),, we have

1GE1ENI = NI4€ 1 €)olloo = IIEII3-

The formula for the si-norm now follows. The formula for the A(G)-action is proved as
in the case of L?(G) in Example 6.11.1. Thus R C L?(H) is complete if and only if it is
si-closed and w-§ € R for all w € A(G) and £ € R. Since ||w-£]|si < [|w]|ooll€]|si, and since
A(G) is dense in Co(G), this last condition is equivalent to the requirement that w-& € R
for all w € Co(G) and € € R. The last assertion also follows in the same way as in the case

of L*(G) in Example 6.11.1. O

As already seen in Example [6.11.1, the relative continuity in the last assertion of the
proposition above is really necessary.

Theorem 6.11.5. Let G be a locally compact group. Given a continuous field of Hilbert
spaces H over G, we define R(H) to be the subspace L?(H) N Co(H) C L?*(H). Then the
assignment H +— (L?(H), R(H)) is a bijection between isomorphism classes of continuous
fields of Hilbert spaces over G and isomorphism classes of continuously square-integrable
G-Hilbert spaces.

Proof. By Theorem 5.5.6, we know that isomorphism classes of Hilbert Cy(G)-modules
correspond bijectively to isomorphism classes of s-continuously square-integrable G-Hilbert
spaces via the map F — (££, Rx). As already mentioned, isomorphism classes of Hilbert
Co(G)-modules correspond bijectively to isomorphism classes of continuous fields of Hilbert
spaces over GG. Given such a field H, the corresponding Hilbert Cy(G)-module is F =
Co(H). As already observed, £x = Co(H) ®c, () L*(G) is isomorphic to L?(H) via the map
[ ®cy@) & = f- € By definition of the coaction on L?(H), this is an isomorphism of G-
Hilbert spaces. In this picture, the relatively continuous subspace R corresponds to the
s-completion of Co(H) - Ro in L*(H), where Ro = Co(G) N L*(G). By Proposition 6.11.4,
any complete subspace is automatically s-complete. Thus Rx is just the completion of
Co(H) - Ro which is equal to R(H). In fact, R(H) is equal to the completion of C.(H). O
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In the situation above, we have
F(L*(H),R(H)) = Co(H). (6.23)

This is a special case of the general result F(Ex, Rxr) = F (see Corollary 5.5.5). The
C*-algebra of compact operators on the Hilbert Cy(G)-module Cy(H) is isomorphic to
Co(KK(H)) (see [27]), where K(H) = {IC(H4) }req denotes the C*-bundle of compact oper-
ators with the canonical structure. In particular, we get

Fix(L*(H), R(H)) = Co(K(H)). (6.24)

This C*-algebra is Morita equivalent to the ideal in Co(G) generated by the inner product
of Co(H), which is easily seen to be equal to Cy(S), where S is the open subset of G
consisting of all ¢ € G with H; # {0}. In other words, we have

Z(L*(H),R(H)) = Co(S). (6.25)

In particular, R(H) is saturated if and only if all the fibers H; are non-zero.

Now we consider an even more general class of G-Hilbert spaces. Note that in order
to consider the space L?(H), we do not need a continuous field, but just a measurable
field of Hilbert spaces H = {H;}ieq over G (see [10, 11]). However, to avoid measure
theoretic difficulties, we always assume that G is second countable and that the fibers H;
are separable when working with measurable fields. In this case, we also say that H is a
measurable field of separable Hilbert spaces over G.

Measurable fields of separable Hilbert spaces are classified by the dimension function:

d(t) == dim(H;) forallte G.

This is always a measurable function d : G — N := N U {co}, and any such function
appears as the dimension function of some measurable field of separable Hilbert spaces.
Two measurable fields H and H’ are isomorphic if and only if the respective dimension
functions d and d’' are equal almost everywhere.

The dimension function of a continuous field of separable Hilbert spaces is always
lower semi-continuous, that is, {¢ € G : d(t) > n} is open in G for all n € N. This is one
of the basic differences between measurable and continuous fields. Another difference is
that continuous fields are not determined by the dimension function. If two continuous
fields of separable Hilbert spaces are isomorphic (as continuous fields), then the dimension
functions are equal, but the converse does not hold in general. This will become clear by
the end of this section.

Given a measurable field of separable Hilbert spaces H, one can always decompose the
space L?(H) in a canonical way. Given n € N, we define S,, := {t € G : d(t) = n} and
let H,, be the measurable field whose dimension function is n - 1g, (where 1g denotes the
characteristic function of a subset S C G and we use the convention co-0 = 0). This gives
a partition of G into measurable subsets such that

L*(H) = @ L*(Hn).

neN
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Using this decomposition, we can now define a coaction of G on L?(H). Indeed, each
L?(H,) is canonically isomorphic to L?(S,)" = L*(S,) ® C* (where C™ is, by definition,
I2N). Now, for each measurable subset S C G, the Hilbert space L2(S) is a G-invariant
direct summand of L?(G) (remember that all the multiplication operators on L?(G) are
@—equivariant). In particular, we have a coaction of G on L?(S). The corresponding
corepresentation of G = C(G) on L?(S) is the unitary

Us € L(L*(S)®G) C L(L*(S x G)) given by Us((s,t) :=((s, st).
Taking direct sums, we get a corepresentation
UeL(L*(H)®G) C L(L*(H x G))
of G on L?(H), which is given by the formula:
UC(s,t) = ((s,st) forall ¢ € L*(H x G), s,t € G.
Thus we have a coaction 23 of G on L?(H) given by

Vr2pp(§) =U(E® 1) forall ¢ € L*(H).

Note that this coaction is given by the same formula as in the case of continuous fields.
Thus Propositions 6.11.3 and 6.11.4' also hold for measurable fields (and the proof is
exactly the same). In particular, L?(H)s = L?(H) N L°>°(H), and hence L?(H) is square-
integrable. Using Kasparov’s Stabilization Theorem, we can now prove that any separable
square-integrable G-Hilbert space is of this form:

Theorem 6.11.6. Let G be a second countable locally compact group and let K be a sep-
arable square-integrable G-Hilbert space. Then there is, up to isomorphism, a unique mea-
surable field H = {H;}ieq of separable Hilbert spaces over G such that K and L?(H) are
isomorphic as G-Hilbert spaces. Hence, isomorphism classes of separable square-integrable
G-Hilbert spaces correspond bijectively to isomorphism classes of measurable fields of sep-
arable Hilbert spaces.

Proof. By Kasparov’s Stabilization Theorem (see Theorem 4.5.6), K is a G-invariant direct
summand of L?(G)>®. Note that L?(G)* is isomorphic to the G-Hilbert space L?(G, I2N)
of L?-sections of the constant field with fiber I?N. By Equation (6.22) the left A(G)-action
on L?(G)* (and hence also on K) is, up to the operation w — , given by pointwise mul-
tiplication. Note that this action is a representation of A(G) on L?(G)*°, and it extends
to a normal representation of L>°(G) on L?(G)™ (also by pointwise multiplication). The
fact that K is a G-invariant direct summand of L%(G)> just means that K is a (nor-
mal) subrepresentation of L?(G)>. Any separable normal representation of L>°(G) has
the form L?(H) for some measurable field of separable Hilbert spaces H over G, where
L>°(G) acts by multiplication. This field is uniquely determined up to isomorphism by
the representation of L*°(G). Thus K, considered as a representation of L*°(G), is iso-
morphic to some L?(H) as in the statement of the theorem. This implies, in particular,
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that the representation of A(G) and therefore (by Lemma 2.6.14) the coactions of G are
isomorphic. Conversely, if the coactions are isomorphic, then so are the representations of
A(G) and hence also of L*°(G). Therefore H is uniquely determined up to isomorphism
by the coaction of G. O

As already mentioned, measurable fields of separable Hilbert spaces are classified by
the dimension function. As a consequence, we get that isomorphism classes of separable
square-integrable G-Hilbert spaces correspond bijectively to (almost everywhere) equiva-
lence classes of measurable functions G — N.

By a continuous structure for a measurable field H over G we mean a continuous field
H’ over G together with an isomorphism H = H’ of measurable fields or, equivalently, an
isomorphism L2(H) = L2(H') of G-Hilbert spaces.

Our results can be used to classify the continuous structures for a given measurable
field in the following way:

Theorem 6.11.7. Let G be a second countable locally compact group, and let K =
L?(H) be a separable square-integrable G-Hilbert space, where H is some measurable field of
separable Hilbert spaces. Then there is a bijective correspondence between dense, complete,
relatively continuous subspaces R C K and isomorphism classes of continuous structures

for H.

Proof. By Proposition 6.11.4, any complete subspace of Kg; is s-complete. Theorem 5.4.4
implies that dense, complete, relatively continuous subspaces R C K correspond to essen-

tial, concrete Hilbert Co(G)-modules in EG(LQ(G), K). Alternatively, by Theorem [5.1.2]

we can describe essential, concrete Hilbert Co(G)-modules in £%(L?(G), K) by isomor-
phism classes of pairs (F,u), where F is an abstract Hilbert Co(G)-module and u is a
é—equivariant unitary operator u : F Qcy(q) L?(G) — K. In this picture, the corre-
sponding relatively continuous subspace is the completion of u(F ©¢, () Cc(G)). This only
depends on the isomorphism class of the pair (F,u).

As already mentioned, isomorphism classes of continuous fields of Hilbert spaces over
G correspond to isomorphism classes of Hilbert Co(G)-modules via the assignment H’ +—
Co(H'). Since Co(H') ®cy ey L*(G) = L*(H'), we conclude that dense, complete, relatively
continuous subspaces R C L2(H) correspond to isomorphism classes of pairs (H',u),
where H' is a continuous field of Hilbert spaces over G and u is a @—equivariant unitary
u: L2(H') — L?(H). This yields the result. O

Example 6.11.8. Suppose that C' C G is a closed subset with non-zero measure and
empty interior (for instance, a Cantor subset of G = R with positive measure). Then
the subspace L?(C) of functions in L?(G) vanishing outside C is a G-invariant Hilbert
subspace. In particular, it is square-integrable. The dimension function of the underlying
measurable field coincides with the characteristic function 1¢ of C. It is easy to see that
there is no lower semi-continuous function that is almost everywhere equal to 1¢ (see [48,
Section 8]). Theorem 6.11.7 shows that there is no continuous structure for the measurable
field underlying L?(S) or, equivalently, there is no dense relatively continuous subspace of
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L?(C). This can also be seen directly from Proposition 6.11.3. In fact, this proposition
says that for &,1 € L*(C)s, we have £ ~ 7 if and only if the function ¢ — £()n(t) belongs
to Co(G). Since C has empty interior, this function must be zero. Hence {0} is the only
relatively continuous subset of the square-integrable G-Hilbert space L2(0).

We can also classify the relatively continuous subspaces up to @—equivariant unitaries.
We shall say that two dense, complete, relatively continuous subspaces Ri,Ro in a G-
Hilbert space K are equivalent if there is a @—equivariant unitary u on K such that
u(R1) = Ra. Note that, in this case, v implements an isomorphism (K,R;) = (K, R2) of
continuously square-integrable G-Hilbert spaces. Thus the corresponding Hilbert Co(G)-
modules are isomorphic. Conversely, if F; and F» are two isomorphic Hilbert Co(G)-
modules for which there is a @—equivariant unitary ug : Fr ®cy(q) L*(G) — K of G-Hilbert
spaces (k = 1, 2), then the corresponding induced relatively continuous subspaces Ry C K,
given as completion of uy (]-"k Oco(G) CC(G)), are equivalent via the @-equivariant unitary
u := ug o (v &cy(qid) o u1_1 on K, where v denotes the given isomorphism F; — F3. This
yields the following result:

Corollary 6.11.9. Let K = L?*('H) be a separable square-integrable G-Hilbert space. Then
equivalence classes of dense, complete, relatively continuous subspaces R C K correspond
bijectively to isomorphism classes of continuous fields of separable Hilbert spaces H' for
which there is an isomorphism L*(H') = K of G-Hilbert spaces (or, equivalently, an
isomorphism H' = H of measurable fields).

As an application, we can now give an answer to our Question [6.11.2, describing all
dense, complete, relatively continuous subspaces of L?(G) or, equivalently, all continuous
structures for the trivial 1-dimensional bundle G x C.

Corollary 6.11.10. There is a bijective correspondence between dense, complete, rela-
tively continuous subspaces R C L*(G) and isomorphism classes of triples (S, V, ), where
S is an open subset of@ of full measure, V is a Hermitian complex line bundle over S,
and v is a measurable section of V with |¢(t)| =1 for almost every t € S.

Two triples (S1,V1,1¢1) and (S2,Va,19) are isomorphic if and only if S1 = Sy and
there is an isomorphism ¢: Vi — Vo of Hermitian complex line bundles with ¢. (1) = e,
that is, ¢ o 1 (t) = a(t) for allt € G.

Equivalence classes of dense, complete, relatively continuous subspaces R C L*(G)
correspond bijectively to isomorphism classes of pairs (S, V) with S and V' as above, where
two pairs (S1,V1) and (S2,Va) are isomorphic if and only if S; = So and Vi = Vs as
Hermitian complex line bundles.

Proof. Theorem [6.11.7 and Corollary 6.11.9 reduce the problem to that of classifying the
continuous structures for the trivial field G x C, that is, for the measurable field of Hilbert
spaces over G underlying L?(G). In other words, we must consider pairs (H,u), where
H = {H;}ieq is a continuous field of separable Hilbert spaces and u : L?(H) — L?(G) is
a @—equivariant unitary. Since the dimension function of G x C is constant equal to 1,
we have dimH; = 1 for almost every ¢t € G. Since the map ¢t — dimH; is lower semi-
continuous, this implies that the set S of all ¢ € G with dimH; = 1 is an open subset of
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G of full measure. In fact, S is equal to {t € G : dimH; > 0} = {t € G : dim'H; > 1}
because the set where dim H; > 1 is also open and therefore empty since it has measure
zero. Note that S is an invariant of the continuous field.

If t € S, then there is a non-zero continuous section in a neighborhood of ¢. This
provides a local trivialization of H near ¢t because dim’H = 1 on S. Thus H is locally
trivial on S (see also [23, Remark I1.13.9]). Equivalently, it is a Hermitian complex line
bundle V over S, that is, a complex line bundle with a continuously varying family of inner
products on the fibers. We conclude that H is uniquely determined by the pair (S, V') up to
isomorphism. In this picture, L?(H) corresponds to the space L?(V) of square-integrable
sections of V.

Any measurable section v of V' with [¢| = 1 almost everywhere determines an equiv-
ariant unitary f + f-1 from L?(G) to L?(V). Conversely, any unitary L?(G) — L?(V) is
of this form for some 1 as above. Hence, continuous structures (H, u) for G x C correspond
to triples (S, V, ) as in the statement. By definition, two continuous structures (Hi, u1)
and (Ha,u2) are isomorphic if and only if there is an isomorphism H; = Hy which is
compatible with the isomorphisms L?(H;) = L?(G) = L?(Hz). This is translated into the
fact that the corresponding triples (S1, Vi,41) and (S2, Va,12) are isomorphic. O

Recall that the first Chern class classifies isomorphism classes of complex line bundles
over S by elements of the cohomology group H?(S;Z). The Hermitian inner product on
a complex vector bundle is unique up to isomorphism. Thus the result above can also be
rephrased in terms of pairs (S, z) with S as above and = an element of H?(S;Z).

Given a triple (S,V,1) as above, the corresponding relatively continuous subspace of
L?(G) is, by construction,

Ry = {f € L*(G) : f -1 is a Co-section of V on S}.

Note that by Equation (6.23)), the corresponding Hilbert Cy(G)-module is (isomorphic to)
the space Co(V') of Cop-sections of V. The generalized fixed point algebra is the algebra
bundle of endomorphisms of V' which is always trivial for a line bundle. The identity
section provides a nowhere vanishing global section. Therefore,

Fix(L*(G), Rgv.p) = Co(S). (6.26)

In particular, the generalized fixed point algebra is independent of V and . By Equa-
tion (6.25), the same is true for the corresponding ideal in Co(G):

I(L*(G), Rs,vy) = Co(S). (6.27)

If V' is the trivial line bundle V' =S x C, then 1) is a unitary function in L>°(S), and
we get the relatively continuous subspace

Rsyp ={f € L*(G) : f- ¥ € Co(S)}.

Since S has full measure, unitary functions in L®(S) correspond to unitary functions in
L*°(G). Thus these spaces can be equivalently described by relatively continuous subspaces

224



6.11. SOME EXAMPLES AND COUNTEREXAMPLES

of the form Rg, = M,(Rs) as in Example 6.11.1, where ;1 is a unitary function in
L®(G) and Rs = L*(G) N Cy(S). This describes all the relatively continuous subspaces
corresponding to trivial line bundles.

Therefore, the answer to Question 6.11.2!is affirmative if and only if all the open subsets
of full measure in G carry no non-trivial complex line bundles, that is, whenever H2(S, Z)
is trivial for all open subsets S C G of full measure.

Example 6.11.11. Consider the case where G is the 1-dimensional torus T = R/Z.
Since T is 1-dimensional, subsets of T carry no non-trivial complex line bundles. Hence
Question 6.11.2 is affirmative in this case, and therefore all dense, complete, relatively
continuous subspaces of L*(T) are of the form Rg, with S and p as above. Up to
equivalence, all dense, complete, relatively continuous subspaces are therefore of the form
R for some S as above.

Example 6.11.12. Now consider the 2-dimensional torus G = T?. If S C T? is a proper
open subset, then H?(S;Z) = 0 because S is a non-compact oriented 2-dimensional mani-
fold. Hence S supports no non-trivial complex line bundles in this case. The corresponding
dense, complete, relatively continuous subspaces of L?(T?) are therefore of the form Rs,pu
as above.

However, T? carries non-trivial line bundles because H?(T?;Z) = Z. Hence we have
countably many non-equivalent dense, complete, relatively continuous subspaces of L?(T?)
of the form Rz y; ., where V;, is a complex line bundle corresponding to n € Z and vy,
is a measurable unitary section of V;,. In [9] we give an explicit description of these line
bundles (and also of the relatively continuous subspaces).

Therefore the answer to Question [6.11.2 is negative in this case. Note that by Equa-
tion (6.26)), all the relatively continuous subspaces Ry, 4, have the same generalized
fixed point algebra C(T?).

As already mentioned, Corollary6.11.10 also classifies the continuous structures for the
trivial 1-dimensional bundle G x C. We can also consider the n-dimensional trivial bundle
G x C™, where n is some natural number. Theorem [6.11.7 provides a classification of all its
continuous structures, namely, they correspond to dense, complete, relatively continuous
subspaces of L?(G)" = L?(G) ® C". However, we have more variables to consider here,
and an explicit description of all these structures becomes much more complicated. Let
us just indicate some points here.

Let (H,u) be a continuous structure for G x C". Since the dimension function of
G x C™ is constant equal to n, we have dimH; = n for almost all t € G. It follows that
S:={teG:dimH; =n}={t € G:dimH > n} is an open subset of full measure in G.
When restricted to S, H is locally trivial and therefore is an n-dimensional (Hermitian)
complex vector bundle. However, on the complement G\:S (which is a closed subset of G
of measure zero) many things can happen because the dimension function of H can take
values between 0 and n — 1.

Already the case S = G is interesting. In this case, we have an n-dimensional vector
bundle V over G which corresponds to a relatively continuous subspace of L?(G)", and
two non-isomorphic vector bundles yield non-equivalent relatively continuous subspaces.
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For Abelian groups, this situation is analyzed in [48, Section 8]. As noted there, relatively
continuous subspaces of L?(G)" associated to vector bundles over G as above are always
maximal (the proof in the non-Abelian case is exactly the same).

Note that by Equation (6.24), the generalized fixed point algebra associated to a vector
bundle V as above is the algebra Cy (End(V)) of continuous sections vanishing at infinity
of the bundle End (V') of endomorphisms of V. In particular, for the n-dimensional trivial
vector bundle V' = G x C", we get the algebra Co(G,M,,) (where M,, denotes the algebra
of n x n matrices). Note also that if V' is another n-dimensional complex vector bundle
such that V = V' ® L for some complex line bundle L, then the generalized fixed point
algebras associated to V and V’ are isomorphic because End(L) is always trivial. As noted
in [48], the converse also holds, that is, if the generalized fixed point algebras associated to
V and V' are isomorphic, then there is a complex line bundle L such that V = V'® L. In
particular, the generalized fixed point algebra associated to V' is isomorphic to Co(G, M,,)
ifandonly if V=C"Q L= L& L®... P L is the direct sum of n copies of the same line
bundle.

Using the criterion above, it is not difficult to find complex vectors bundles for which
the generalized fixed point algebra is not isomorphic to Co(G, M,,). In fact, this is possible
for n = 2 and G = T? (see [48, Section 8]). Thus there are mazimal relatively continuous
subspaces of L*(G) @ L*(G) whose generalized fixed point algebras are not isomorphic.

6.11.2 Some Fell bundle structures

Let G be a locally compact group, and consider the @-C*—algebra of compact operators
A := K(L*(G)) endowed with the coaction of G induced by the coaction Yr2(q) of G on
L?(G) as in the previous sections.

Note that A is isomorphic to a classical dual coaction. In fact, if we let G act on Cy(G)
by translation, then K(L?(G)) is isomorphic to the (full and reduced) crossed product
algebra:

A=C7(G,0(G)) = CF(G,Co(G)).

This already provides a full and a reduced Fell bundle structure for A. The underlying Fell
bundle over G is, in both cases, the semidirect product Co(G) X, G (see Example 6.3.2(1)),
where 7;(f)|s := f(st) denotes action of G on L>°(G) by translation. Moreover, since clas-
sical dual coactions on full (resp. reduced) crossed products are maximal (resp. reduced)
coactions, we get that A is at the same time a maximal and a reduced a—C*—algebra.
Hence, by Corollary 6.9.12, the underlying Fell bundle of any full or reduced Fell bundle
structure for A is amenable. Thus there is no difference between full and reduced Fell
bundle structures in this case, and we can therefore forget the words full and reduced and
just speak of Fell bundle structures.

The semidirect product Co(G) X G provides a canonical Fell bundle structure for A,
but it is no longer unique in general. Indeed, as we have seen in the previous sections,
many non-equivalent dense, complete, relatively continuous subspaces R C L?(G) can be
found in general. By Theorem [6.9.10, each R gives rise to a Fell bundle structure for A.
As we are going to see, the underlying Fell bundles are not isomorphic in general.
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Firstly, we give a general description of the Fell bundle B := B(L?(G), R) over G associ-
ated to a dense, complete, relatively continuous subspace R C L?(G). By Corollary [6.8.7,
the fibers of B are given by

B, =span{[)Vi((n| : €,n € R} = {Ei(a) : a € W} C L(L*(G)) = M(A)

for all t € G, where W := span|R)(R|. Recall that V; is the operator on L?(G) given by
Vi(€)|s = €(st) for all s,t € G and &€ € L?(G). By the same corollary, the topology of B is
determined by the continuous sections t — E(a) for a € W.

By Example 6.11.1 (or Proposition 6.11.3), we have |¢)) = M for all £ € L*(G)g =
L?(G) N L*(G). A short computation shows that V;M; = M, s)V; for every function
f€L*®(G) and t € G. Thus

Hence B; is, as a Banach space, isomorphic to the closed linear space of products £74(7) in
L>(G) with £, € R. The product on B can be deduced from the relation (M V;)(MyVs) =
Myr,g)Vis for all f,g € L*°(G) and t,s € G. Analogously, the involution on B is deduced
from (vat)* = 5G(t)_1MTt,1(f)Vt*1'

By Theorem [6.9.10, the Fell bundle B provides a Fell bundle structure for A, that is,
there are G-equivariant isomorphisms C*(B) = A = C*(B).

Example 6.11.13. Let us consider a special case of the situation above, namely, the case
where R = Rg = L?(G) NCy(S) for an open subset S C G of full measure.
In this case, we have

By = span{ M., Vi : &,n € Rs} = M (span{ém (7)) : €,m € Co(S)}) Vi = M(Zy) Vi,

where Z; := span(Co(S) - (Co(S5))) = Co(S) N 7(Co(S)) = Co(S NS - t) (recall that the
product of two ideals in a C*-algebra equals its intersection). Note that {Z;}icq is a
collection of ideals of Cy(.S) and, as a Banach space, B; is isomorphic to Z; for all ¢t € G.
If we define the map 60; : Z,-1 — Z; by 0,(f) = 7(f) for all f € Z,-1, then the pair
0 = {7+, 0 }1c is a continuous partial action of G on Z, = Cy(.5) (see [20, 3.8]). In fact, it
is the restriction of the global continuous action 7 of G on Co(G) to the ideal Cy(S) as in
Example 6.3.2(2). Let A := Cy(S) xg G be the semidirect product Fell bundle associated
to 6 as in Example 6.3.2(2). We claim that B = A (as Fell bundles). In fact, recall that

A={(f1) €Co(S) xG: f €Ly}
(considered as topological subspace of Cy(S) x G), and the operations are given by
(f,1) - (g:8) = (frelg)sts),  (f,0)" = (ma(F)t™), NS0 =[]

Now if we define the map ® : A — B by ®(f,t) = 5g(t)%Mth for all f € Iy, then
straightforward calculations show that ® preserves all the operations of the bundles and is
a Banach isomorphism when restricted to the fibers. Moreover, note that ® sends sections
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of the form ¢ — (£74(7),t), where £, € R, to sections of the form t — 5G(t)%M§n(ﬁ)V;t =

5g(t)%Et( |€)(n]). These sections generate pointwise-dense spaces of continuous sections
of A and B, respectively. This implies that ® is a homeomorphism (see [23, 11.13.16,
I1.13.17]), and hence A = B as claimed. As a consequence, we get

Cly(G,Co(9),0) = C (A) = Cfy (B) = K(L*(G)),

where all the isomorphisms are @—equivariant with respect to the dual coactions.

In the situation above, the unit fiber of B is isomorphic to Cy(S) (which is also the
generalized fixed point algebra). Thus this situation already provides examples of Fell
bundle structures for IC(LQ(G)) whose underlying Fell bundles are not isomorphic to the
semidirect product Co(G) x G (which has Cy(G) as unit fiber).

Question 6.11.14. What happens if we have a Fell bundle structure for K(L?(G)) whose
unit fiber of the underlying Fell bundle is isomorphic to Co(G)? Is the Fell bundle in this
case isomorphic to the semidirect product Co(G) % G?

In general, the answer to this question is no. Counterexamples can be found already
in the case of Abelian groups. Indeed, we have done this in [9]. In order to explain this,
we assume from now on that GG is Abelian. Recall that, in this case, the coaction of G
on L2(G) corresponds to the action v of G given by the formula (6.20). Therefore, the
coaction of G on K(L?*(G)) corresponds to the action ag(T) =, 0T o, ! for all z € G
and T € /C(LQ(G)).

Recall from Corollary [6.10.23 that isomorphism classes of Fell bundle structures for
IC(LQ(G)) correspond bijectively to dense, e-complete, relatively continuous subspaces of
IC(LQ(G)). Since G is Abelian (and in particular amenable), every complete, relatively
continuous subspace is automatically e-complete (Proposition 5.3.10). Moreover, by [48,
Theorem 7.2], there is a bijective correspondence between dense, complete, relatively con-
tinuous subspaces of L*(G) and K(L*(G)). This combined with Corollary 6.11.10 yields
the first part of the following result (Theorem 48 in [9]):

Theorem 6.11.15. Let G be a locally compact Abelian group. Isomorphism classes of Fell
bundle structures for IC(Lz(G)) correspond bijectively to isomorphism classes of triples
(S,V,¢) as in Corollary 6.11.10.

Moreover, isomorphism classes of Fell bundles B over G for which there is an isomor-
phism C*(B) = K(L*(G)) correspond bijectively to conjugacy classes of pairs (S, V) with
S and V' as above, where (S1,V1) and (Sa,Va) are conjugate if and only if there is some
t € G witht-S; = Sy and t*(Vo) = V1. Here t*(V2) means that we pull back the line
bundle Vo on Sy along the map s — ts to a line bundle on 5.

The proof of the second part of the theorem uses Corollary 6.10.25/ which says that the
Fell bundles associated to dense, complete, relatively continuous subspaces R1,R2 C A
are isomorphic if and only if Ry and Ra are Autz(A)-conjugate, that is, there is a G-
equivariant automorphism 7 of A such that m(R1) = Rs. In the case of A = K(L*(G)),

228



6.11. SOME EXAMPLES AND COUNTEREXAMPLES

the group Auté(A) can be described explicitly, and here is where the translations s — ts
come into play. See [9] for further details.

Using the theorem above, we can give concrete counterexamples to Question 6.11.14.
In fact, consider the case where G is the 2-dimensional torus T?, and take the Fell bundle
B(V) associated to some complex line bundle V on T?. We know from the previous section
that the corresponding generalized fixed point algebra, that is, the unit fiber of B(V), is
isomorphic to C(T?). Since T? is path-connected, we have t*(V) =2 V for every t € G.
By the above theorem, non-isomorphic line bundles yield non-isomorphic Fell bundles. As
already mentioned in Example 6.11.12, we have H?(T?;7Z) = Z, and therefore there exist
countably many non-isomorphic Fell bundle structures for IC(LQ(’]I‘Z)) whose underlying
Fell bundles have the same unit fiber C(T?). In [9], we give an explicit description of these
Fell bundles. Finally, if V' is the trivial line bundle, the corresponding Fell bundle B(V)
is isomorphic to the semidirect product C(T?) x, T? (this follows from Example [6.11.13).

As already mentioned at the end of the previous section, generalized fixed point al-
gebras become more complicated when we consider higher dimensions and study the G-
Hilbert space L2(G)" for n € N. As we have seen, we can find maximal relatively contin-
uous subspaces of L?(G)" whose generalized fixed point algebras are not isomorphic (this
happens for n = 2 and G = T?). In particular, the corresponding Fell bundle structures for
the G-C*-algebra K(L*(G)™) of compact operators on L?(G)™ are not isomorphic (because
the generalized fixed point algebras always appear as the unit fibers of the corresponding
Fell bundles).

More generally, one can consider Fell bundle structures for the @—C*—algebra of com-
pact operators IC(LQ(H)), where H = {H;}iec is some measurable field of separable
Hilbert spaces over G and we endow K(L?*(H)) with the coaction of G induced by the
coaction on L?(H) as in the previous section. Since G is Abelian, this coaction corre-
sponds to the action of G given by conjugation by the corresponding action on L?(H) as
in Equation (6.20). Of course, here the situation is even more complicated, but at least
we can say that isomorphism classes of Fell bundle structures for K(L?*(H)) correspond
bijectively to isomorphism classes of continuous structures for the measurable field H.
This is Theorem 46 in [9] and it is a consequence of Theorem 6.11.7 and Theorem 7.2 in
[48].

In particular, Example 6.11.8 shows that there are square-integrable @—C*—algebras
with no Fell bundle structure. This gives a negative answer to Question 11.16 in [19].

We conclude that, in general, there are square-integrable G-C*- algebras without any
or with several Fell bundle structures. Of course, all these problems disappear if G is
discrete, that is, if G is compact. In this case, we know that any G-C*- algebra is square-
integrable, and there is (up to canonical isomorphism) a unique Fell bundle structure for
a given @—C’*—algebra.

More generally, we know that a @—C*—algebra A has a unique Fell bundle structure
if and only if A is R-proper (see Corollary 6.10.29). In particular, this is the case if
A is spectrally proper, that is, if the induced action of G on the primitive ideal space
Prim(A) is proper (see Definition 9.2 and Theorem 9.1 in [48]). Moreover, we prove in
[9, Theorem 55] that the functor B — C*(B) provides an equivalence from the category
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of spectrally proper Fell bundles over G (in the sense that the spectrum of B is a proper
G-space with respect to the canonical action of G) to the category of spectrally proper
G—C*—algebras. In particular, two spectrally proper Fell bundles are isomorphic if and
only if their cross-sectional C*-algebras are equivariantly isomorphic.

If we specialize even further and assume that A is proper in the sense of Kasparov [35],
then it is possible to give an explicit description of the associated Fell bundle; see [9, The-
orem 56|. In particular, this gives a description of the Fell bundle if A is a commutative
@—C*—algebra Co(X) for a proper @—space X ([9, Proposition 58]). In this last case, the un-
derlying Fell bundle is necessarily commutative. This provides a bijective correspondence
between commutative Fell bundles over G and proper G-spaces ([9, Theorem 57)).
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