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The term paraproduct is nowadays used rather
loosely in the literature to indicate a bilinear oper-
ator that, although noncommutative, is somehow
better behaved than the usual product of func-
tions. Paraproducts emerged in J.-M. Bony’s theory
of paradifferential operators [1], which stands as a
milestone on the road beyond pseudodifferential
operators pioneered by R. R. Coifman and Y. Meyer
in [3]. Incidentally, the Greek word mmap«x (para)
translates as beyond in English, and au déla de
in French, just as in the title of [3]. The defining
properties of a paraproduct should therefore go
beyond the desirable properties of the product.
As a first step and to illustrate these properties,
let us consider the bilinear operator

(f,9)(9) = | (g dt,f,9 € CH(R).

By Leibniz’s rule, fg = Iy (f,g) + Ily(g, ), that is,
Ily reconstructs the product fg. In addition, Il
provides an exact linearization formula, that is, if
H € C*(R), then

H(f) = H(0) + Iy (f,H'(f)),
as opposed to the one given by the product

H(f) =H(0) + fH'(f) + error.
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I, also satisfies a Leibniz-type rule,
HO(flg), = f’g;

but it fails to obey one of the main properties of
the product, namely Hélder’s inequality.

So what is a paraproduct? A bilinear, non-
commutative operator IT that satisfies product
reconstruction and linearization formulas (up to
smooth errors), a Holder-type inequality, and a
Leibniz-type rule such as

0%TI(f, 9) = T1(0%f,9),

where IT satisfies a Holder-type inequality. For Iy,
I1(f,g) equals fg when « = 1. II, comes close
to being a paraproduct, but it is not well suited
for L?-spaces as it does not satisfy a Holder-type
inequality.

We now turn our attention to the evolution of
the various forms of paraproducts. Each of the
paraproducts IT; below has transformed in time
into a successor II;,;, and this natural flow was
motivated by the need of analysts to settle specific
problems.

In retrospect, the first version of a paraproduct
isimplicitin A. P. Calder6n’s work on commutators
[2].LetU = {s+it:seR,t >0}tand 1 < p,q < oo.
For F € H?(U) and G € H9(U) (Hardy spaces),
Calderon defined the bilinear operator

I, (F, G) (s) = —ij: F'(s +i)G(s + it) dt.

Again, by Leibniz’s rule, II; reconstructs the
product FG (on the real line), its derivative
obeys Leibniz’s rule (just as the product does),
it satisfies an exact linearization formula, and,
as Calder6on showed, it verifies the following
Holder-type inequality: if 1/r = 1/p + 1/q,

I, (F, G) I rwy S WE ey 1G 1 gauy -
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Let us now “deconstruct” II;. Define f; and f> to
be the real and imaginary boundary values of F,
that is,

F(s +1t) = (fi % P)(s) +i(f> x Py)(s),

where P;(x) = t'P(t'x) are dilations of the
Poisson kernel P(x) = (1 + x?)~!. Defining
Q = P’ and taking derivatives yields

Fi(s+it) = %(ﬁ £ Q) + i%(fz % Q) (s).

Similarly, if we write G in terms of its boundary
values, we see that IT; (F, G) (s) can be expressed
as a sum of four operators of the form

M (F, g)(s) = JO (Qq % F)(5) (P % g) (s) ?

In n dimensions and based on a real-variable ap-
proach, J.-M. Bony [1] considered bilinear operators
of the form

0 d
M3 (f, g) = L (W b #9)

In analogy with II,, we have ¢,(x) = t7"¢p(x/t),
Ye(x) =t "Y(x/t), where ¢ is a Schwarz function
in R" such that its Fourier transform $ is real,
radially symmetric, and supported in the ball
B, (0), qAb = 1 in B;;2(0), and ¢ is defined (on
the Fourier side) by (/(§) = $(£/2) — p(E). The
discrete version of Il; (think t = 277) takes the
form
IL(f,9) = D (; *F) () * g),
JezZ

with @ (x) = 2@ (27x), ¢;(x) = 2/"¢p(2/x). The
properties of y give us the equality

fa=> > w;*f)(wr*g)

JEZkez

=TL(f,9) + (g, f) + D> (W; * ) (Y, * g),
JezZ
which is a product reconstruction formula with an
error term. A convenient modification of I, is

I5(f,9) = > (@, * F) (b2 * g),

Jjez
which now yields

fg=1s(f,g9) +15(g,f) + R(f,9),

R(f,g) being the tridiagonal sum in |j — k| < 1.
The operator IIs is called Bony’s paraproduct, and
it has a number of outstanding properties. As
the last identity shows, there is a reconstruction
formula for the product with an error term. It is
not an exact reconstruction, so why is it so useful?
Consider f € C* and g € CP (H6lder spaces) with
0 < o < B. Since a product is as smooth as its
roughest factor, we will have fg € C%. However,
Bony showed that II5(g,f) € C%, II5(f,g) € C#,
and R(f,g) € C**#, thus identifying the bad, the
good, and the best part of fg. Moreover, for
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H € C*(R), IIs linearizes H at a function f in such
a way that

H(f) = H(0) + IIs(f, H'(f)) + eu(f),

where the error ey (f) is smoother than f. Another
advantage is that, as straightforward calculations
on the Fourier side show, I1s can be rewritten as

II5(f,9) = Z‘I’j * (@ x )i *g)),

Jjez

where ¥ is supported in an appropriate annulus.
The acute reader will notice that this is not possible
with Iy, and this is why IT5 was introduced! Letting
(-, -) denote the usual Schwarz function-tempered
distribution dual pairing, if h is another Schwarz
function, then

(Is(f,g),h) = Z(((I/j * )2 *g),¥; * h),
JEZ
and this relation provides immediate access to the
Littlewood-Paley pieces of h. Mapping properties
for ITs, including the ones of Holder-type L” X L9 —
L", follow by duality.
To further see some of the paraproduct proper-

ties in action, we will prove the classical fractional
Leibniz rule, which states that

IID*(F|r < IDF Il [1G]]1ar
+ Hf“jj’z ||Dlxg||mz ;

where ﬁ(‘g’) = \E\”‘fz(g) for ¢« > 0, and 1 <
P1,P2,q1,q2,F < o with 1/r = 1/py + 1/q1 =
1/p2 +1/g2. The following short argument (see, for
instance, Muscalu, Pipher, Tao, and Thiele (2004))
exploits the product reconstruction and Leibniz’s
rule for paraproducts:

ID*(F )|,

= |[D(TI(f, 9)) + D(T1(g, f)],r

= [[lI(D*f,g9) + T1(D*g, )|,

S Do ||gllar + IF Iz [ID*Gllpe; O

More flexible versions of IT5 arise when considering

s (F,9) = > b} x (P2 % F)(P3 % g)),
Jjez
for general functions ¢™, m = 1, 2, 3. For example,
I1; = Il for suitable functions ¢™’s. In turn, Il
has evolved as follows. Let us write Q € D if Q is
a dyadic cube, that is,

Q={xeR":ki<2x;<kj+1;i=1,...,n},

for some k € 7" and j € Z. In this case, we write
Q = Qjx. Let also xg = 277k denote the lower left
corner of Q. Simple computations show that Il
can be written as

Mo (f, 9) (x) = ”K(x,y,z>f(y>g<z> dydz,

NOTICES OF THE AMS



860

NATIONAL SECURITY AGENCY NSA

There are

43,252,003,274,489,856,000

possible positions.

If you want to
make a career
out of solving
complex
mathematical
challenges,
join NSA as a
Mathematician.

At NSA you can
bring the power
of Mathematics

to bear on today’s
most distinctive
challenges and
problems. We
identify structure
within the chaotic,
and discover
patterns among
the arbitrary. You
will work with the
finest minds and
the most powerful
technology.

Make the move that

puts your math
intelligence to work.
Apply online to NSA.

WHERE INTELLIGENCE
GOES TO WORK®

> Finite Field Theory

DISCIPLINES

> Number Theory

> Probability Theory > Combinatorics

> Group Theory > Linear Algebra

> Mathematical Statistics > And More

Visit our Web site for a complete list of
current career opportunities.

U.S. citizenship is required.
NSA is an Equal Opportunity
Employer and abides by
applicable employment

laws and regulations.
Rubik’s Cube® is used

by permission of Seven
Towns Ltd. www.rubiks.com

www.NSA.gov/Careers

NOTICES OF THE AMS

where K(X, y, z) is the bilinear kernel given by

S 1QuI ) B, om0 dw,
Jez Qjk
kezn J
with ¢ (w) = 2/"2¢p™ (27 (x —w)), m = 1,2,3.If
we replace the average above by the value of the
integrand at x, we can rewrite the kernel as

> QI T () dh ()b (2) + E(x, Y, 2),

QeD
where ¢7) (x) = 7\ (xq), m = 1,2, 3, and the error
term E(x, Y, z) is the bilinear kernel of a smooth-
ing operator. The functions ¢y, are examples of
the so-called molecules associated with a cube
Q. For general families of molecules {¢g}ocen,
m = 1,2,3, which are not necessarily dilations
and translations of a fixed profile but have
suitable cancellation properties, the associated
molecular paraproduct 11, has kernel

ST1QITEph ()L ()P (2),

QeD
that is,

7(F,9)(X) = > 1QI72(d, ) (b, @) bl (x).
QeD
IT; represents one of the modern versions of the
paraproducts. Molecules based on the Haar system
yield so-called dyadic paraproducts.

Since their 1965 debut, paraproducts have
played a central role in analysis and PDEs. They
are connected to the bilinear Calderéon-Zygmund
theory and constitute the building blocks of many
other bilinear operators. Their applications in-
clude, just to name a few, the celebrated T1 and
Tb theorems, the boundedness of Calder6on com-
mutators and the bilinear Hilbert transform, and
the theories of pointwise multipliers of function
spaces and of compensated compactness.
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