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Capitulo 1

Jacobi and Picard Varieties

This chapter is devoted to the description of the space of complex line bundles
¢ € HY (M, 0%) with ¢1(€) = 0. Let’s start with sheavf the exact sequence

0—7Z— 050" —0, (1.1)

where e(f) = exp(2mif). The associated exact sequence of cohomology groups is

1 €x * c
0 R H'(M,0%) —2— 7, 0, (1.2)

where ¢ (€) € Z is the 15-Chern Class of the complex line bundle &. In this way,
HY(M,0)
HYM,Z)

Also consider the sheaf exact sequence

={£ e H'(M,0") | c1(€) = 0} (1.3)

0—C—0-5L 0y, (1.4)
which associated exact sequence of cohomology groups is
0 —— H'(M,C) —— H(M,0) —— H°M,0O")

% HYM,C) ——  HNM,0) —— HY(M,OW) (1.5)

% H2(M,C) —— H2(M,0) =0.
(i) M closed = HY(M,O) ~ C.
(ii) HY{(M,00) ~ HY(M, O) ~ C, by Serre’s duality.
(iii) H*(M,0) =0

Thus, the exact sequence 1.5 becames

0 —— HOM,0M) %, gY(M,C) —— H'(M,0) —— 0 (1.6)
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Therefore, H'(M,O) = % and

H'(M,0) HY(M,C) e
HY(M,Z) HYM,Z)+ 04HO(M,OL0) (1.7)

From basic topology, it is known that H'(M,Z) ~ 72?9 and H'(M,C) ~ C?9. Since

HO(M,0%) ~ €9 is the g dimensional C-vector space of Abelian differentials on M
. . HY(M,C

and 9, is a monomorphism, so H'(M,O) = W

1
C-vector space'. In order to describe the space ?{1 (1]\\4/[’7(29)) ~ Hl(([:]\i[,z)

understand how H'(M,Z) embedds into H'(M, O).

~ (9 is also a g-dimensional

it is necessary to

Lemma 1.1. Consider M a closed Riemann surface and 9y : H*(M, 09 — H'(M,C)
the boundary homomorphism in the exact sequence 1.6. Let ¢ € HO(M,O'0) be an
element such that 03¢ € H'(M,R) C H'(M,C), then ¢ = 0.

Corollary 1.1. Let {a1, B, ..., 04,3} be a basis of H'(M,Z) and v — ¥ the projection
HY(M,C) — HY(M,O). Then {a1,B1,...,04, By} is a basis of H'(M,O).

Consequently,

1
i.e., the space % is a complex g-torus.

Definition 1.1. Let M be a closed Riemann surface;

i. The set Pyy = {£ € HY (M, O%) | c1(£€) = 0} is the Picard Variety of M.

HY(MO) , €9
HY(M,Z) — 729

ii. The g-complex torus Jy; = is the Jacobian variety of M.

The difference between Pj; and Jjs is subtle from the discussion. Basically, one
described in terms of complex line bundles and the other one is obtained from a lattice.

Theorem 1.1. The group of complex linear bundles over a closed Riemann surfaces has
the natural structure

HY(M,0*) ~ Py & Z.

LFrom Serre’s duality this was already known
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CAPITULO 1. JACOBI AND PICARD VARIETIES Celso M Doria

1.0.1 Lattices and Complex Torus

Definition 1.2. A lattice £ C R™ is a subgroup of R” isomorphic to Z". In terms of a
R-basis {u1,...,u,},

,
L= {anuz ‘ n; € Z}.
i=1

) . . R o . 9 . 9g dif feo
Let’s consider in CY ~ R?Y the lattice £ ~ Z49. Topologically, CI /L = (R /Z)™ =
T?9 is a real 2g-torus. Since the universal covering of 729 is R?9, there is a covering map
p: C9 — C9,/L inducing on CY9 /L a natural complex analytic structure and also an
analytical Lie group structure. These structures depend on £ as showed next;

Lemma 1.2. Let V, V' be g-dimensional complex vector spaces and L, L' lattices groups
of rank 2g. The complex tori V/L,V'/L' are holomorphic equivalente iff there exist a
complex linear isomorphism F : V. — V' such that F(L) = L’.

Demonstracdo. If there exists a complex linear isomorphism F : V — V', such that
F(L) = L', it is evident that the tori are holomorphic equivalent. Let’s assume that
exists only a complex analytic homeomorphism f : V/£ — V'/L'. Consider the covering
maps 7 : V — V/L and 7’ : V' — L'. The composition for : V — V'/L yields an
analytical local hmeomorphism. Since V and V' are simply connected, the map f o
factors through an analytical local homeomorphism F' : V' — V’ as in the diagram below.
Therefore, for any u € L there will exist an element v’ € £ such that F(p+u) = F(p)+u/,
for all p € V. In terms of a coordinate system z = (21, ..., 2,) for Vand w = (wy, ..., wy)
for V', the mapping F' will be given by a g-tupla w; = Fj(z). Differentiating the relation

satisfied by F, it follows that gf;’ (p+u)= gf; (p) for all p € V and u € L. In this way,
OF;

9z, V' — C are thus invariants under £, and each one induces a function
on the compact complex manifold V/L. So, they are all constants. Consequently, F
is linear. Since I is locally a homeomorphism it must be non-singular and clearly
FL)y=/rL'. O

the functions

1.0.2 Marked Surfaces

Let M be a compact Riemann surface of genus g > 0, and let M be its universal
covering;

(i) M inherits from M a complex analytic structure.

—~ homeo
~Y

(i) M ~ D*={z€C;|z|< 1}

(iii) Let 7 : M — M be the covering map and G = {T: M — M | ToT = 7} the group
of deck transformations. Thus, M = M /G.

By fixing points pg € M and zg € M , it is possible do describe:
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1. an isomorphism G =~ 71 (M, po).

2. a presentation 7 (M,py) =< A1,Bq,...,44,By : C1...Cy = 1 >, where, for all
1 <i<g, A;, B; represent homotopy classes of closed paths in M and C; = [oy, 5]
is the commutator.

3. HY(M,Z) =< Ay, By, ..., Ay, By >~ 7%.

4. the complement V = M\ U_, (4; U B;) — M is simply connected and lifts homeo-

morphically to a number of opens subsets V C M, g € G. Besides, G(Vy)nV, =
for all g € G, and D? = Ugegg.Vg.

Definition 1.3. Once the choice of py, 2o, A;, B; (1 <i < g) is made on M, we say that
M (po, z0; Ai, B;) is a marked Rieman surface.

All possible markings arise from a given marking by applying suitable orientation
preserving isotopies on M.

1.0.3 Jacobi Variety Jy,

As described before, Jy; is the g-torus H'(M,0),/HY(M,Z) ~ C9 /729, where
HY(M,0) = H'(M,C),/04H°(M, O*0). Moreover, HY(M,C) = Hom(H;(M,C),C) =
Hom(m1(M,po),C). Let 8 = {A1,B,...,Aq, By} be a basis for Hy(M,Z) and g% =
{wy, .. wg} a basis for HO(M oL, Frorn corollary ??, the basis 3 projects into a
R- ba81s ﬁ = {Al,Bl, .. Ag,Bg} C HY(M,0), which means that B generates a lattice
ﬁgCCg and Jyr = (Cg/ﬁg

In order to describe the Jacobi variety Jas let’s study the Abelian differentials

HOY(M,0") = {w € Q" (M,C) | w = fodza,dfs = 0}, (1.8)
where Ay = {(Ua, 24) | @ € A} is a holomorphic atlas. Note that whenever w €
HO (]\47 OI’O)

dw = 0w + 0w = O(fodza) = OfadZa N dze =0,
so w € Hhp(M,C). Any w € H°(M,0%) can be viewd as a 71 (M, po)-invariant
holomorphic 1-form in Q9(M), which is also denoted w. Since M is simply connected,
the closedness condition on w implies it is exact, i.e., there exits W € H°(M, ) such

that w = dW. W is called an Abelian integral for M and it is determined up to a
constant. Consider W (zp) = 0, so

W(z) = /w (1.9)

The 71 (M, po)-invariance of w implies that

dW(g(2)) = W(2)] = w(g(2)) —w(z) = 0, VT € m1 (M, po).
Therefore, W(T'(z)) = W(z) — w(T), for some w(T) € C.
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CAPITULO 1. JACOBI AND PICARD VARIETIES Celso M Doria

Proposition 1.1. & € Hom(G,C). In particular 5(I) = 1 and &(T~) = —&(T).
Demonstracao. Let S,T € G,

W(ST(z)) = W(T(2)) —@(S) =W(z) —@(T) —&(S) = W(z) — @(ST).
Hence, 0(ST) = w(S) + w(T). O

Definition 1.4. © € Hom(w1(M, pg),C) is the period class of the abelian 1-form w €
HO(M, O');

T (20)
w(T) = —/ w; g € G. (1.10)

20
Proposition 1.2. The homomorphism H°(M, O%) — Hom(G,C), given by w — & is
a monomorphism

Demonstragdo. Suppose it is not. Let wy,ws € HY(M, O'Y) and suppose that @, = ©s.
Thus, (W7 — W2)(g(2)) = (W — W1)(2) and consequently, Wy — W7 is a holomorphic
function on M/m(M,po) = M, hence is a constant function on M. Since Wi(zg) =
Wa(zg) = 0, then Wa(z) = Wi(2) for all z € M. O

Fixed a marking on M, a basis can be described for the group H'(M,C) by consi-
dering the linear functionals

a; (Aj) = dij, a;(Bj) =0,

bi(A;j) =0, b;(Bj) = dij-
Thus, 8% = {a],b7,...,a;,b;} is a basis for H'(M,C) and given h € Hom(H,(M,Z),C)
we have h = Y 9_, (h(A;)a} + h(B;)b}). The explicit isomorphism H!(M,C) ~ C% is
given by

(1.11)

h — (h(A1),...,h(Ag), h(B1),...,h(By)).
In this way, fixed a marking M (po, 20; A;, B;) for M and a basis {wy, . .., w,} for H*(M, O4),
the subspace 9;H(M,01%) c H'(M,C) is spanned by the basis {&1,...,&,}, where
w; = (Wi(A1), ..., wi(Ag),wi(B1), .., wi(By)).
Using the basis above, the monomorphism 9, : H*(M, O'%) — H'(M, C) is represented

/
>, where ' = {@;(A;)} and Q" = {&(B;)} are g x g matrices.

. 0
by a 2g x g matrix <Q”

Theorem 1.2. The period matrices V', Q" satisfy the following conditions;

1. Riemann’s Identity
Q) - ()Y =0 (1.12)
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2. Riemann’s Inequality - The matrix

QO - (@) (1.13)
defines a positive definite hermitian product.
Corollary 1.2. The matrices Q', " are non-singular.
Demonstracao. L]

Corollary 1.3. There is a canonical basis 3 = {w1,...,wy} for H*(M, O such that
the associated period matrixz has the form <é), I=1id,Q2e GL(g,C).

From theorem 1.2, the matrix € defined in corollary 1.3 is symmetric and Im() is
positive definite.

The motivation to describe the lattice H'(M,Z) c H'(M, ) is the Jacobian map
J : M — C9 defined by

F(2) = Wi(2), ..., Wy(2) (1.14)

Note that J(T(z)) — J(z) = (@& (T ) .,wg(T)), for all T € m(M,py). Thus, con-

sider the vectors ur = (Wi(T),...,we(T")). For our purpose, thanks to the fact that
Hl

Hom(m1(M,po),C) = H*(M,C), each group element T" € 71 (M, pg) can be represented
by a series T = >"7_,[m;A; + n;B;]. Therefore,

Definition 1.5. With respect to a marking M (po, 20; Ai, B;) for M and a basis {w1, ..., wy}
for HO(M,O'0), the lattice H'(M,Z) C H'(M, O), denoted by Lg, is

g
Lg= {Z (miua, +niup,) | mi,n; € Z}.
=1

The Jacobian Torus of M is then Jy = C9,/Lg.

Therefore, the map J M — C9 induces a map J : M — Jy(M), the truly
Jacobian map.

Remark 1. Consider in CY the g x 2¢g matrix A = (ua, ... ua, up, ... up,), which
colunms are the generators of Lg. A change of basis in CY corresponds to a change A —
M.A, where M € GL(g,C). The lattice is preserved by a multiplication A — |lambda.N,
N € GL(2g,7Z). Thus, A, A’ represent the same complex torus iff A’ = M AN, where
M € GL(g,C) and N € GL(2g,Z). Here, it is interesting to use the canonical basis

for H°(M,0%%). In the canonical basis, A = (é) To proceed further, suppose that
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A = (1,Q) and A" = (I,) represent the same complex torus, so that A’ = MAN.
Decompose N into g x g matrix blocks

A B
v=(e o)
then (1,Q) = (M(A+QC),M(B+ QD)). Hence, (I,w') and (I,Q) represent the same
complex torus iff M1 = A+ QC and Q' = (A + QC)" (B + QD). Besides, Im({) is
non-singular. It is illustrative to consider the case g = 1 where A = (1, \) where A € C
and I'm(\) # 0. Thus, (1,\) and (1, ) define the same torus iff there exits a matrix

<‘C‘ Z) € GL(2,7) such that

, al+c

b+ d

This argument classify the complex analytic structures on the torus 72 = R? /Z2.

1.0.4 Abel’s Theorem

The Picard variety Py = {£€ € HY(M,O*) | ¢1(€) = 0} is isomorphic to the Jacobian
variety Jas. The difference is the way both are used in the theory; whenever complex
line bundles are used the theory might be referring to Pj; and whenever the g-torus is
used then Jjs is being used. In order to have a clear understanding of the isomorphism
J : Py — Ju associating to a complex line bundle & € Py a point J(§) € Ty, there
is the classical Abel’s theorem. In order to describe J, consider the point bundles ¢, (,
associated to the points p,q € M, respectively, and the map

DM x M — Py

(p7 q) - Cpc;l'

Let 7 : [0,1] — M be any C*° path such that 7(0) = p, 7(1) = g. As before, consider
{wi,...,wy} a basis for H°(M, O'?), the complex number v; = [ w; independs on 7.
Define the vector

(1.15)

qu:(vl,...,vg):(/Twl,...,/ng)G(Cg. (1.16)

Theorem 1.3. (Abel’s Theorem) Let p,q € M and (p, (, be their respectives point line
bundles. Thus, the map J : Pyr — Jar is given by

3(Cp<z;1) = Upgq-

Moreover, J is a holomorph isomorphism, i.e.,
~ —1 1\ _ ~ -1y |, ~ -1
J(Cm ‘qu ‘Cp27 ng ) - J(<p1 'qu ) + \J(CPQ 'ng )
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Corollary 1.4. For any points p1,...,Dr q1,---,qr € M, Cp, ... Cp,. = Cq1 - - - Cq, Uff for
all family of C*>-arcs ; : [0,1] — M, 1;(0) = p;, (1) = pi, the vector

vaqu Z/wl,...,/wg)eﬁg.
i=1 YT Ti

Demonstragio. Since Cp, ... Cp, -Gt - Gt = (G Cyt) -+ (G, Ct) = 1, let’s consider

the family of C*-arcs 7; : [0,1] — M, 7;(0) = p;, 7i(1) = q;. Then

Iy oGyt =D 3G =D Vpar
=1

i

Therefore, J(Cp, - -+ Cp, -Gyt -+ Ct) = 1iff Y7, vpig, € L. O

1.0.5 Subvariety J;

As seen in last section, a basis {w1, ..., w,} for H(M, O%%) and a base point zg € M
define the Jacobian map J : M — Jyr by

z
T2 = (Wil)o Wyl Wila) = [
20
Proposition 1.3. Let M be a Riemann surface with genus g > 0. Then, J : M — Ju
is a complex analytic homeomorphism between M and a compler analytic submanifold
J1 C Ju.

Demonstragdo. Note that (dJ ), : T.M — T7.yJn is given by (dJ ) ..u = (w1(2).u, ..., wy(2).u)
and so is non-singular because {w1,...,wy} is a basis and can not have a commom zero.
So, J is locally a holomorphic diffeomorphism. The compactness of M implies that
J is an open map. In order to prove that J is 1 — 1, suppose J(p) = J(q) and let
7 :[0,1] — M be a C*°-arc connecting p to g. So, the vector vy, € L3, consequently
Cp = (¢. Since g > 0, it follows that p = q. O

The Jacobian map leads to an useful epimorphism from the Z-module of divisors
H°(M,D) = {Zp vpp | vp = 0 Vp, but finitely many p’s} to the abelian group Ja(M).
Just recall that in H°(M, D) there is a equivalent relation: D’ ~ D if there exists a
meromorphic function f: M — C such that D' — D = D(f). The epimorphism

HY(M,D) — H (M, 0*)
D= ZWH@—H@, @ADFZ%
induces a isomorphism H°(M, D),/ ~ H'(M,O*).

Proposition 1.4. For a Riemann surface M with genus g > 0, there exist a epi-
morphism Jy : H'(M, D) — P, given by

autor: Celso M Doria 10




CAPITULO 1. JACOBI AND PICARD VARIETIES Celso M Doria

J+(D) = €p.¢;7,
which kernel is Ker(J.) = {D € H(M,D); D ~| D | 20}, where zyg € M is the base

point.

Demonstragao. Since Ji(z0) = 0, | D— | D | .20 |= 0 implies that £D.{;0|D| € Pu. It

is an epimorphism because H(M, D) — H'(M,O*) is an epimorphism. Also, J.(D— |

D | .z9) = J«(D) for all D. So, there exists p;,p; € M such that D— | D | .29 =

S(pf —p;). Let 7 : [0,1] — M be C*-arcs such that 7;,(0) = p; ,7:(1) = p;, so

J«(D— | D | .zp) is represented in Jys (M) by the vector v =", Up - Then J.(D) =0

precisely when £p = ,L?‘, equivalently, when v € L3, hence D— | D | .zg ~ 0. O
180

Corollary 1.5. H'(M,0%) ~ Z® Ju.

Demonstragao. It is enough to note that Ker(J,) ~ Z. Then the results follow from
the exact sequence

0 — Ker(J,) — H(M, D) L5 Ty — 0.
O

Remark 2. Let D = z — 29 € H°(M, D), thus J.(2) = Ju(z — 20) = Cp.C;Ol. In this
way, we can define J; = {{ € Py | £ = Cz.ngl, z € M}. Note that if £ = CZC;f, then
the bundle £.¢,, has one holomorphic section (assume g > 0) because v(¢,) = 1. Thus

Ji={§ € Pu(M) [ v(£.C) = 1}

1.0.6 Subvarieties J, C Py,

1.0.7 Group Structure of J,; and Consequences
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