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Caṕıtulo 1

Jacobi and Picard Varieties

This chapter is devoted to the description of the space of complex line bundles
ξ ∈ H1(M,O∗) with c1(ξ) = 0. Let’s start with sheavf the exact sequence

0 −→ Z −→ O e−→ O∗ −→ 0, (1.1)

where e(f) = exp(2πif). The associated exact sequence of cohomology groups is

0 −−−−→ H1(M,O)
H1(M,Z)

e∗−−−−→ H1(M,O∗) c1−−−−→ Z −−−−→ 0, (1.2)

where c1(ξ) ∈ Z is the 1st-Chern Class of the complex line bundle ξ. In this way,

H1(M,O)
H1(M,Z)

= {ξ ∈ H1(M,O∗) | c1(ξ) = 0} (1.3)

Also consider the sheaf exact sequence

0 −→ C −→ O d−→ O1,0 −→ 0, (1.4)

which associated exact sequence of cohomology groups is

0 −−−−→ H0(M,C) −−−−→ H0(M,O) −−−−→ H0(M,O1,0)
∂d−−−−→ H1(M,C) −−−−→ H1(M,O) −−−−→ H1(M,O1,0)
∂d−−−−→ H2(M,C) −−−−→ H2(M,O) = 0.

(1.5)

(i) M closed ⇒ H0(M,O) ' C.

(ii) H1(M,O1,0) ' H0(M,O) ' C, by Serre’s duality.

(iii) H2(M,O) = 0

Thus, the exact sequence 1.5 becames

0 −−−−→ H0(M,O1,0) ∂d−−−−→ H1(M,C) −−−−→ H1(M,O) −−−−→ 0 (1.6)
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Therefore, H1(M,O) = H1(M,C)
∂dH0(M,O1,0)

and

H1(M,O)
H1(M,Z)

=
H1(M,C)

H1(M,Z) + ∂dH0(M,O1,0)
(1.7)

From basic topology, it is known that H1(M,Z) ' Z2g and H1(M,C) ' C2g. Since
H0(M,O1,0) ' Cg is the g dimensional C-vector space of Abelian differentials on M

and ∂d is a monomorphism, so H1(M,O) = H1(M,C)
∂dH0(M,O1,0)

' Cg is also a g-dimensional

C-vector space1. In order to describe the space H1(M,O)
H1(M,Z)

' Cg

H1(M,Z)
it is necessary to

understand how H1(M,Z) embedds into H1(M,O).

Lemma 1.1. Consider M a closed Riemann surface and ∂d : H0(M,O1,0)→ H1(M,C)
the boundary homomorphism in the exact sequence 1.6. Let φ ∈ H0(M,O1,0) be an
element such that ∂dφ ∈ H1(M,R) ⊂ H1(M,C), then φ = 0.

Corollary 1.1. Let {α1, β1, . . . , αg, βg} be a basis of H1(M,Z) and v → ṽ the projection
H1(M,C)→ H1(M,O). Then {α̃1, β̃1, . . . , α̃g, β̃g} is a basis of H1(M,O).

Consequently,

H1(M,O)
H1(M,Z)

' Cg

Z2g
;

i.e., the space H1(M,O)
H1(M,Z)

is a complex g-torus.

Definition 1.1. Let M be a closed Riemann surface;

i. The set PM = {ξ ∈ H1(M,O∗) | c1(ξ) = 0} is the Picard Variety of M .

ii. The g-complex torus JM = H1(M,O)
H1(M,Z)

' Cg

Z2g is the Jacobian variety of M .

The difference between PM and JM is subtle from the discussion. Basically, one
described in terms of complex line bundles and the other one is obtained from a lattice.

Theorem 1.1. The group of complex linear bundles over a closed Riemann surfaces has
the natural structure

H1(M,O∗) ' PM ⊕ Z.

1From Serre’s duality this was already known
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1.0.1 Lattices and Complex Torus

Definition 1.2. A lattice L ⊂ Rn is a subgroup of Rn isomorphic to Zr. In terms of a
R-basis {u1, . . . , ur},

L = {
r∑
i=1

niui | ni ∈ Z}.

Let’s consider in Cg R' R2g the lattice L ' Z2g. Topologically, Cg�L = (R�Z)2g
diffeo
'

T 2g is a real 2g-torus. Since the universal covering of T 2g is R2g, there is a covering map
p : Cg → Cg�L inducing on Cg�L a natural complex analytic structure and also an
analytical Lie group structure. These structures depend on L as showed next;

Lemma 1.2. Let V, V ′ be g-dimensional complex vector spaces and L,L′ lattices groups
of rank 2g. The complex tori V/L, V ′/L′ are holomorphic equivalente iff there exist a
complex linear isomorphism F : V → V ′ such that F (L) = L′.

Demonstração. If there exists a complex linear isomorphism F : V → V ′, such that
F (L) = L′, it is evident that the tori are holomorphic equivalent. Let’s assume that
exists only a complex analytic homeomorphism f : V/L → V ′/L′. Consider the covering
maps π : V → V/L and π′ : V ′ → L′. The composition f ◦ π : V → V ′/L′ yields an
analytical local hmeomorphism. Since V and V ′ are simply connected, the map f ◦ π
factors through an analytical local homeomorphism F : V → V ′ as in the diagram below.
Therefore, for any u ∈ L there will exist an element u′ ∈ L′ such that F (p+u) = F (p)+u′,
for all p ∈ V . In terms of a coordinate system z = (z1, . . . , zg) for V and w = (w1, . . . , wg)
for V ′, the mapping F will be given by a g-tupla wi = Fi(z). Differentiating the relation
satisfied by F , it follows that ∂Fi

∂zj
(p+ u) = ∂Fi

∂zj
(p) for all p ∈ V and u ∈ L. In this way,

the functions ∂Fi
∂zj

: V → C are thus invariants under L, and each one induces a function
on the compact complex manifold V/L. So, they are all constants. Consequently, F
is linear. Since F is locally a homeomorphism it must be non-singular and clearly
F (L) = L′.

1.0.2 Marked Surfaces

Let M be a compact Riemann surface of genus g > 0, and let M̃ be its universal
covering;

(i) M̃ inherits from M a complex analytic structure.

(ii) M̃
homeo' D2 = {z ∈ C; | z |< 1}

(iii) Let π : M̃ →M be the covering map and G = {T : M̃ → M̃ | π ◦T = π} the group
of deck transformations. Thus, M = M̃�G.

By fixing points p0 ∈M and z0 ∈ M̃ , it is possible do describe:
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1. an isomorphism G ' π1(M,p0).

2. a presentation π1(M,p0) =< A1, B1, . . . , Ag, Bg : C1 . . . Cg = 1 >, where, for all
1 ≤ i ≤ g, Ai, Bi represent homotopy classes of closed paths in M and Ci = [αi, βi]
is the commutator.

3. H1(M,Z) =< A1, B1, . . . , Ag, Bg >' Z2g.

4. the complement V = M\ ∪gi=1 (Ai ∪ Bi) ↪→ M is simply connected and lifts homeo-
morphically to a number of opens subsets Ṽg ⊂ M̃ , g ∈ G. Besides, G(Vg)∩Vg = ∅,

for all g ∈ G, and D2 = ∪g∈Gg.Ṽg.

Definition 1.3. Once the choice of p0, z0, Ai, Bi (1 ≤ i ≤ g) is made on M , we say that
M(p0, z0;Ai, Bi) is a marked Rieman surface.

All possible markings arise from a given marking by applying suitable orientation
preserving isotopies on M .

1.0.3 Jacobi Variety JM
As described before, JM is the g-torus H1(M,O)�H1(M,Z) ' Cg�Z2g, where

H1(M,O) = H1(M,C)�∂dH0(M,O1,0). Moreover, H1(M,C) = Hom(H1(M,C),C) =
Hom(π1(M,p0),C). Let β = {A1, B1, . . . , Ag, Bg} be a basis for H1(M,Z) and β1,0 =
{w1, . . . , wg} a basis for H0(M,O1,0). From corollary ??, the basis β projects into a
R-basis β̃ = {Ã1, B̃1, . . . , Ãg, B̃g} ⊂ H1(M,O), which means that β̃ generates a lattice
Lβ ⊂ Cg and JM = Cg�Lβ.

In order to describe the Jacobi variety JM let’s study the Abelian differentials

H0(M,O1,0) = {w ∈ Ω1,0(M,C) | w = fαdzα, ∂fα = 0}, (1.8)

where AM = {(Uα, zα) | α ∈ Λ} is a holomorphic atlas. Note that whenever w ∈
H0(M,O1,0)

dw = ∂w + ∂w = ∂(fαdzα) = ∂fαdz̄α ∧ dzα = 0,

so w ∈ H1
DR(M,C). Any w ∈ H0(M,O1,0) can be viewd as a π1(M,p0)-invariant

holomorphic 1-form in Ω1,0(M̃), which is also denoted w. Since M̃ is simply connected,
the closedness condition on w implies it is exact, i.e., there exits W ∈ H0(M,O) such
that w = dW . W is called an Abelian integral for M and it is determined up to a
constant. Consider W (z0) = 0, so

W (z) =
∫ z

z0

w. (1.9)

The π1(M,p0)-invariance of w implies that

d[W (g(z))−W (z)] = w(g(z))− w(z) = 0, ∀T ∈ π1(M,p0).

Therefore, W (T (z)) = W (z)− ω̃(T ), for some ω̃(T ) ∈ C.
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Proposition 1.1. ω̃ ∈ Hom(G,C). In particular ω̃(I) = 1 and ω̃(T−1) = −ω̃(T ).

Demonstração. Let S, T ∈ G,

W (ST (z)) = W (T (z))− ω̃(S) = W (z)− ω̃(T )− ω̃(S) = W (z)− ω̃(ST ).

Hence, ω̃(ST ) = ω̃(S) + ω̃(T ).

Definition 1.4. ω̃ ∈ Hom(π1(M,p0),C) is the period class of the abelian 1-form w ∈
H0(M,O1,0);

ω̃(T ) = −
∫ T (z0)

z0

w; g ∈ G. (1.10)

Proposition 1.2. The homomorphism H0(M,O1,0)→ Hom(G,C), given by w → ω̃ is
a monomorphism

Demonstração. Suppose it is not. Let w1, w2 ∈ H0(M,O1,0) and suppose that ω̃1 = ω̃2.
Thus, (W1 −W2)(g(z)) = (W2 −W1)(z) and consequently, W2 −W1 is a holomorphic
function on M̃/π1(M,p0) = M , hence is a constant function on M . Since W1(z0) =
W2(z0) = 0, then W2(z) = W1(z) for all z ∈ M̃ .

Fixed a marking on M , a basis can be described for the group H1(M,C) by consi-
dering the linear functionals

a∗i (Aj) = δij , a
∗
i (Bj) = 0,

b∗i (Aj) = 0, b∗i (Bj) = δij .
(1.11)

Thus, β∗ = {a∗1, b∗1, . . . , a∗g, b∗g} is a basis for H1(M,C) and given h ∈ Hom(H1(M,Z),C)
we have h =

∑g
i=1 (h(Ai)a∗i + h(Bi)b∗i ). The explicit isomorphism H1(M,C) ' C2g is

given by

h→ (h(A1), . . . , h(Ag), h(B1), . . . , h(Bg)).

In this way, fixed a markingM(p0, z0;Ai, Bi) forM and a basis {w1, . . . , wg} forH0(M,O1,0),
the subspace ∂dH0(M,O1,0) ⊂ H1(M,C) is spanned by the basis {ω̃1, . . . , ω̃g}, where

ω̃i = (ω̃i(A1), . . . , ω̃i(Ag), ω̃i(B1), . . . , ω̃i(Bg)).

Using the basis above, the monomorphism ∂d : H0(M,O1,0)→ H1(M,C) is represented

by a 2g × g matrix
(

Ω′

Ω′′

)
, where Ω′ = {ω̃i(Aj)} and Ω′′ = {ω̃(Bj)} are g × g matrices.

Theorem 1.2. The period matrices Ω′,Ω′′ satisfy the following conditions;

1. Riemann’s Identity

Ω′.(Ω′′)t − Ω′′.(Ω′)t = 0 (1.12)
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2. Riemann’s Inequality - The matrix

iΩ′.(Ω′′)t − iΩ′′.(Ω′)t (1.13)

defines a positive definite hermitian product.

Corollary 1.2. The matrices Ω′,Ω′′ are non-singular.

Demonstração.

Corollary 1.3. There is a canonical basis β = {w1, . . . , wg} for H0(M,O1,0) such that

the associated period matrix has the form
(
I
Ω

)
, I = id,Ω ∈ GL(g,C).

From theorem 1.2, the matrix Ω defined in corollary 1.3 is symmetric and Im(Ω) is
positive definite.

The motivation to describe the lattice H1(M,Z) ⊂ H1(M,O) is the Jacobian map
J̃ : M̃ → Cg defined by

J̃ (z) = (W1(z), . . . ,Wg(z)) (1.14)

Note that J̃ (T (z)) − J̃ (z) = (ω̃1(T ), . . . , ω̃g(T )), for all T ∈ π1(M,p0). Thus, con-
sider the vectors uT = (ω̃1(T ), . . . , ω̃g(T )). For our purpose, thanks to the fact that
Hom(π1(M,p0),C) = H1(M,C), each group element T ∈ π1(M,p0) can be represented
by a series T =

∑g
i=1[miAi + niBi]. Therefore,

uT =
g∑
i=1

(miuAi + niuBi) .

Definition 1.5. With respect to a markingM(p0, z0;Ai, Bi) forM and a basis {w1, . . . , wg}
for H0(M,O1,0), the lattice H1(M,Z) ⊂ H1(M,O), denoted by Lβ, is

Lβ = {
g∑
i=1

(miuAi + niuBi) | mi, ni ∈ Z}.

The Jacobian Torus of M is then JM = Cg�Lβ.

Therefore, the map J̃ : M̂ → Cg induces a map J : M → JM (M), the truly
Jacobian map.

Remark 1. Consider in Cg the g × 2g matrix Λ = (uA1 . . . uAg uB1 . . . uBg), which
colunms are the generators of Lβ. A change of basis in Cg corresponds to a change Λ→
M.Λ, where M ∈ GL(g,C). The lattice is preserved by a multiplication Λ→ |lambda.N ,
N ∈ GL(2g,Z). Thus, Λ,Λ′ represent the same complex torus iff Λ′ = MΛN , where
M ∈ GL(g,C) and N ∈ GL(2g,Z). Here, it is interesting to use the canonical basis

for H0(M,O1,0). In the canonical basis, Λ =
(
I
Ω

)
. To proceed further, suppose that

autor: Celso M Doria 8
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Λ = (I,Ω) and Λ′ = (I,Ω′) represent the same complex torus, so that Λ′ = MΛN .
Decompose N into g × g matrix blocks

N =
(
A B
C D

)
;

then (I,Ω′) = (M(A+ ΩC),M(B + ΩD)). Hence, (I, ω′) and (I,Ω) represent the same
complex torus iff M−1 = A + ΩC and Ω′ = (A + ΩC)−1(B + ΩD). Besides, Im(Ω′) is
non-singular. It is illustrative to consider the case g = 1 where Λ = (1, λ) where λ ∈ C
and Im(λ) 6= 0. Thus, (1, λ′) and (1, λ) define the same torus iff there exits a matrix(
a b
c d

)
∈ GL(2,Z) such that

λ′ =
aλ+ c

bλ+ d
.

This argument classify the complex analytic structures on the torus T 2 = R2�Z2.

1.0.4 Abel’s Theorem

The Picard variety PM = {ξ ∈ H1(M,O∗) | c1(ξ) = 0} is isomorphic to the Jacobian
variety JM . The difference is the way both are used in the theory; whenever complex
line bundles are used the theory might be referring to PM and whenever the g-torus is
used then JM is being used. In order to have a clear understanding of the isomorphism
J : PM → JM associating to a complex line bundle ξ ∈ PM a point J(ξ) ∈ JM , there
is the classical Abel’s theorem. In order to describe J, consider the point bundles ζp, ζq
associated to the points p, q ∈M , respectively, and the map

Φ :M ×M → PM
(p, q)→ ζpζ

−1
q .

(1.15)

Let τ : [0, 1]→M be any C∞ path such that τ(0) = p, τ(1) = q. As before, consider
{w1, . . . , wg} a basis for H0(M,O1,0), the complex number vi =

∫
τ wi independs on τ .

Define the vector

vpq = (v1, . . . , vg) = (
∫
τ
w1, . . . ,

∫
τ
wg) ∈ Cg. (1.16)

Theorem 1.3. (Abel’s Theorem) Let p, q ∈ M and ζp, ζq be their respectives point line
bundles. Thus, the map J : PM → JM is given by

J(ζpζ−1
q ) = vpq.

Moreover, J is a holomorph isomorphism, i.e.,

J(ζp1 .ζ
−1
q1 .ζp2 , ζ

−1
q2 ) = J(ζp1 .ζ

−1
q1 ) + J(ζp2 .ζ

−1
q2 ).
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Corollary 1.4. For any points p1, . . . , pr, q1, . . . , qr ∈ M , ζp1 . . . ζpr = ζq1 . . . ζqr iff for
all family of C∞-arcs τi : [0, 1]→M , τi(0) = pi, τi(1) = pi, the vector

r∑
i=1

vpiqi =
r∑
i=1

(
∫
τi

w1, . . . ,

∫
τi

wg) ∈ Lβ.

Demonstração. Since ζp1 . . . ζpr .ζ
−1
q1 . . . ζ−1

qr = (ζp1ζ
−1
q1 ) . . . (ζpr .ζ

−1
qr ) = 1, let’s consider

the family of C∞-arcs τi : [0, 1]→M , τi(0) = pi, τi(1) = qi. Then

J(ζp1 . . . ζpr .ζ
−1
q1 . . . ζ−1

qr ) =
r∑
i=1

J(ζpi .ζ
−1
qi ) =

∑
i

vpiqi .

Therefore, J(ζp1 . . . ζpr .ζ
−1
q1 . . . ζ−1

qr ) = 1 iff
∑

i vpiqi ∈ Lβ.

1.0.5 Subvariety J1

As seen in last section, a basis {w1, . . . , wg} for H0(M,O1,0) and a base point z0 ∈M
define the Jacobian map J : M → JM by

JM (z) = (W1(z), . . . ,Wg(z)), Wi(z) =
∫ z

z0

wi.

Proposition 1.3. Let M be a Riemann surface with genus g > 0. Then, J : M → JM
is a complex analytic homeomorphism between M and a complex analytic submanifold
J1 ⊂ JM .

Demonstração. Note that (dJ )z : TzM → TJ (z)JM is given by (dJ )z.u = (w1(z).u, . . . , wg(z).u)
and so is non-singular because {w1, . . . , wg} is a basis and can not have a commom zero.
So, J is locally a holomorphic diffeomorphism. The compactness of M implies that
J is an open map. In order to prove that J is 1 − 1, suppose J (p) = J (q) and let
τ : [0, 1] → M be a C∞-arc connecting p to q. So, the vector vpq ∈ Lβ, consequently
ζp = ζq. Since g > 0, it follows that p = q.

The Jacobian map leads to an useful epimorphism from the Z-module of divisors
H0(M,D) = {

∑
p νpp | νp = 0 ∀p, but finitely many p′s} to the abelian group JM (M).

Just recall that in H0(M,D) there is a equivalent relation: D′ ' D if there exists a
meromorphic function f : M → C such that D′ −D = D(f). The epimorphism

H0(M,D)→ H1(M,O∗)

D =
∑
p

νpp→ ξD =
∏
p

ξ
νp
p , c1(ξD) =| D |=

∑
p

νp.

induces a isomorphism H0(M,D)� ∼ H1(M,O∗).

Proposition 1.4. For a Riemann surface M with genus g > 0, there exist a epi-
morphism J∗ : H0(M,D)→ PM , given by
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J∗(D) = ξD.ζ
−|D|
z0 ,

which kernel is Ker(J∗) = {D ∈ H0(M,D);D ∼| D | z0}, where z0 ∈ M is the base
point.

Demonstração. Since J∗(z0) = 0, | D− | D | .z0 |= 0 implies that ξD.ζ
−|D|
z0 ∈ PM . It

is an epimorphism because H0(M,D)→ H1(M,O∗) is an epimorphism. Also, J∗(D− |
D | .z0) = J∗(D) for all D. So, there exists p+

i , p
−
i ∈ M such that D− | D | .z0 =∑

i(p
+
i − p−i ). Let τi : [0, 1] → M be C∞-arcs such that τi(0) = p−i , τi(1) = p+

i , so
J∗(D− | D | .z0) is represented in JM (M) by the vector v =

∑
i vp−i p

+
i

. Then J∗(D) = 0

precisely when ξD = ζ
|D|
z0 , equivalently, when v ∈ Lβ, hence D− | D | .z0 ∼ 0.

Corollary 1.5. H1(M,O∗) iso' Z⊕ JM .

Demonstração. It is enough to note that Ker(J∗) ' Z. Then the results follow from
the exact sequence

0 −→ Ker(J∗) −→ H0(M,D) J∗−→ JM −→ 0.

Remark 2. Let D = z − z0 ∈ H0(M,D), thus J∗(z) = J∗(z − z0) = ζp.ζ
−1
z0 . In this

way, we can define J1 = {ξ ∈ PM | ξ = ζz.ζ
−1
z0 , z ∈ M}. Note that if ξ = ζzζ

−1
z0 , then

the bundle ξ.ζz0 has one holomorphic section (assume g > 0) because γ(ζz) = 1. Thus

J1 = {ξ ∈ PM (M) | γ(ξ.ζz0) = 1}.

1.0.6 Subvarieties Jr ⊂ PM
1.0.7 Group Structure of JM and Consequences

autor: Celso M Doria 11


