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Abstract

We analyze a primal-dual pair of problems generated via a duality
theory introduced by Svaiter. We propose a general algorithm and study
its convergence properties. The focus is a general primal-dual principle
for strong convergence of some classes of algorithms. In particular, we
give a different viewpoint for the weak-to-strong principle of Bauschke
and Combettes and unify many results concerning weak and strong con-
vergence of subgradient type methods.
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1 Introduction

Infinite dimensional models arise in different fields of applied mathematics, in-
cluding optimization [1, 2], partial differential equations [3], optimal control [4]
and inverse problems [5]. One of the main difficulties when moving from finite
to infinite dimensions is the lack of compactness of closed bounded sets, in the
topology generated by the norm of the underlying normed space, which in parti-
cular implies that one cannot extract convergent subsequences of norm-bounded
sequences. This fact imposes several limitations in the convergence analysis of
algorithms and approximations methods in such a general setting. A remedy
to overcome this drawback is to replace the topology generated by the norm by
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a weak topology, generated by continuous linear functionals [3]. This leads to
a notion of weak convergence for sequences and, for a special class of normed
spaces, one are able to get compactness. Among such spaces, special attention
is given for models in Hilbert spaces where weak convergence of sequences is
completely characterized via the Riesz-Fréchet representation theorem by the
inherent inner product [3, Theorem 5.5].

As expected, weak and strong convergence are only distinguishable in infi-
nite dimensional spaces. A canonical example of a sequence which is weakly but
not strongly convergent is given by considering a sequence formed by the ele-
ments of an orthonormal basis of a Hilbert space [3]. A more concrete example
appears in the study of proximal point methods for finding zeroes of maximal
monotone operators. Rockafellar [6] proved that the proximal point method is
weakly convergent, under suitable conditions, and posed the question whether it
converges strongly in infinite dimensional spaces. Although Rockafellar’s ques-
tion has been answered negatively by Giiler [7], it has been posed the question
whether weakly convergent methods (in particular proximal point methods) can
be appropriately modified in order to guarantee strong convergence. The proxi-
mal point method was modified by Solodov and Svaiter in [8], obtaining in this
way a strongly convergent method in infinite dimensional Hilbert spaces. It
combines inexact proximal steps with projections onto the intersection of two
half spaces generated by the current information at each step. In [9], Bauschke
and Combettes proposed a weak-to-strong convergence principle for modifying
(weakly convergent) Fejér-monotone type methods in order to obtain strongly
convergent ones. Their abstract framework is based on a special class of opera-
tors and encompasses exact proximal point methods, constraint disintegration
methods, subgradient methods, among others.

Duality theory is a powerful and very useful tool in constrained optimization,
raised with the duality theory for linear programming and game theory [10].
Here, we are interested in the I'-duality theory, which was proposed and stu-
died in [11] and further developed and used in [12], where the author (among
other results) formulated strongly convergent proximal point methods for finding
zeroes of maximal monotone operators in Hilbert spaces.

In this paper, we go a step further and inspect additional applications of I'-
duality for obtaining strongly convergent methods in infinite dimensional Hilbert
spaces. Precisely, we consider a general convex feasibility problem and, by
means of ['-duality, we propose and analyze a general algorithm for solving a
variational formulation of this feasibility problem. Motivated by [11, 12], we also
analyze two variants of the general algorithm. The first one has weak conver-
gence properties, while the second one is strongly convergent. The main focus is
to propose a weak-to-strong convergence principle for solving general feasibility
problems. As indicated in [12], this will be done by enforcing asymptotic comple-
mentarity of the primal dual sequence generated by the algorithm. Since [9] also



concerns a weak-to-strong convergence principle, their results will be compared
to ours, and we present an example showing that general algorithm presented
here cannot be obtained by the corresponding one presented in [9]. In particu-
lar, we discuss how subgradient type methods can be seen as a realization of one
of the algorithms presented in this paper. We also show that our general setting
encompasses a special case of a strongly convergent subgradient type method,
recently proposed by Bello Cruz and Tusem [13], for solving a wide class of con-
strained optimization problems. Additionally, we characterize Fejér-monotone
methods in the setting of I'-duality. As we will see, this property is related to
the increasing property of the dual function.

This paper is organized as follows. In Section 2, we present the results
concerning ['-duality that will be used in this work. We also recall in this sec-
tion some basic results of the Bauschke-Combettes’ weak-to-strong convergence
principle. In Section 3, the first algorithm is proposed and analyzed. In Section
4, we propose the second algorithm of this paper, and relate it with a general
algorithm proposed in [9]. We also state and prove a weak-to-strong conver-
gence principle based on I'-duality setting. Section 5 is devoted to show how
subgradient type methods fit in the general setting presente here.

2 Preliminaries and Notations

We denote by H a (nontrivial) real Hilbert space with inner product (-, -) and
norm || - || = v/(:,-). The orthogonal projection onto a closed and convex set
C is denoted by Po. We denote by B(x*) the set of weak cluster points of a
sequence {2*}. The extended-real number system is R = R U {—o00,00}. The
convex conic hull of a subset D of a vector space is denoted by conv(cone) D.
The (Fréchet) derivative of a function f : H — R is denoted by V.

2.1 Basic Facts on I'-Duality
Let X be nonempty, D C X and f : X — R. Consider the following constrained
optimization problem
min f(z)
{ (1)

s.t. x € D.

Let I" be a set of extended-real valued functions on X. The dual of (1) in the
sense of I'-duality [11, 12] is
max ¢(§)
{ (2)

st. £ e (D),

where ¢ : T' — R,
p(§) = inf f(z)+&(x) (3)

zeX



is the dual function of f and
I'(D)={(el:¢x) <0,V € D}

is the dual feasible set.

As pointed out by [11, 12], the function (x, &) — f(z)+£&(z) does not contain
information of the primal feasible set D. Instead, it is incorporated into the dual
feasible set I'(D).

A compreensive account of this duality theory is presented and studied in [11]
and further developed and exploited in [12]. In this Section, we will only present
the results of I'-duality that will be needed in this paper.

Definition 2.1. (General KKT Conditions)

A pair (z,€) € X x T is said to satisfy the KKT conditions if and only if
a) T € arg IIli)I(l f(z)+&(x) (Lagrangian condition);
Te

b) & € D (primal feasibility);
c) £ €T(D) (dual feasibility);
d) £(z) =0 (complementarity).

The following proposition relates the KKT conditions with primal-dual so-
lutions; see [12, Proposition 4.3].

Proposition 2.1. Let (7,£) € X x T be such that f(z) + &(x) is finite. Then

(z,€) satisfies the general KKT conditions if and only if

a) T and & are, respectively, solutions of the primal and dual problems;

b) There is no duality gap and the primal optimal value is finite.

As a consequence, ¢(&) = f(Z).

From now on, the primal space X is a real Hilbert space, and denoted by J.
The next proposition and its corollary are related to [12, Lemma 6.4], where
continuous affine functions are used to define the primal feasible set D.

Let C' € H be nonempty, I' be the class of continuously differentiable convex
functions on H, and f,g; € I', i = 1,2,--- ,m. Suppose that C C D, where
D:={xeH: g(x) <0,i=1,--- ,m}, and let ¥ := conv(cone){g1, -, gm}-
It follows directly from the definition of 3 and T'(D) that ¥ C T'(D).

Proposition 2.2. If the primal problem (1), with f and D as above, has a
solution T € D such that (7, 1) satisfies KKT conditions (in the usual sense)
for some [i € R, then the dual problem (2) has a solution § € ¥ satisfying

—00 < ¢(§) = max ¢(§) = [max p(&) = f(x) < oo

Additionally, € € T(C).



Proof. Consider z € D solution of (1) and f € R such that (z, i) satisfies
the KKT conditions (see, for instance, [2, Proposition 26.18]). Therefore

a) Vf(z)+ 31 mVei(x)=0;
b) /11207 221727 y TS
c) 1igi(x)=0,i=1,2,--- 'm.

Defining € := 7", fi; g;, we claim that the pair (Z,¢) satisfies the KKT condi-
tions in the sense of I'-duality (see Definition 2.1). Indeed, from b) and convexity
of f,gi,i=1,---,m, it follows that f(-)+£(+) is convex, and from a) we obtain
that 7 € argmin, 4 f(z) + £(x). Note that f(Z) + £(%) is finite.

By definition of £ and c), we obtain £ € ¥ and £(7) = 0. Since ¥ C I'(D), it
follows that & € I'(D) and so the claim holds. Therefore, from Proposition 2.1,

(Z,€) is a solution of the primal dual problems (1)-(2) and there is no duality
gap. Since £ € ¥ C I'(D), it follows that

p(€) <sup () < sup (&) = »(§) = f(T).

¢ex ¢er(D)

Finally, the last assertion of the proposition follows from the fact that C' C D
implies I'(D) C T'(C). O

In the next corollary, I' denotes the set of affine continuous functions on H,
i.e., any element & of T is of the form &(x) = (u, z) + b, where u € H and b € R.
Note that £(z) = (VE, x) + £(0), where V& does not depend on the point .

Corollary 2.1. Let 2° € H and {g;};, CT. Let T be the solution of (1) with
flx)=1/2)|z —2°? and D={z € H : gi(x) <0, i =1,2,--- ,m}.

Let & be given by Proposition 2.2. Then

1.z=a2"-VE;

2. &(x) = (2° — 7,2 — ), Vo € K. In particular, £(T) =0 ;
3. &= arg max ©(€), where X = conv(cone) {g1, - ,gm}-

Proof. First, since g;, © = 1,--- ,n, is affine, canonical application of Farkas’s
Lemma [14] ensures the existence of i € R such that (z, i) satisfies the KKT
conditions (in the usual sense). Therefore, by Propositions 2.2 and 2.1, we see
that £(Z) = 0 and T = arg miﬂI{l f(z) + &(x). In particular, item 1 holds. Now,
Te

we obtain B B B B

£(z) = (V& z) +£(0) = (¥ — 7,2) + £(0). (4)
Since £(z) = 0, it follows from (4) that £(z) = (2° — 2,2 — T), proving item 2.
For proving item 3, we observe that, by Proposition 2.2, £ € arg maxeey, ¢(§).
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Therefore, we just need to show that € is the unique affine function maximizing ¢
over Y. Indeed, let 1 be an affine function with such a property. By Propositions
2.2 and 2.1, (z,7n) satisfies the general KK'T conditions, and similar to the proof
of item 1, we have 7 = 2° — V7. Using that 7 is affine and satisfies n(z) = 0,
we obtain 7 = €. Thus, item 3 holds, concluding the proof of the corollary. [

2.2 Basic Facts on the Weak-to-Strong Convergence
Principle of Bauschke and Combettes

In [9], a weak-to-strong convergence principle was introduced in order to force
strong convergence of weakly convergent Fejér-monotone methods in infinite
dimensional Hilbert spaces. Strongly convergent variants of subgradient and
proximal point methods were proposed and analyzed for solving optimization
problems, convex feasibility and monotone inclusion problems.

In what follows we summarize some of the main convergence results obtained
in [9], which will be useful in this paper. We adopt the same basic notation of [9].

We denote by Fix(T") the set of fixed points of an operator T': H — H and
by Pc the orthogonal projector onto a nonempty closed and convex set C. We
recall the following characterization of Pg:

z2=Po(r) <= (x—2zy—2 <0, YyeC. (5)
For each z,y € H define
H(z,y)={zeH : (z—y,x—y) <0}

Note that H(x,z) = H and, if x # y, H(x,y) is a closed affine half space for
which y = Pp(5,)(x). We also denote by Q(x,y, 2) the (orthogonal) projection
of z onto H(z,y) N H(y, 2), i.e.,

Qx,9,2) = Priay)nmy.e)(2).
Definition 2.2. Let T be the class of operators T : H — H satisfying
dom(7T) = H, and Fix(T) C H(z,Tx), Vo € H.

See [9, Proposition 2.3] for examples of operators in the family . Next, we
present two algorithms which were proposed and analyzed in [9]. The first
one generates weakly convergent sequences, while the second one has strong
convergence properties.

Algorithm 2.1.

0) Let e €10,1] and 2° € H. Set k =0



1) Select Ty, € T ;
2) Set aFt =2k + (2 — &) (T 2% — 2%), k ==k +1 and go to 1.

Algorithm 2.2.
0) Let 2° € H. Set k = 0;

1) Select Ty, € T. If H (2%, 2%) N H(z*, T}, %) = 0 stops, otherwise,
2) Set aFt1 = Q(a2° 2% Ty, 2%), k ==k +1 and go to 1.

Remark 2.1. Let C' := (5 Fiz(T}). It was proved in [9, Proposition 3.4]
that, if C' # (), then Algorithm 2.2 generates an infinite sequence {z*} such that
C c H(2°,2")n H(2" Tya®),  VkeN.

Next, we summarize the main properties of Algorithms 2.1 and 2.2, which

will be useful in this paper. For details see [9, Theorem 2.9] and [9, Theorem 3.5].

Proposition 2.3. Let {2*} be a sequence generated by Algorithm 2.1. Suppose
that C := (\yso Fix(Tx) # 0. Then {2} is bounded and it holds

¥ ~reC = B@EF)cCC

Proposition 2.4. Let {z*} be a sequence generated by Algorithm 2.2 and sup-
pose that C:= (o Fix(Ty) # 0. Then {z*} is bounded and

¥ — Po(2¥) <= BF) cC.

The weak-to-strong convergence principle of [9] depends on the concept of
coherent sequence of operators in 7.

Definition 2.3. A sequence {Ty} C T is coherent if and only if, for every
bounded sequence {y*} C H, there holds

{zz"o Iy =9 1P <00 g o ) Fixmy).
Donco lW* = Tuy*|1? < 00 k>0

Next, we present the weak-to-strong convergence principle [9, Theorem 4.2].
Theorem 2.3. Let {T},} C T be coherent and let C := (5o Fix(T). Then:

i) If C # 0, then every sequence generated by Algorithm 2.1 converges weakly

to a point in C';

ii) (Trichotomy) Let {x*} be a sequence generated by Algorithm 2.2. One
and only one of the following alternatives holds:
(a) C # 0 and z* — Po(2°);
(b) C =0 and ||z*|| = oo ;
(c) C =10 and the algorithm terminates.



3 Fejér-Monotone Algorithms and ['-Duality

Throughout this section I' denotes the set of continuous affine functions on H.
Recall that any element & of I' is of the form &(z) = (VE, z) + £(0), where V¢
does not depend on the point x.

Let C' C 3 be nonempty, closed and convex. We consider the following

problem
Find z € H such that z € C. (6)

A variational formulation of (6) consists in finding in C' the closest point of a
given point 2% € H. This is equivalent to solve the following (primal) optimiza-

tion problem
min £ ||z — 2°||? )
st. veC.
Problem (6) (or (7)) is fundamental in many areas of applied mathematics,
including convex optimization, fixed point theory, monotone operator theory,
among others; see, for instance, [2, 8, 9] and references therein.
A wide class of approximation methods for solving (7) are known as Fejér-
monotone algorithms [9]. Recall that a sequence {z*} in H is Fejér-monotone
with respect to (w.r.t.) S C 3 if and only if

o — 2] < fla* —2l,  VreS VkeN. ®)

A very useful result to prove (weak) convergence of sequences in Hilbert spaces
is given in the following lemma [9].

Lemma 3.1 (Browder). Let C' C H be nonempty, closed and convex. Suppose
that {x*} is Fejér-monotone w.r.t. C. Then
xF — 2z € C if and only if B(2*) C C.

In this Section, we describe Fejér-monotone methods in terms of I'-duality
theory. Firstly, we prove some technical results concerning the dual problem
of (7) (in the sense of I-duality). Recall that the dual problem of (7) is

max (&)
s.t. £ e(0),

where I'(C) = {y €' : y(z) <0, Yz € C} is the dual feasible set and

p(€) = inf  llr — 29 + €(x) ©

is the dual function.
The proof of the following result follows by direct calculations.
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Lemma 3.2. Let 2° € 3 and £ € T'. Then x2° — V¢ is the unique solution of
min £l — ") +€(x)
zeH 2 ’

In the following proposition, we analyze the increasing directions of the dual
function . It will be useful to characterize Fejér-monotone properties of the
algorithms presented here (see Proposition 3.3). In [12, Lema 6.3], a related
result concerning the problem of finding zeroes of maximal monotone operators
is presented.

Proposition 3.1. Let &,y € T, t > 0 and z := arg mingeq (1/2) ||z —2°|*+&().
It holds

6 +19) =4l6) +1 (1) - 5IVAI?).
Proof. Let 2 := arg r%1£(1/2)||x — 2°|* + (€ + tv)(z). Therefore

L. . .
PlE+ 1) = 35— 2l + () + 1r(2).
Using Lemma 3.2 and the fact V(£ + ty) = V& + tV7, we obtain
pE+t) = 3lla® = (VE+ V) = 2% + (€ +t7)(a” — VE - tVy)

= slle =2+ 32IVA? + 1{VE, V)
+ Lz —tVy) +ty(z —tV7y).

(10)
Since ¢ and ~y are affine functions, it follows that
(2 —tV7) +ty(z — tVy) = €(2) — H(VE, V) +t7(2) — 13V, V).
Combining this with (10) we obtain
pE+t7) = (1/2)llz —2°? +£(2) + ty(2) — 5[ VAI?
= (&) +t(v(2) — 3tIVI?),
concluding the proof of the proposition. O

Remark 3.1. Proposition 3.1 shows that to increase the value of the dual
function ¢(¢) in the direction of 7, it should hold y(2) > £||V~||?, where ¢ > 0,
and z = 2% — V¢,

Now we analyze Fejér-monotone algorithms in terms of I'-duality. The next
Proposition is related to [9, Proposition 2.7], where Fejér-monotone sequences
are described in terms of iterations for operators in the family 7.
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Proposition 3.2. Let {2*} C 3 be Fejér-monotone w.r.t. C. Consider

ko ok+1 ko ktl
vk(x):<x—(x +2x )’x ; >, keN,zeXH.

Set 0 = 0 and ¥ = &8 +2+%. Then ~* is dual feasible w.r.t. C, i.e.,
vk € T'(C), Yk € N. Moreover,

1
k_ oL oy2 ek
T —arggélgrleHx ||+ &5 (x). (11)

Proof. First, observe that for all k € N, 4% is an affine function, i.e., v* € T
Let z € C. Since {z*} is Fejér-monotone w.r.t. C, we have

|2 — 2| < [l2* —zf|, VkeN. (12)
Therefore, Vk € N,
ok pktl 2k gkt
Ha) = (o= () =)

= Zlla"t = aF|)2 + (@t — 2t 2k — )

k+1

= glle*t = 2)® = Flla* — 2

< 0.

Now, let us prove the last assertion of the proposition by induction on k£ € N.
Since £° = 0, it follows that (11) holds for k = 0. Suppose (11) holds for some
k € N. Using Lemma 3.2 we have z¥ = 2% — V&F. Direct calculations yields
VAk = (1/2) (2% — 21, implying 2% = 2% — 2V~+*. Thus,

xk-}-l — (ZCO o ng‘) . 2v,)/k — ZL‘O . v(gk + 27]6) — .Z'O o vgk-i-l’

where in the last equality we used ¥*1 = £¥4-24% Therefore, 2#+! = 20— V¢r+!
and Lemma 3.2 implies that (11) holds also for k + 1, concluding the proof. [

Corollary 3.1. Let {T}.} be a family of operators in T and C := (), o Fix(Ty).
Let {x*} be a sequence generated by Algorithm 2.1 and v*, €% be defined as in
Proposition 3.2. Then,

1
2* = argmin = ||z — 2°))* + £*(z), VEk € N.
z€H 2

Proof. Since by [9, Theorem 2.9], {2*} is Fejér-monotone w.r.t. C, the result
follows as a direct consequence of Proposition 3.2.
O
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Motivated by Algorithm 1 of [12] and by Proposition 3.2, we propose the
following algorithm for solving (7) (or 6).

Algorithm A:
0) Let £ =0, and 2° € H. Set k = 0;

1) (Subproblem and Stopping Criterion)
1
a) Find 2" = argmin ||z — 2°)|* + &*(x),
zeH 2

b) if 2% € C and &*(2*) = 0 then stops, otherwise,
2) Choose ¥ € T'(C), tx > 0 and define £F+1 = ¢k 4 #~*;
Set k:=k+ 1 and go to 1.

Some important remarks are in order.

Remark 3.2. Since ¢! = &8 + #,+% and £°,7*% € T'(C) (Vk € N), it follows
that ¢* € I'(C), Vk € N. In particular, using Proposition 2.1 one can conclude
that, if the stopping criterion of Algorithm A is satisfied at some iteration k,
then z* is a primal solution of (7).

Remark 3.3. Combining Proposition 3.2 and Corollary 3.1, we obtain that
Algorithm 2.1 is a special case of Algorithm A.

In what follows, we analyze Fejér-monotone properties of Algorithm A.

Proposition 3.3. Let {z*} and {¢*} be generated by Algorithm A. The fol-
lowing conditions are equivalent.

1op(&h) > p(€F), Yk eN;
2. H(a%) > BVAH2, Vk € N.
Moreover, if these conditions are satisfied, then {z*} is Fejér-monotone w.r.t. C.

Proof. The equivalence between items 1 and 2 follows from Proposition 3.1.
Assuming that item 2 holds, let us prove the Fejér-monotone property. By
Lemma 3.2, we have 2% = 20 — V&F vk € N. Since €81 = ¢F 4 4%, it follows
that

xk‘-‘rl — .CEO . vgk-‘rl — xU o vfk . th'}/k — .Tk . tkv,yk’

Therefore, for every x € H we get

12" = @]|? = f|a* — 2]|* — 26:(V*, 2* — @) + VA

11



Using the above identity and the fact that 7* is an affine function, we obtain
t
o ol = et = alP 2 (24(a) =) + FITE) . 3)

Now, note that identity (13) and the assumption in item 2 yield
125 — 2| = [|l2* — 2]|* + 2tx 7" (2) . (14)

To finish the proof note that v*(z) < 0 for every z € C.
[

Corollary 3.2. Let {*}, {¢*} and {v*} be generated by Algorithm A. Suppose
that one of the following conditions holds:

1. {a*} is Fejér-monotone w.r.t. C;
2. (81 = o(€¥), VEEN;
3. AR () > & VAF|?, VkeN.
Then, ¥ — x € C if and only if B(x*) C C.

Proof. The proof follows directly by combining Proposition 3.3 and Lemma 3.1.
O

4 A Weak-to-Strong Convergence Principle in
the Setting of ['-Duality

In this Section, we use the same notation as in the previous one. In the setting of
[-duality, a strongly convergent modification of a proximal point type method
for finding zeroes of maximal monotone operators, was proposed and studied
in [12, Algorithm 2]. In the following, we will generalize this algorithm for
solving problem (7).

Algorithm B:

0) Let 2° € H and £ = 0. Set k = 0;
1
: k L 02 ekl
1) Find fargmxelgr{l 2“3{; z||* 4 ¥ (2);

if ¥ € C stops, otherwise,

2) Choose v* € T'(C). Let 3 := conv(cone){&*,7*}, and define
k1 . .
¢ = argmax o(&);

set k:=k+ 1 and go to 1.

12



The following proposition is related to [12, Theorem 6.5], where the problem
of finding a zero of a maximal monotone operator is considered.

Proposition 4.1. The Algorithm B is well-defined, and if 2* € C, then x* is
a solution of (7). If {z*} and {€*} are generated by Algorithm B, then the
following conditions hold.

a) &% is dual feasible, i.e., ¥ € T(C), Vk € N;
b) F(x) = (2 — 2F 2 — %), Vk e N;
c) (%) =0, VkeN.,
In particular, (%) — 0, i.e., asymptotic complementarity for {&*(x*)} holds.

Proof. Let us proceed by induction on k € N. For k = 0, items a), b) and c)
are trivially verified. Now, assume that items a), b) and c) hold for k£ € N and
let £¥, 4% € T'(C) be generated by Algorithm B. Define g; := &*, g, := 4% and
D:={zeH: g(x) <0, i=1,2}. Since g1, g2 € I'(C), it follows that C' C D,
which in turn implies D # (). Considering z and ¢ given by Corollary 2.1, we
obtain from items 3 and 1 (of Corollary 2.1) that ¢¥+! = ¢ and 7 = 20 — V&R,
On the other hand, since 2 = arg mingeg¢ (1/2)||x—2°||>+£°(x) and the function
x> (1/2)||z — 20| + €¥F1(x) is strongly convex, z¥*! is well defined and has
an explicit expression, namely **! = 20 — VE*L Therefore, 2! = z, and by
item 2 we conclude that items b) and c) hold for 1. Finally, item a) follows
from the last assertion of Proposition 2.2. To see that, if Algorithm B stops at
some iteration k, then z* is a solution, observe that, in such a situation, 2* € C
and by items a) and ¢), £ is dual feasible and £¥(z*) = 0, implying that (z*, £¥)
satisfies the general KKT conditions. In particular, by Proposition 2.1, z* is a
primal solution. O

We next show that Algorithm 2.2 falls within the framework of Algorithm B,
when applied for solving problem (7) with C' # (), and that the converse also
holds for a special choice of v* (see Proposition 4.3).

Proposition 4.2. Let {x*} be generated by Algorithm 2.2 and assume that
C = iso Fix(Tx) # 0. Define v, € € T as v*(x) := (2% — T 2%, 2 — Tj, 2*)
and &8 (x) = (20 — 2%, 2 — 2%). Then ~*, €8 € T(C),

1
o* = argmin ollz — 2”& (2) and & = argmax o (€).

where Y, := conv(cone){&", ¥}
As a consequence, Algorithm 2.2 is a special case of Algorithm B, when
applied for solving problem (7) with C' # ().
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Proof. Let k € N. From Remark 2.1, we obtain C C H (2%, z%) N H (2%, Tpa*),
which implies v*, &% € T'(C). Using the definition of ¢¥ and Lemma 3.2 we
obtain z* = arglréigrfl(l/Q)Hx — 2% + €¥(z). Define g, := &*, g := ¥* and
D:={zeH: g(r) <0, i=1,2}. Since g1, 92 € I'(C), it follows that C' C D,
which in turn implies D = ().

Let Z and € as in Corollary 2.1. Since 2%*! = Q(2°, 2%, Ty,2*), which means
that 2%*1 is the solution of (7), we obtain z**! = Z. Now, by items 2 and 3 of
Corollary 2.1, £¥1 = € and €541 = argmaxecy, p(€), respectively. O

Recall that in this section I' denotes the set of continuous affine functions
on H.

Lemma 4.1. Let v € T" be such that S := {x € H : y(x) < 0} is nonempty
and let z° € H. If 2 ¢ S, then

S = H(2°, Pg(2")).

Proof. Let y € S. Using (5) we get (2 — Ps(2°),y — Ps(2°)) < 0, which
means that y € H(z°, Ps(2°)). Thus, S C H(z", Ps(z?)).

Take now y € H(z°, Ps(x°)) and suppose that y(z) = (u, z) —b, with u € H
and b € R. If u = 0, then S = H and so the desired result follows trivially.
Assume that u # 0. Note that in this case

Pg(2) = 2° — tu, (u, Ps(2")) = b, (15)

where t = (1/[|u||*)({(u,2") — b). Using the first identity in (15) and the fact
that y € H(2°, Ps(2")) we obtain

(tu,y — Ps(a”)) = (2° — Ps(a’),y — Ps(a")) < 0. (16)

Since z° ¢ S, it follows that ¢ > 0. Direct use of (16) gives (u,y — Ps(z")) <0,
which combined with the second identity in (15), yields (y,u) < b, i.e., y € S.
Thus, H(2°, Ps(2°)) € S, which conclude the proof of the lemma.

[

Proposition 4.3. Let {z*},{v*} be generated by Algorithm B and assume that
Vi (xF) >0, Vk € N. For any k € N, let Cy, := {x € H : v*(x) <0} and define
Ty, = Pc,. Then

2" = Q(2°, 2%, T, 2%) (VK € N).

Therefore, if ¥*(z*) > 0 (Vk € N), then Algorithm B is a special case of Algo-
rithm 2.2.

Proof. Let k € N. Since v* € T'(C), we have C C Cj, which implies that
Cy # () and, in particular, that {7} is well-defined. From the projection char-
acterization given in (5), we obtain Pg, € T. Thus, {T},} C 7. Since z* ¢ Cy,
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it follows from Lemma 4.1 that O} = H(x*, Tp2*). Using the same reasoning as

in Proposition 4.2, we may conclude that z¥*1 = z (see Corollary 2.1). Hence,
2*! = Z = argmin 1||x — 202 (17)
zeD 2 ’

where D = {z € H : £*(z) <0 and ~*(x) < 0}. Therefore, observing that
D = H(2° 2%) N H(z*, Tya*), it follows from (17) that 2! = Q(a%, 2%, T}, 2%).
[

Remark 4.1. In Section 5, we show that a subgradient type method can be seen
as a special case of Algorithm A. In such a situation, v* satisfies the property
AE(x*) > 0, V k € N. Therefore, by Proposition 4.3, in such a situation,
Algorithm B is a special case of Algorithm 2.2. See also Remark 5.1.

We have seen that attempting to solve (7), Algorithm A generates a sequence
with weak convergence properties (see Corollary 3.2), while Algorithm B is
motivated by forcing complementarity iteratively, i.e., £¥(z*) =0, Vk € N. As
a consequence, Algorithm B has strong convergence properties, as we show in
Corollary 4.1. In the following, we propose a general algorithm, which contains
as special cases Algorithms A and B. We will discuss under what hypothesis
this algorithm generates a strongly convergent sequence for the solution of (7).

I'-Algorithm:

0) Let 2° € H and £ =0. Set k =0;
1
: ko b o2 ek
1) Find z —argrgélgr{lZHx o ||* + & (x);

2) Choose 1 e I'(C), set k := k + 1 and go to 1.

Note that Algorithm A is a special case of I'-Algorithm. Indeed, this fol-
lows from the fact that &*,4* € T'(C) implies ¥ = ¢F + 1, 4% € T(C) (see
Remark 3.2).

We now state and prove one of our main results. It was pointed out by
Svaiter (without a proof) in [12, Section 6.2], for the special case of the problem
of finding zeroes of maximal monotone operators.

Theorem 4.1. (Dual strong convergence principle) Consider the sequences
{2*} and {€*} generated by T-Algorithm. Suppose that asymptotic comple-
mentarity holds, i.e.,

@?) =0, k— oo

Then,

i) {x*} is bounded ;
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ii) ¥ — Po(z°) if and only if B(a*) C C'.

Proof. It follows from the definition of x*, from the definition of the dual

function ¢, from the dual feasibility of £ and from the weak duality property
that (Vk € N)

lz* — 2% +2€8(2%) = 20(€¥) < Jlo = 2°)%, Vo € C.
By assumption we have *(z*) — 0, k — oco. Thus, {2*} is bounded and

fim sup [la* — |+ 2€5(e*) < || Po(a?) — o] (18)
—00
The “if” implication in 47) is trivial. For the “only if” implication, assume that
B(z*) C C.
Next, since {z*} is bounded, we obtain B(z*) # (). Let z € B(2*) and take
{2} such that 2% — z, j — oo.
Since & (2%) — 0, j — oo, we have, in particular, that

limsup ||z — 2°)|? < limsup ||z% — 2°||2 + 2% (2M). (19)
j—o00 Jj—oo
Using the weak lower semi-continuity of || - ||, (19) and (18) we obtain

|z — a:0H2 < lim inf H:zckﬂ — onz < limsup kaﬂ — ZL’OH2 < HPC(J:O) — onz. (20)
J—00 j—00

The inclusion B(z*) C C implies T € C. Thus, it follows from (20) that
T = Po(2°) and ||2% — 2% — ||Pe(2®) — 2°, j — .

Therefore, since {z%/} is arbitrary, it follows that {z*} converges weakly to
Po(2°) and [|2% — 2% — || Po(2°) — 2°||, k — oco. However,

lz* = Po(@®)|* = ||l2* — 2°|* = |Pe(2®) — 2°|* + 2(z* — Pe(a®),2° — Po(a?)).
Thus, 2% — Po(2°). O
Corollary 4.1. Let {2*} and {¢*} be generated by Algorithm B. Then,

¥ — Po(2%) if and only if B(z*) C C.

Although Algorithm 2.2 is very general, including many well known algo-
rithms in its setting [9], it is a special case of I'-Algorithm. This is due to the
fact that I'-Algorithm requires dual feasibility of £* and asymptotic complemen-
tarity, while Algorithm 2.2 uses projection onto the intersection of two special
half spaces, implying, in particular, complementarity iteratively, i.e., £&¥(2%) = 0,
Vk € N.

The following example is for illustrative purposes only.
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Example 4.1. Let 0 # 2° € H and C = {z € H : (2°,2) < 0}. Consider the
following problem

st. zelC.

L 012
{m1n2Hx | (21)

Let {ax} C ]0,1[ be a sequence converging to 0, such that oy < gy for
infinite indexes k (for example, define ap = 1/(k + 1) if k is odd, otherwise
ar = 2/(k+1)). Consider I'-Algorithm with the following updating rule for &*:

(@) = (1 — ax)a’, 2).
It follows from Lemma 3.2 and this updating rule that
zh =20 — ka =% — (1 - Oék)flfo = 041#307 (22)

which implies that {z*} converges strongly to 0 = Po(2?), solution of the primal
problem (21). If z € C, then

(@) = (1 —ap)a’ z) = (1 — ax)(a,2) <0,
which means that &* is dual feasible. Using (22) we obtain
(*) = (1 — o) (2, 2°) >0, VkeN.

Therefore the complementarity is achieved only asymptotically, lim £*(z*) = 0.
We claim that it is not possible to find a family of operators T, € T (see
Definition 2.2), such that

$k+1 — Q( O,Ik,TkZL’k),

that is, {z¥} can not be generated within the setting of [9]. Indeed, if this is
the case, then 2**! € H (2% 2*) for all k € N. But this means that

(:rk+1 —aF a0 — xk> <0 VkeN,
which, by (22), implies that
(1 —ap)(1 —ap)[l2°* <0, V¥V kel

Since 2° # 0 and {ay} C ]0,1[, the last inequality implies oz < ag, Yk € N,
contradicting the way that {ay} was chosen.

5 Subgradient Type Methods in the Setting of
['-Duality

In this Section, we show how subgradient type methods fit in the setting of I'-
duality. In particular, we discuss how an algorithm proposed in [13] for solving a
constrained optimization problem can be seen as a special case of I'-Algorithm.
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5.1 Subgradient Method

Let f: H — R be a convex function, and C := {x € H : f(z) < 0}. Consider
the problem of finding a point x € C. A well known approach for solving this
problem is to apply a subgradient algorithm stated as follows,

Subgradient Method
0) Let {ax} C [6,2 — €], where € > 0 and let y". Set k = 0;
1) If f(y*) < 0 stops, otherwise obtain a subgradient v* € df (y*);

2) Let uy := a|’|“gk||2 and define y**! = y* — p0k;
Set k =k + 1 and go to 1.

Next proposition shows how the subgradient method described above fit in
the setting of I'-duality.
Proposition 5.1. The subgradient method is a special case of Algorithm A.

Proof. Assume that {y’ };zlg is generated by the subgradient method. Let
{xj};zg and {& gzlg generated by Algorithm A.’ with €% =0, 20 =¢°, \; := p;
for j =0,---,k — 1, and the affine functions 7/ defined as

Y (2) =2 =) + f¥), Vj=0 k-1

From the subgradient inequality (v/,z —y7) + f(y?) < f(z), it follows that, if
z e C (ie., f(zx) <0), then 4/ (z) <0, implying v/ € T'(C) for j = 0,--- , k—1.

Let us show by induction that ¢/ = 2/ for j = 0,--- ,k. By assumption,

y® = 2° Now, using recursively the updating rules y/*' = 3/ — p;07 and

gt = &7 + \j7?, we obtain
. j .
Y= Zm cand G ="+ A
i=0
Since V4¢ = v¢, it follows that
. j .
vg]-‘rl _ ng + Z Nt
i=0

Therefore, using that £ = 0, 4° = 2% and \; = p; for i = 0,--- ,k — 1, we
obtain

+1 _ E — +1 _ ,.J+1
] /J/’L/U - :U vfj - 'iE] ’

where the last equality follows by Lemma 3.2. Thus 2 = ¢, for i = 0,--- , k,
concluding the proof. O]
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The Fejér-monotonicity of the subgradient method w.r.t. C' can be verified
in the I'-duality setting as follows. Let 77 as in the proof of Proposition 5.1. If
f(z7) > 0 then, using that V49 = v?, 47 = f(27) and \; = aﬁffﬁé), it follows
that

NIVA P = a7 (a7),
with «; € ]0,2[. Hence, condition (2) of Proposition 3.3 is satisfied, which

implies the Fejér-monotonicity of the subgradient method w.r.t. C.
Consider now the following optimization problem

{min f(z) (23)

st. e H.

Assuming that the optimal solution set S* # () and the optimal value f* is known
a priori, the subgradient method discussed above can be easily generalized to
solve this problem by considering

k= Oék(fﬁ@j}’;i’; f*>, and C := 5"

Therefore, using v*(z) = (v*, 2 — y*) + f(¥*) — f*, we may, similarly to the
proof of Proposition 5.1, fit the subgradient method (with the steplenth above)
in the setting of Algorithm A to solve (23).

A variant of the subgradient method, which has strong convergence pro-

perties, was proposed in [13] to solve the following constrained optimization

problem
min f(z) (24)
s.t. z el

where C' C H is a closed and convex set with a simple structure. Precisely,
it is assumed to be easy to project any point x € H onto C. Next, we recall
this algorithm and show that it is a special case of I'-Algorithm when C' is
polyhedron.

Algorithm 5.1.
0) Let 2° € C, set k := 0;
1) If f(2*) = f* stops, otherwise let v* € Of(a*);

2) Set
Hy o= {z € H: f(a¥) — f*+ (", 2 — 2*) <0}

and
Wy i={r € H: (v —a"2°—2") <0}
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3) Let %+t := Py (2°), where Z), := CNH,NWy; set k :=k+1 and go to 1.

Observe that (24) is equivalent to the convex feasibility problem:
find xe S:=Cn{xeH: f(z) < f}

We may consider the more stringent problem: given 2° € H,

min 3 ||z — 2°|? (25)

s.t. zes.
Assume that C' is a polyhedron set, that is, there exist affine functions g; for
1=1,---,n, such that

C={reH: g(xr)<0,i=1,---,n}.

The proof of the following proposition is similar to the one of Proposition 4.2,
we show it for the sake of completeness.

Proposition 5.2. Let {2*} be generated by Algorithm 5.1 for solving (24) with
C a polyhedron, as above. Then {x*} is also generated by T-Algorithm with
£ =0, and updating £* as

M = argmax ¢ (€),
€Ty

where Y, := co(cone){&¥ V% g1, -+, g}, and ¥*(z) = (¥, 2 — %) + f(2¥) — f*.

Proof. Let {¢*} be generated by I'-Algorithm, and {z*} be generated by Algo-
rithm 5.1. Let us show that £¥(x) = (z — 2%, 2° — 2%) for any k. By assumption,
this result is true for £ = 0. Assume that it holds for some k£ € N, and consider
the following set D := {z € H : ¥(x) <0, v*(x) <0, gi(x) <0, i =1,--- ,n}.
Since by induction hypothesis £*(z) = (z — 2%, 20 — 2*), it follows that D = Z,
and thus, D # 0, because z**! = P, (2°) € Z;. Let 7 and £ as in Corollary
2.1. By definition, z = Pp(2°), and thus 2™ = Z. From items 2 and 3 of
Corollary 2.1, € = arg maxecy, p(€) and g(aj) = (r — z,2° — ¥), implying from
the updating rule of ¢! that ¢! = ¢, Combining these results, we have
1l (x) = (z — 2+ 20 — 2FF1). Therefore £8(x) = (z — 2%, 2° — 2*) for any k.
As a consequence, VEF = 20 — 2 for any k € N, which implies, by Lemma 3.2,
that 2% = arg mingeqc(1/2)[|x — 2°||* + €*(z) for any k € N. Hence, {z"*} is also
generated by I'-Algorithm, as desired. O]

Remark 5.1. We mention that Algorithm 5.1 applied to solving problem (23),
(C = H), is a particular case of Algorithm B, taking 4* as defined above. In par-
ticular v*(z*) > 0, and so by Proposition 4.3, in such a situation, Algorithm B
can be seen as a realization of Algorithm 2.2.
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6 Concluding Remarks

In this article, based on a duality theory introduced and studied by B .F. Svaiter

n [11], and further developed and used in [12], we propose a general algorithm
for finding a point in a closed and convex subset of a Hilbert space. We analyze
two variants of the algorithm which have different properties. The first one
has weak convergence properties and the second one, under some assumptions,
generates a sequence that converges strongly to a solution. One of our main
focus is to propose a weak-to-strong convergence principle based on the Svaiter’s
[-duality. We show that updating the dual sequence keeping dual feasibility,
and forcing asymptotic complementarity [12] of the primal sequence guarantee
strong convergence, assuming that all weak accumulation points of the sequence
belong to the convex set. We relate the obtained results with the weak-to-strong
convergence principle of Bauschke and Combettes and discuss how subgradient
type methods can be fit in the setting presented here.
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