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1 Introduction

We consider two-block structured linearly constrained convex optimization problems. Problems of this
type appear in different branches of applied mathematics, including machine learning, imaging and in-
verse problems. One of the most popular methods in nowadays research for finding approximate solutions
of such problems is the alternating direction method of multipliers (ADMM) [1-3], for which many vari-
ants have been proposed and studied in the literature; see, e.g., [4—19].

In this paper, we obtain global ergodic and pointwise convergence rates for a variable metric proximal
ADMM, which encompasses several recently studied ADMM variants. This variable metric version of
the ADMM allows the use of variable metrics in both proximal and penalty terms, induced by self adjoint
semipositive and positive definite linear operators, respectively.

Our study is done by first establishing global ergodic and pointwise convergence rates for a variable
metric hybrid proximal extragradient (HPE) framework for finding zeroes of maximal monotone opera-
tors, and then by showing that the variable metric proximal ADMM can be seen as an instance of the latter
framework. To the best of our knowledge, this is the first time that global pointwise (resp. pointwise and
ergodic) convergence rates are obtained for the variable metric proximal ADMM (resp. variable metric
HPE framework). Besides, our analysis allows degenerate metrics (induced by positive semidefinite lin-
ear operators) which makes the variable metric proximal ADMM (and variable metric HPE framework)
more suitable for applications.

This paper is organized as follows. Section 2 contains four subsections. Subsection 2.1 contains our

notation and basic results. Subsection 2.2 presents the problem of interest in this paper as well as the vari-
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able metric proximal ADMM and discusses some related works. The third and fourth subsections are de-
voted to discuss the hybrid proximal extragradient frameworks and present the main contributions of this
paper, respectively. Section 3 introduces the variable metric HPE framework and presents its nonasymp-
totic pointwise and ergodic convergence rates, whose proofs are postponed to Appendix A. Section 4
contains two subsections. In Subsection 4.1, we formally state the variable metric proximal ADMM (5)-
(7) and present its nonasymptotic pointwise and ergodic convergence rates. In Subsection 4.2, we prove
the convergence rates of the variable metric proximal ADMM by viewing it as an instance of the variable

metric HPE framework.

2 Preliminaries and the Main Contributions of this Paper

This section contains four subsections. The first subsection contains our notation and basic results. The
second one presents the problem of interest in this paper as well as the variable metric proximal ADMM
and discusses some related works. The third and fourth subsections are devoted to discuss the hybrid

proximal extragradient frameworks and present the main contributions of this paper, respectively.

2.1 Basic Results and Notation

Let % be a finite-dimensional real vector space endowed with inner product (-,-) # and induced norm
| -|l2 :=\/(:,") . Denote by .#% (resp. .#Z,) the space of selfadjoint positive semidefinite (resp.
definite) linear operators on 2. Each element M € .# induces a symmetric bilinear form (M(-),-) o
on Z x % and a seminorm || - || # ps := \/(M(-),-)  on Z. Since (M(-),-) # is symmetric and bilinear,

the following hold, for all z,7 € Z,

1, 1
(@.MZ) < S el + 51

Y (1)

e+ 213 ar < 2 (2l pa + 1212 ) - @
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On the other hand, each element M € .Z _ﬁ induces an inner product (M(-),-) # and a associated norm

|-l 20 := /(M("),) # on Z, etc. Let the partial order < on . be defined by
M<N < N-Mc.#?.
Next proposition, whose proof is omitted, will be useful in this paper.
Proposition 2.1 Let M,N € .4 and ¢ > 0. [f M < cN, then
Iz < Vell- 2w and (1M 2 < /NI - |l 2.0 ?3)
A set-valued mapping T : & = Z is said to be monotone iff
v—,z-7)>0 V7,7 e ZVveT(z),VV eT(?).

Moreover, T is maximal monotone iff it is monotone and, additionally, if S is a monotone operator such
that T(z) C S(z) for every z € &, then T = S. The inverse operator T~ : 2 = 2 of T is given by
T-'(v):={z€ 2 : vET(z)}. Given € > 0, the e-enlargement T¢ : 2 = 2 of a set-valued mapping

T : % = % is defined as

Té(z):={veZ : vV 72-7)>—¢, Ve ZVVeT()} VzeZ.

Recall that the e-subdifferential of a convex function f : 2° — R is defined by

0efz):={veZ : f{)>f)+ 7 —2)—e Ve 2}

for every z € 2°. When € = 0, then dyf(z) is denoted by d f(z) and is called the subdifferential of f at z.
If f is a proper, closed and convex function, then d f is maximal monotone [37].
The following result is a particular case of the weak transportation formula in [38, Theorem 2.3]

combined with [39, Proposition 2(i)].
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Theorem 2.1 Suppose T : 2 = % is maximal monotone and let Z;,r; € Z, fori=1,...,k, be such that

ri € T(Z;) and define

Then, the following hold:

(a) & >0and r € TS (20);

(b) if, in addition, T = 9 f for some proper, closed and convex function f, then r{ € 851? f(Z).

2.2 Variable Metric Proximal Alternating Direction Method of Multipliers and Related Works

Consider the linearly constrained convex optimization problem
min {f(x) +g(y) : Ax+By =b}, @

where f: 2 — R:=RU{+} and g: % — R are extended-real-valued proper, closed and convex
functions, 2, % and I" are finite-dimensional real vector spaces, A : 2" — I and B: % — I are linear
operators, and b € I".

In this paper, we obtain global ergodic and pointwise convergence rates for a variable metric proximal
ADMM which can be described as follows: given an initial point (xg,y0,%) € Z x % X I and a stepsize

0 > 0, compute a sequence { (X, y, ¥) }» recursively, by

. 1 1
s argmin { 10~ (ror )+ JIAc+ By —blE + S xlg fe O
. 1 2 1 2
Yk € argmin 800) = (W1, BY) o + 5 | Axi+ By = bl 1y + 5 Iy =1l s, ¢ (6)
Y = Y1 — OHi (Axg + Byr — b)), (N

where Hy, R; and S are selfadjoint linear operators such that H;, is positive definite and R; and S are

positive semidefinite, and || - ||12"-Hk = (H(+),")r, etc.
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Remark 2.1 (i) An usual choice for the linear operator Hy is B¢, where B, > 0 plays the role of a penalty

parameter.

(i1) The proximal terms in (5) and (6) defined by R; and Sy, respectively, may have different roles.
Namely, they can be used to regularize the subproblems in (5) and (6), making them strongly convex
(when Ry and Sy are positive definite operators) and hence admitting unique solutions. Moreover, by a
careful choice of these operators, subproblems (5) and (6) may become much easier to solve or even have
closed-form solutions; for instance, similarly to [18], if Hy = BiI, then the choices Ry = oyl — B A*A
with oy > Bi||A*A|| and Sy = siI — BiB*B with s > By||B*B|| eliminate the presence of quadratic forms
associated to A*A and B*B in (5) and (6), respectively, and hence these subproblems become proximal
type.

(iii) The variable metric proximal ADMM (5)—(7) can be seen as a class of ADMM variants, depend-

ing on the choices of the linear operators Hy, Rj and S;. Namely,

(1) by taking H; = BI with § > 0, R, =0, Sy =0 and 6 = 1, it reduces to the standard ADMM, whose
ergodic convergence rate was established in [20] by showing that it is a special instance of the HPE
framework [21];

(2) the ADMM in [15] (related to the Uzawa method [22]) consists of taking H, = BI with § > 0, R;
constant, S, = 0 and 6 = 1. Pointwise and ergodic convergence rates for this variant were obtained
in [15,23];

(3) the AD-PMM proposed in [18] for solving (4) with B = —I and b = 0 corresponds to taking H, = 31
with 8 > 0, Ry and S; constant, and 6 = 1. Pointwise and ergodic convergence rates for the AD-PMM
were established in [18]. It is worth pointing out that the well-known Chambolle-Pock primal-dual
algorithm proposed in [6] is a special case of AD-PMM (see [18, Proposition 3.1]);

(4) the proximal ADMM consists of choosing Hy, = B with B > 0, Ry and Sj constant. This method has

been studied by many authors; see, for instance [8, 24-26], where convergence rates are analyzed;
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®)

(6)

(7

®)

by choosing H; = I, Ry = 0 and S; = 0, it corresponds to a variable penalty parameter ADMM, for
which an asymptotic convergence analysis was considered in [27-29];

the variable metric proximal ADMM (5)—(7) with R; and Sy positive definite is closely related to the
method studied in [14,30] for solving (point-to-point) continuous and monotone variational inequali-
ties (in the setting of problem (4), it demands f and g to be continuously differentiable). We mention
that, contrary to our analysis, the latter references consider the stepsize & = 1 and do not present
nonasymptotic convergence rates;

by letting Hy = B1, B > 0, and 6 = 1, the resulting method becomes similar to Algorithm 7 in [31] with
h = 0, where a composite structure of f is considered and ergodic convergence rates were obtained
under the additional conditions that B = I in (4) and the dual solution set of (4) be bounded;

the instance of the variable metric proximal ADMM for solving (4) with B = —I and b = 0 consisting
of choosing 6 = 1, H, = Bil, Ry, = ‘L'k_ll— BrA*A with 7 Bi||[A*A|| < 1, and S; = O can be seen as
a variant of the Chambolle-Pock primal-dual algorithm [6, Algorithm 1] in which the parameters ¢
and Py can vary along the iterations. The proof of this fact is similar to [18, Proposition 3.1], where it
is proved that [6, Algorithm 1] is an instance of the AD-PMM (see the third comment above). Other
variants of the Chambolle-Pock algorithm in which the parameters can vary along the iterations can
be found, for instance, in [6, 19], where the authors showed that, under some additional assumptions,
careful choices of these parameters lead to accelerated versions of the method. However, the assump-
tion on the variable metrics considered here (see (10)) seems to be quite restrictive in order to include

the aforementioned accelerated schemes in our setting.

2.3 Variable Metric Hybrid Proximal Extragradient Frameworks

The variable metric HPE framework proposed in this work is a generalization of a special instance of

the HPE framework [21] allowing variations in the metric (induced by positive semidefinite linear opera-
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tors) along the iterations. The iteration complexity of the HPE framework was first analyzed in [32] and
subsequently applied to the study of several methods; see, for example, [20,33-35]. An inexact variable
metric proximal point type method was proposed in [36] but, contrary to our variable metric HPE frame-
work, it demands the metrics to be nondegenerate (induced by invertible linear operators). Moreover, the

convergence analysis presented in [36] does not include nonasymptotic convergence rates.

2.4 The Main Contributions of this Paper

We obtain an &(1/k) global convergence rate for an ergodic sequence associated to the variable metric
proximal ADMM (5)—~(7) with 8 €]0, (v/5 4 1)/2[, which provides, for given tolerances p, € > 0, triples

(X,,7), (rx,1ry,ry) and scalars &,,&, > 0 such that

re € g f(x) =A™y, 1y € 88),g(y) —B'y, ry=Ax+By—b,
(8)

\/erlliog Hnlly +lrlEr <p. &te<e,

in at most & (max {[dy/p,[d3/€]}) iterations, where d is a scalar measuring the quality of the initial
point. Moreover, we establish an ¢(1/+/k) pointwise convergence rate in which the inclusions in (8)

are strengthened, in the sense that €&, = &, = 0, and the bound on the number of iterations becomes

o ([d5/p?1).

3 A Variable Metric HPE Framework

Consider the monotone inclusion problem
0€T(z), ®

where 2 is a finite-dimensional inner product real vector space and T : 2° = £ is maximal monotone.
Assume that the solution set 7! (0) of (9) is nonempty.
In this section, we propose a variable metric hybrid proximal extragradient (HPE) framework for

solving (9) and analyze its nonasymptotic convergence rates. The proposed framework finds its roots
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in the hybrid proximal extragradient (HPE) framework of [21], for which the iteration complexity was
recently obtained in [32]. Our main results on pointwise and ergodic convergence rates for the variable
metric HPE framework are presented in Theorems 3.1 and 3.2, respectively. In Section 4, we will show
how the variable metric HPE framework can be used to analyze the nonasymptotic convergence of a
variable metric proximal ADMM for solving linearly constrained convex optimization problems. This
technique was first considered in [20] and subsequently in [12,25].

The metrics used in the variable metric HPE are defined by a nonnull sequence {Mj}i>o C .4 g
satisfying the following condition:

(C1) there exist 0 < Cg < oo and {cy} C [0,00[ such that
. 1
Y ci<Cs, M XM 2 (1+c)My Vk>0. (10)
=0 14 ¢

Remark 3.1 The above assumption (which is similar to condition (1.4) in [36]) is satisfied, for instance,

if the sequence {M} }x>o is taken to be constant and ¢; = 0, in which case one can choose Cs = 0.

It is easy to check that condition C1 implies the existence of a constant Cp > 0 such that {cy };>0 and

{Mk}kz() sati Sfy

—.

Il
S

(I—I—Ci)SCP and Mj‘ijMk, Vj,k>0. (11
‘We now state the variable metric HPE framework.
Variable metric HPE framework

(0) Letzo € 2, no € R4, and o € [0, 1] be given. Let {Mj }i>0 C A fp be a nonnull sequence satisfying
condition C1, and set k = 1.

(1) Find (zx, %k, M) € 2 x 2 x R, such that

e =M (ze—1 —z) € T (%), (12)

2k = 2l % g, + e < O llzkmt — Zll% ag + M1 (13)
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(2) Setk < k+1 and go to step 1.

Remark 3.2 (i) Letting My = I and 1, = 0 in (12) and (13), respectively, we find that the sequences {z;},

{Z} and {r;} satisfy

n€TE), Ine+Z—zily <ollz—z-1]%,

Tk = Zk—1 " Tk

which is to say that in this case the variable metric HPE framework reduces to a special case of the HPE
framework (see pp. 2763 in [32]) with A; = 1 (in the notation of [32]) or, in other words, the variable
metric HPE framework is a generalization of a special case of the HPE framework in which variations in
the metric are allowed along the iterations.

(i) If the sequence {M }r>¢ is taken to be constant, then the variable metric HPE framework reduces
to a special case of the NE-HPE framework studied in [25].

(iii)) We also mention that a variable metric inexact proximal point method with relative error tol-
erance was proposed in [36] but, contrary to our framework, the method of [36] demands that every
operator M. must be positive definite. Moreover, the convergence analysis presented in [36] does not in-
clude nonasymptotic convergence rates. The fact that the variable metric HPE framework allows positive
semidefinite operators M; will be crucial for viewing the variable metric proximal ADMM of Section 4

as a special instance of it.

In the remaining part of this section, we present pointwise and ergodic convergence rates for the

variable metric HPE framework. These results will depend on the quantity:
do := inf{||z" — 20|l 2., : 7 € T 1(0)}, (14)

which measures the “quality” of the initial guess zop € 2 in the variable metric HPE framework with

respect to the solution set 7-1(0).
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For technical reasons and for the convenience of the reader, the proofs of the next two theorems will
be given in Appendix A. We mention that these proofs follow the same lines (although they are far from

being a direct consequence) of [25].

Theorem 3.1 (Pointwise convergence rate of the variable metric HPE framework) Ler {Z; } and {r}
be generated by the variable metric HPE framework. Then, for every k > 1, ri. € T(Z) and there exists

i <k such that

12
gg<PU+GKH%+WM+2U—GMdCﬁMN> | as)

Irill (1—o)k

where My, Cp and dy are as in step 0 of the variable metric HPE framework, (11) and (14), respectively.

Remark 3.3 (i) If ¢; = 0 in condition C1 (in which case M} = M), then the upper bound in (15) with
Cs =0 and Cp = 1 reduces essentially to a special case of [25, Theorem 3.3(a)] (with 4 = 1,& = 0 and
d(w).(7) = (1/2)|lz—Z'||*). Additionally, if My = I and ng = 0, then the bound (15) becomes similar to
the corresponding one in [32, Theorem 4.4(a)].

(ii) For a given tolerance p > 0, Theorem 3.1 ensures that there exists an index

2 2
i:ﬁ<{cp||M0||p(jo+n0)‘D (16)

such that
V,'GT(Z,‘) and ||r,Hg;§p a7n

In this case, Z; € Z can be interpreted as a p-approximate solution of (9) with residual r; € 2 (see,

e.g., [32] for the definition of a related concept).

Before presenting the ergodic convergence of the variable metric HPE framework, let us define the

ergodic sequences {Z} }, {r{} and {g} associated to {Z} and {r.} as follows:

& 1 1
ﬁ:;Z% 4:;Zm Q?;ZW@*@- (18)
i=1 i i
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Theorem 3.2 (Ergodic convergence rate of the variable metric HPE framework) Ler {z{}, {r{} and
{8,’:} be given as in (18). Let also My, Cs, Cp and dy be as in step 0 of the variable metric HPE framework,
(10), (11) and (14), respectively. Then, for every k > 1, we have r{ € TE (z¢) and

&/ (d§+m0) | M|
k b
(42

7l < (19)

(20)
where & = ((1 +Cs)(1+ @)CP+C3C%) and & = 2Cp(1+Cs)[oCp/(1—0)+2(1+Cp)].

Remark 3.4 (i) Similarly to Remark 3.3(i), Theorem 3.2 is also related to [25, Theorem 3.4] and [32,
Theorem 4.7].

(i) For given tolerances p, € > 0, Theorem 3.2 ensures that in at most

IMol[\/d5+n0 42
o | [ (14 C5)c2 max p° , 0:”0 @1

iterations there hold
ReT% (), Iflle <p and g <e. (22)

Note that (21), in terms of the dependence on p > 0, is better than the bound in (16) by a factor of & (p)
but, on the other hand, since & can be strictly positive, the inclusion in (22) is potentially weaker than

the one in (17).

4 A Variable Metric Proximal Alternating Direction Method of Multipliers

This section contains two subsections. In Subsection 4.1, we formally state the variable metric proximal
ADMM (5)—(7) and present its nonasymptotic convergence rates. The main results are Theorems 4.1 and
4.2, in which pointwise and ergodic convergence rates are obtained, respectively. The proofs of the latter
theorems are discussed separately in Subsection 4.2 by viewing the method as an instance of the variable

metric HPE framework and by applying the results of Section 3.
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4.1 Variable metric proximal ADMM and its convergence rates

Let 27, % and I' be finite-dimensional real inner product vector spaces. Consider the convex optimization

problem (4), i.e.,

min {f(x)+g(y) : Ax+By=b}, (23)

where the following assumptions are assumed to hold:

(01) f: Z —Randg:% — R are proper, closed and convex functions;
(02) A: Z —-TI'and B: % — I are linear operators and b € I';

(03) the solution set of (23) is nonempty.

Under the above assumptions and standard constraint qualifications (see, e.g., [40, Corollaries 28.2.2 and
28.3.1]), a vector (x*,y*) € 2 x % is a solution of (23) iff there exists a (Lagrange multiplier) y* € I

such that (x*,y*, ") is a solution of
0edf(x)—A%y, 0€dg(y)—B*y, Ax+By—b=0. (24)
Motivated by the above statement, we define
QO ={(x"y,v)e X x¥ xI : (x*,y*,y") is a solution of (24)}, (25)

which is assumed to be nonempty.

The convergence rates of the variable metric proximal ADMM (stated below) for solving (23) will be
obtained by viewing the optimization problem (23) as the monotone inclusion (24), which is associated
to a certain maximal monotone operator (see (46)) in 2" x % x I', and by applying the results of the
previous section.

In order to state the variable metric proximal ADMM, we consider sequences {Ry}x>0 C . 2

{Sk}i>0 C ///fr] and {Hy }x>0 C 4L, satisfying the following condition:
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(C2) there exist 0 < Cg < o0 and {ck }x>0 C [0, 1] such that {c }i>0, {Qk.1 := Rk }i>0, {Qk2 := Sk }i>0 and

{Ok3 1= Hi }i>0 satisfy

1
CiSCSa
0 ]+Ck

-

Okj 2 O, 2 (1 +c)Ok,; k=0, j=1,2,3. (26)

Analogously to condition (11), condition C2 implies the existence of Cp > 0 such that {cy }1>0 satisfies

k
(I4c)<Cp  Yk>0. 27
=0

We mention that condition C2 is similar to Condition C in [14] but, contrary to the latter reference, none
of the operators Ry and S is assumed to be positive definite.

Variable metric proximal ADMM

(0) Let (x0,Y0,%) € Z x % xT and 6 €]0,(v/541)/2[ be given. Consider sequences {Ry }s>0 C .4 ,
{Sihiso C A, and {H}iso C AL, satisfying condition C2, and set k = 1.

(1) Compute an optimal solution x;, € 2" of the subproblem

. 1 1
mip {£09— (v At B bl + 3l nila ) )

and compute an optimal solution y; € # of the subproblem

) 1 2 1 2
mip {00 (1. + 3lAn+ Byl + 3l 29)

(2) Set

Y = Yi—1 — OHy (Axy + By, — b)), (30)
k < k+1, and go to step (1).

In the remaining part of this section, we present pointwise and ergodic convergence rates for the

variable metric proximal ADMM. For this end, the following quantities will be needed:

mo := max { |[Roll, |B*HoB + Sol|,[1/6]||Hy ' ||} @31



Pointwise and Ergodic Convergence Rates of a Variable Metric Proximal Alternating Direction Method of Multipliers 15

and
: * (12 * 112 2 ]/2 * % *
do = inf < (o =31 g, + 50 =3I (pesppsyy + 10 =7 [t ) 2 (60" 7) €Q7 1, (32)
where Q% is defined in (25).
Next we present the two main results of this paper, whose proofs are given in Subsection 4.2.

Theorem 4.1 (Pointwise convergence rate of the variable metric proximal ADMM) Let {R;}, {S}
and {Hy} be as in Step 0 of the variable metric proximal ADMM. Let {(xg,yx, Yk)} be generated by the

variable metric proximal ADMM and define

Vi := Yee1 — Hi(Axg + Byr_1 —b) Vk> 1. (33)
Then, forallk > 1,
Tkx Rie(x—1 — %) Af (xx) —A* Y
Tey | = | (B*HB+Si) k-1 —y) | € | dglw) —B % 34
Tky 9*1]_[]:](7/](71 —%) Axy+Byy—b

and there exists a parameter og €)0,1[ such that, for some i <k,

VI

where Ty := (8(0g + 0 — 1)max{1,0/(2—0)})/(6\/8), and Cp, my, and dy are as in (27), (31), and

do [2(1+69)Cp(1+79)+2(170'9)79]Cpm0
B Hllrigly +llriylIF < ﬁ\/ (01— op) SNER)

(32), respectively.

Remark 4.1 For a given tolerance p > 0, Theorem 4.1 guarantees the existence of triples (x,y,¥) and

(rx, 1y, ry) generated by the variable metric proximal ADMM such that

VXGaf()C)*A*’?, V),Gag(y)*B*T’, r}':AxJFBy*ba

Ve

(36)

2+ nll% +lrlE <p,
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2 2
(%)

iterations, where Cp, mg and dy are as in (27), (31) and (32), respectively. The triple (x,y,¥) in (36) can

in at most

be seen as a p-approximate solution of the Lagrangian system (24) with residual (r,r,7y).

Remark 4.2 (i) Theorem 4.1, in particular, establishes pointwise convergence rates (unknown so far, up
to our knowledge) for the ADMM variants described in comments 6 and 8 of Remark 2.1(iii).

(i1) As mentioned in the third comment of Remark 2.1(iii), Algorithm 2 in [18] is a special case of
the variable metric proximal ADMM. In this case, the pointwise iteration-complexity bound in (37) is the
same as the one that can be derived from [18, Section 5.3]. Moreover, although different termination cri-
teria and approaches are used in the literature to analyze the other ADMMs described in Remark 2.1(iii),
the pointwise iteration-complexity bounds obtained for them are, basically, as in (37); see, for exam-

ple, [23,24].

Before presenting the ergodic convergence of the variable metric proximal ADMM we need to in-
troduce its associated ergodic sequences. Let {(xx, vk, %)} be generated by the variable metric proximal
ADMM, let {#} and {(rg,7ky,7ky)} be defined as in (33) and (34), respectively, and let the ergodic

sequences associated to them be defined by

e 1
xkayk xl7yl ?]? = %Z /)71'7 (38)
1:1 i=1

1
(rkxvrkyrky) 7

M»-

(ri,X7 ri.ya ri.)/)7 (39)

Il
-

i

R 3 .
(gkxvek} Z sz'f'A*Yi»xi_x@Qf» <’"i.,y+B Y, yi _yz>§/)~ (40)
t:I

Theorem 4.2 (Ergodic convergence rate of the variable metric proximal ADMM) Let {(x{,y{)},

{0 ord o riy) ) and {(€ . € ) } be the ergodic sequences defined as in (38)~(40). Let also Cs, Cp,
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mg and do be as in (26), (27), (31) and (32), respectively. Then, for all k > 1, there hold € , SI?J > 0,

a
rk,x afeg.’x (XZ) —A*'j;’?
iy | €| 98e, 00~ BT @D
r]‘éy AX;(Z +Byz —b

and there exists a parameter g €)0, 1[ such that

v (14 Tg)mo& dy 42)
k b

I+ I3, + 17 <

1+ 1) Ed?
el el < % (43)
where & and & are as in Theorem 3.2 with ¢ = oy and Ty is as in Theorem 4.1.

Remark 4.3 Given tolerances p,€ > 0, Theorem 4.2 guarantees that there exist scalars &,& > 0 and

triples (x,y,¥), (rx,ry,ry) generated by the variable metric proximal ADMM such that

ry €0 f(x) — A"}, 1y € de,g(y) =By, ry=Ax+By—b,

(44)
Il +nl + 2 <p.  ete<e,
in at most
do\/mg d?
ﬁq(wrcs)c;max{opm,;”) 45)

iterations, where Cs,Cp, mg and dj are as in condition C2, (27), (31) and (32), respectively. Note that
while the dependence on the tolerance p in (45) is better than the corresponding one in (37) by a factor
of O(p), the inclusions in (44) are potentially weaker than the corresponding ones in (36). The triple
(x,y,¥) in (44) can be seen as a (p, €)-approximate solution of the Lagrangian system (24) with residual

(”xﬂ’ya”y)'

Remark 4.4 (i) Theorem 4.2, in particular, establishes ergodic convergence rates (unknown so far, up to

our knowledge) for the ADMM variants described in comments 6 and 7 of Remark 2.1(iii).
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(ii) It can be easily seen that Algorithm 7 in [31] with 4 = 0 is an instance of the variable metric
proximal ADMM (see the seventh comment of Remark 2.1(iii)). For this variant, it can be derived from
[31, Theorem 12] an ergodic iteration-complexity bound &'(1/p) to obtain a p-approximate saddle point
for the Lagrangian function associated to (23) (see also [18, Theorem 5.3] for a similar result when Hy, Ry
and Sy are constant). Finally, we refer the reader to [15,20,25], where similar ergodic iteration-complexity

bounds were obtained for other ADMM variants.

4.2 Proof of Theorems 4.1 and 4.2

The main goal of this subsection is to prove Theorems 4.1 and 4.2 by viewing the variable metric proximal

ADMM as an instance of the variable metric HPE framework of Section 3 for solving (9) with T : & = %

defined by
df(x) —A"y
T(z):=| ag(y)-By | Ve=@yyeZ (46)
Ax+By—b

where & := 2 x % x I is endowed with the inner product of vectors z = (x,y,7) and 7 = (X',y',7):
(@.d) 2 = xxX) o + () + (1,7 )r- 47)
The desired results will then follow essentially from Theorems 3.1 and 3.2, and from the identity
T7-1(0) = Q*, (48)

where T’I(O) and Q7 are the solution sets defined in (9) and (25), respectively. The following linear

operators will be needed in our analysis:

Ry 0 0

My:=| 0 B*H,B+S 0 Y Z Vk>0, (49)

0 0 0-'H,"!
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where {Ry }r>0, {Sk x>0 and {H; }x>0 are given in step O of the variable metric proximal ADMM.

We begin by presenting a preliminary technical result.

Proposition 4.1 Let {(xx,x, %)} be generated by the variable metric proximal ADMM and let {f} be

defined as in (33). Let also {My} be defined as in (49). Then,

Xp—1 — Xk df () — A ¥k
Mic | yi—y =y | €| 98(x) —B* % V1. (50)
Y1 — Y Axi+ By, —b

Proof From the first order optimality conditions for (28) and (29), we obtain, respectively,
0€df(xk) —A* (Y—1 — Hi(Axg 4+ Byr—1 — b)) + Ri (X — x5—1),

0 € dg(yr) —B* (V-1 — Hi(Axx + Byr — b)) + S (yk — Y1),

which, combined with (33), yields
Ri(xi—1 —x¢) € If (xk) =A™, (B*HiB+ Si) (-1 — yk) € 9g(vk) — B % (S1)
On the other hand, (30) (with the assumption Hy, € .#" { 1) gives
0~"H, ' (Y1 — %) = Axc+ By — b. (52)
Using (49), (51) and (52) we obtain (50). O

The next lemma will allow us to use the main results of Section 3 for analyzing the nonasymptotic

convergence of the variable metric proximal ADMM.

Lemma 4.1 The sequence {My }>o defined in (49), the scalar Cs and the sequence {c;} given in condi-

tion C2, satisfy condition C1.

Proof Note that the first condition in (26) is identical to the first one in (10). Now, note that the second
condition in (26) combined with the (block) diagonal structure of M}, implies the second condition in (10).

0O
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The following two technical results will be used to prove that the variable metric proximal ADMM is

an instance of the variable metric HPE framework.

Lemma 4.2 Ler {(xi,y, %)} be generated by the variable metric proximal ADMM. Let dy and {¥} be
as in (32) and (33), respectively. Let also {Sy} and {H,} be as in Step 0 of the variable metric proximal
ADMM. Then, the following hold:

(a) for any k > 1, we have

1-6

- 5 1
Ve— Y= T(Yk‘?’kfl)‘f'HkB(Yk_)’kfl)a Ve — Y1 = 5(7k_7k—1)+HkB(Yk_Yk—l)§

(b) we have

1 1 0
5”)’1 —y0||%yﬁsl - ﬁ@()’l —Y0), 1 —W)r < 4max{l, Z—G}d%;

(c) for any t > 0 and k > 2, we have

2t —1—cp_q

2
P vk —Yr—1 ||?j/,Sk

= Y1 — (1= 0) (%1 — Ye2) Bk —Yk—1))p >

DN

—t|[yr—1 _yk—2||%J7Sk,|‘

Proof (a) This item follows trivially from (30) and (33).

(b) First note that

2

1 1
0< 5 ||l—=n—m)+HB(y —yo
ZH\/E ) ( ) ra!

1 1 1
=3 In— ?’0||?971H1—1 + ﬁ(B()H —=Y0),n —W)r + 5 1Byt = Y0)IF 1,

which, combined with the property (2), yields, for all z* := (x*,y*,y*) € Q*,

1 1
L —yoll% s, — ﬁ<B(yl =Y0): Y1 — Yo)r

1 2 2 2
< 5 (I =30l 5, 1% =002 -1y 1 +1BG1 = 50) I, )
<lyi =¥ 135, + vo =¥ 175, + 11 — Y*Ilﬁefl,,rl

12 =V IF g1+ 1BOV =3, + 1BGo =) [Fay-
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Direct use of the above inequality and (49) yields

1 1 * *
5l —yolli.s, — ﬁ@(m =0), %1 = W0)r < ll21 =2 1% pg, +ll20 =2 1% g, (53)

where zo := (x0,Y0,%) and z; := (x1,y1,%1 ). On the other hand, from Proposition 4.1 and (49) with k = 1,
we have rj :=M;(z0—z1) € T(Z1), where T is given in (46). Using this fact, (48) and the monotonicity of
T, we obtain (Z] —z*,r1) > 0 for all z* = (x*,y*,z*) € Q*. Hence, from the latter inequality, Lemma A.1

with (z,z+,Z) = (z0,21,Z1) and M = M, we have, for all z* = (x*,y*,7*) € Q*,

12 = 2003 0, > 112" = 21ll% 00, + 120 = 2113 g, — Nt — 21013 g, - (54)
Note now that letting Z; := (x1,y1,% ), it follows from (49), item (a) and some direct calculations that
1-6 2
lzt =2l = 1M = 7l7 g1y = He(% — %) +HiB(y1 —yo)
’ ! re-ta!
(1— 6)2 2(1-9) 1
=g IIn —70||?_,971H171 + =gz (BU1=y0). 11 = Wir + g B =yt m- (55

Moreover, using (49) with £k = 1 and item (a), we find

5 112 2 2 = 112
120 = Z1l|% ar, = %0 =1 (% &, + ||)’0*)’1||0,V.(B*H13+s1) + ”}/0771”1‘,9*111(1

] 2
> 13001 =30 + 5~ )+ Eir ~0)
re-ta!
1+0 1 2
> THB()H —y0)llF-m, + ) v — 7’0“12",9—'11;1 + @<B(Y1 —Y0),h —Y)r-  (56)

Combining the previous two estimates, we obtain

120 — 21115 pa, — llz1 = 21115 g,

2—-06 2
>~ In- 70”%,97111;1 + B0 =y0), 71 = W)r + B0 —y0)|Em,

Hl_l/z(}ﬁ - %) L H
) 1

2
1-6

= THYI *70||%1971H1—1+ B(y1 —yo0)

r

2 THYl _}/0”1",9—1}]]*1'
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If 6 €]0, 1], then the last inequality implies that

llz1 = 2113, < llz0 = 2101 g, - (57)

Now, if 6 €]1,(v/5+1)/2[, we have

N B 1
lz1 =21l % pa, — ll20 = 2111 % g, < g In- YOH?ﬁ*lHrl
_2(0-1)
- 0
_2(0-1)
- 0

2 2
(I =7 1 s + 10 =717 1)
2 2
2o = 2" % pa, + ll1 = 2113 ]
where the second inequality is due to property (2), and the last inequality is due to (49) and the definitions

of zg,z1 and z*. Hence, combining the last estimative with (54), we obtain

30 -2
2 2
rm = 2 0 ”ZO_Z*HEZ’,MI'

|zt —z ||?Z’1M1 < o <l+ 5 ) lzo—z

Thus, it follows from (54), (57) and the last inequality that

i} 30 -2 *
o= Vg < max {1575 o= P, 6$

Since, M < (14 co)Mp =< 2M) (see condition C2 and Lemma 4.1), the desired inequality follows from

(53), (58), and definition of dy in (32).

(c) Using the first order optimality condition for (29), (33) and item (a), we find, for every k > 1,

~ 1 £
dg(vk) 2 B* (e — HiB(yk — Yi—1)) — Sk (Vk — Yi—1) = 53 (% — (1 =0)%—1) = Sk(Vk — Yi—1)-

For any k > 2, using the above inclusion with k < k and k < k — 1, the monotonicity of dg and the

property (1), we find

—_—

0 (B* (% — Y1) — (1 =0)B* (%1 — %—2): Yk — Yk 1)
> (Sk(k = Yk=1) Yk = Yi—1) — (Sk—1(Vk—1 — Yk—2), Yk — Yi—1)%

1 t
2 2 2
> vk = yi-1llr s, — 27”)% -1l s, — §||Yk—1 =2l 5,

1+ck—1 t
> <1 > e = ye-1ll .5, — EHYk—l — 2l s,
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where the last inequality is due to Proposition 2.1 and condition C2, and so the proof of the lemma

follows. O

Lemma 4.3 For every 0 €]0, (/54 1) /2|, there exists a scalar 6 €]0, 1] such that, for any o € oy, 1),

the matrix

o(1+8)—1 (c+6—1)(1—6)
My(0) =

(c+0-1)(1-0) o—(1-0)?
is symmetric and positive definite, and

(6+0-1)(4-2v2)
V26

max{(1-6)*1-6,1/(1+6)} <o, <o. (59)

Proof Since the matrix My (o) is symmetric, the proof is immediate by noting that for ¢ = 1 and for

every 0 €]0,(v/5+1)/2[, Mg (o) is definite positive and (59) trivially holds. O

Next we show that the variable metric proximal ADMM can be regarded as an instance of the variable

metric HPE framework.

Proposition 4.2 Let {(xx,yx, Y)} be generated by the variable metric proximal ADMM and let {¥.} and
{M,} be defined as in (33) and (49), respectively. Let also dy, T, Gg and g be as in (32), (46), Lemma 4.3,

and Theorem 4.1, respectively. Define zo := (x0,¥0,%0), Mo := ng% and, forall k > 1,

%= (XY Y)s 2= (e i)y k= Mi(zk-1 — 2k), (60)
00— (017 LETR)
Nk = THYk — Y1 “%79*'H;] + f”yk Tkt ||%(y',sk~ oD

Then, for all k > 1,

Iy € T(Zk)a
(62)

=2 2112
llzk = Zell % g, + Mk < O llzi—1 — Zkll % pg, + M1
As a consequence, the variable metric proximal ADMM falls within the variable metric HPE framework

(with input zo, Mo and ¢ = oy ) for solving (9) with T as in (46).
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Proof First note that the inclusion in (62) follows from (46), (50) and the definitions of zj, Z; and ry in

(60). Now, using (47), (49), (60) and some direct calculations, we obtain

lzk—1 = 2% ag, = 21 — %1% &, + 1BOR=1 = YOI F 11, + 11 — el s,

s = Bl g1y (63)

Using the same reasoning and Lemma 4.2(a), we also find

i _ 1-6 :
2 = 2l % g, = 106 = B3 o1y = H T(}’k = Y1) + HiB(yk — Y1) (64)
’ k re-'g;!
Hence, from Lemma 4.2(a) and some algebraic manipulations, we obtain
1 2
ol %1 = Hl7- 11 — 1= Rl g1 py 1 = O0 g (= Y1) + HiB (i = yi1)
’ k ’ k F,G—IHI:I
1-6 :
— == (%= Ye—1) + HiB(yk — Y1)
o ro-ta;!
cp — (1—6)? oo — 1
= T\Wk — Y1 ”?79’1’1{1 + THB()’k _ykfl)le‘,Hk
2(cg+60—1
+ %Wk = Ye—1, Bk — ye-1))rs
which in turn, combined with (63) and (64), yields
2 512 _ 2 2
0ollze—1 = Zkll% a1, — 12k = Zkll% pg, = 01Xk — X112 &, + G0y = yi—1 1l 5,
oo —(1-0)2 co(6+1)—1
+ ez (% — Y1 \\12—794;,;1 + - 9 1By« _)’kfl)”Iz“,Hk
2(0p+6—1
—I—%(Yk—ykqﬂ(yk—ypl»r, (65)

We will now consider two cases: k = 1 and k > 1. In the first case, it follows from (65) with £ = 1,

Lemma 4.2(b), the first inequality in (59) with ¢ = 0y, and the definitions of 1y and 1, that

V

. 3 V2(cg+6—1) ocp+6—1
00l120— 21l % pr, — 21 = Z1ll% pry + 10— > lde ( )

2
0 + 03/2 ] HJ’I*)’OHZV,SN

(ce+9—1)(2—3ﬂ)

2
30 1 = Yol s, »

v

Op +
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where the last inequality is due to v/6 < 3/2. Hence, since (2 —3+/2)/3 > (2v/2 —4) /\/2, inequality (62)
for k = 1 now follows from the second inequality in (59) with ¢ = 0g. On the other hand, assuming
k > 1, from inequality (65), Lemma 4.2(c) with t = V2, the first inequality in (59) with o = oy, and the

definition of {1} in (61), we have

cp(6+1)—1

— Nz = 2l % pg, + M1 — e > IB(yk = yi—1)lIF s,

oo — (1—6)? 2(cg+60—-1)(1—6
+%||Vk—l*7k—2“12~’9711_1k—711 + ( 92 X )<Yk—1*}’k—273(yk*yk—1)>r
(ce+9—1)(2f2—4+1—ck,1) .
+ + o —Yi—1llw.s,-
/26 o | [k — vk 1||J.Sk

Since c,_; < 1 (see condition C2), we obtain from (59) with ¢ = oy that the term inside bracket is non-
negative. Hence, inequality (62) for k > 1 now follows from the first statement of Lemma 4.3. The last

statement of the proposition follows from (62) and variable metric HPE framework’s definition. 0O

We are now ready to prove Theorems 4.1 and 4.2.
Proof of Theorem 4.1: Due to the definitions of {(r,riy,riy)} and {M;} in (34) and (49), respectively,
it follows from Proposition 4.2 and Theorem 3.1 that, for every k > 1, (34) holds and there exists i < k

such that

(1+0%)Cp(1+ %) +2(1 — G9) %] Cr|Mo||
2 -
Vsl sl + gl < f\/ =0y

Therefore, the inequality in (35) now follows from the definitions of m( and My in (31) and (49), respec-

tively, and properties of norms. O

Proof of Theorem 4.2: First, using the definitions of my and My in (31) and (49), respectively, we
have ||My|| < mg. Hence, combining Proposition 4.2 and Theorem 3.2, and taking into account that

= (r,f o ”Z,y, r,‘iy), we conclude that, for every k > 1,

I3+l

< vV (1 + Tz)n’LOgdo’ (66)

o+ IE <
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1 [k k k 1415 @Edz
= % <Z Tix,Xi — xk C&”"’Z Viy,Yi — Yk o+ rz ya’Yt ) < (% ©7)
i=1 i=1 i=1

On the other hand, (34), (38) and (39) yield
Axy + By = riy+ 0, i +Byg =1, +D.

Additionally, (38), (39) and some algebraic manipulations give

M»
'M»
™=

(h=W.riy—ripr =Y (h—¥.riyr-

<Y17rl‘y rk,y)F:

1 1

1

Hence, combining the identity in (67) with the last two displayed equations, we also obtain

1 k
({ricsxi =X+ rigoyi=yido ) + 7 L rig—rip)r
i=1

B\

|
| =
AM»

Il
R

I
| =
™~

((ri,x,xi —x0) 2+ (riy,yi—Yo)ow + (%, Axi — Ax{ + By, — ByZ)r)

k
<rlx+A %7xl_xk Z rl}'+B*’}7i7yi_yz>i’7:Slg,x+£l?,y’

I
1 —
lygle

—_

where the last equality is due to the definitions of &, and & y in (40). Therefore, the inequalities in (42)
and (43) now follows from (66) and (67), respectively.
To finish the proof of the theorem, note that direct use of Theorem 2.1(b) (for f and g), (34) and

(38)-(40) give &f . £, > 0 and (41). O

5 Conclusions

We considered the linearly constrained convex optimization problem and studied a variable metric proxi-
mal alternating direction method of multipliers for solving it. We proved that this ADMM variant, which
allows the use of degenerate metrics (defined by noninvertible linear operators), has &'(1/ \/l;) pointwise
and O(1/k) ergodic convergence rates. These convergence rates were obtained essentially by showing
that this ADMM variant can be seen as a special case of a variable metric hybrid proximal extragradi-
ent framework for solving monotone inclusions. Convergence rates for the latter framework were also

provided in this work.
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Appendix A Proofs of Theorems 3.1 and 3.2

We start by presenting the following two Lemmas.
Lemma A.1 Forany 7*,2,24,€ 2 and M € .M, we have

le* =2l pa = 12" = 24 a0 = 2= 2P pr = Nz = 21y + 22— 2 M(z = 21) -
Proof Direct calculations yield

2" = 2ll% 41 — 12" = 24Py = 2024 — 2 M(z—24)) 2 + |z — 2l it

=2(zs — LMz —2 ) o +2(Z - M(z—2:)) v + llzs — 2l

=202\ Mz—z:)) 2 + 2=zl — 12— 24 [ ar- o

Lemma A.2 Let {z}, {M}, {Zx} and {ni} be generated by the variable metric HPE framework. For
everyk > 1andz* € T~'(0) :
(a) we have

12 = 2l % g, < 112 = 2% ag, + et = e — (1= 0) llzket — Zll % ag,

(b) we have

k
2" = 2l g, + M+ (1= 0) Y llziet = Zill g, < Crlll" =20l ag, +10)
i=1

where Cp and My are as in (11) and condition C1, respectively.

Proof (a) From Lemma A.1 with (z,z+,%) = (zxk—1,2,2x) and M = My, (12) and (13), we obtain

2" — 21 ||§f,Mk —|I* *Zk||§f,Mk + M1 > (1= 0)|lzx—1 — % ?’Z’,Mk + M +2(% — ")

Hence, (a) follows from the above inequality, the fact that 0 € T(z*) and ry € T(Z) (see (12)), and the
monotonicity of 7.

(b) Using (a), (3) and condition C1, we find

12 = zill% g, < (Ao =2kt pg,, + ket — M — (1= 0) llzk—1 — Zll o, -
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Thus, the result follows by applying the above inequality recursively and by using (11). a

We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1: First, note that the desired inclusion holds due to (12). Now, using (2) and (13), we

obtain, respectively,

251 —Zk||§z,Mk <2 (HZkfl — % %g’7Mk + 1|2k —Zk”%éﬂMk) ;

126 — 2% ag, < Ollzk—1 — Zell % pg, + Mie—1 — M

Combining the above inequalities, we find

et = 26l an, <21+ 0zt =2l g + et =)

which in turn, combined with Lemma A.2(b), yields

* 2
2o 2(1+0)Cp(|Iz —Z(Z|l|5;,MO)+ no)+2(1— 6)1107
< y 1 _G

(68)

k
Y llzici =z
i=1

forallz* e T~! (0). Now, from (11), we obtain M; < CpM, for every i > 1. Thus, it follows from (12) and
Proposition 2.1 that

k k
2 2 2
=Y IMi(zioi —2) 1% < CellMoll Y llzi-1 —zill%
i=1 i=1

k
|7i
i—1

14

which, combined with the fact that Z{»‘:l t; > kmin;—; _;{t;} and the definition in (14), proves (15). O

Before proceeding to the proof of the ergodic convergence of the variable metric HPE framework, let

us first present an auxiliary result.

Proposition A.1 Let {z;}, {My} and {ni} be generated by the variable metric HPE framework and

consider {Z} and {&]'} as in (18). Then, for every k > 1,

1 _ k ~
& < 7 (no + 1128 — zoll% gy + Y cim111ZE —zic ||?Z’,M,-1> ) (69)
i=1

where {c;} is given in condition C1.
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Proof Using Lemma A.1 with (z*,z,24,2) = (Z},2i-1,2i,Z) and M = M;, (12) and (13), we find, for every

i=1,... .k

126 = zim1 1% ag, — 128 = 2ill % ag, + Mim1 > (1= 0|2 — 21| g, + M+ 202 = 25)

Z ni+2<”i72i—2z>7

where the second inequality is due to the fact that 1 — o > 0. Hence, using condition C1 and simple

calculations, we obtain
128 = zill % ayy < (W ciDlIZ =zt lZepg  + Mot —Mi =20z —2) Vi=1,... .k
Summing up the last inequality from i = 1 to i = k and using the definition of & in (18), we have

k
0< 12—zl ag, < Y cicllz — 13 = 2007 gy + 10 — 2Kk €L,
i=1

which clearly gives (69). 0O

Proof of Theorem 3.2: Note first that the desired inclusion and the first inequality in (20) follow from
(12), (18) and Theorem 2.1(a). Take z* € T~! (0). Now, let us prove the second inequality in (20), which
will follow by bounding the term in the right-hand side of (69). Note that, using the convexity of || - HZZVIH ,

inequality (2) and (18), we find

1 k 2 2 k ~ 2 2
It =zt By < g L5 =il < X (18215 + 1=l ) 70
j=1 j=1

From (11), we have M;_| X CpM; for all j = 1,...,k. Hence, using Proposition 2.1, inequality (13),

Lemma A.2(b) and (14), we find

k k

~ 2 ~ 2
Yz =zl SCr Y Iz —2il%m,
j=1 =

)

< 17Cz (d5+no) + Cpo. (71)

k
<cry (ollz-
j=1
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On the other hand, using (2), M;—; X CpM; for all j =1

k, Proposition 2.1, Lemma A.2(b) and (14)
we obtain

k
Z llzj —zi- 1||,z M =
j:

(e ==

2
(Collzj =2 Wy + 1l =21, )

Yty I =z, )

<2f
ot

< 2(1+Cp)Cp(d} +no)k.

(72)
It follows from inequalities (70)—(72) and the fact that k > 1 that

oC
=, < (255 +20-+C) ) 2Cole + )+ 260,

which, combined with Proposition A.1 and the first condition in (10), yields

1 oC,
g < oy [ZCp(l +Cs) <1_I; +2(1 +Cp)) (d§+no)+ (1+2(1+Cs)Cp) Mo

Therefore, the second inequality in (20) now follows from definition of & and simple calculations

To finish the proof of the theorem, it remains to prove (19). Assume first that £ > 2. Using (18) and
simple calculations, we have

k=1
krf = Z ri=Mi(z0—2") = Mi(zx—2°) + ) (Miy1 — M;) (z — 2°). (73)
i=1
Since My < CpMy and M| < CpM (see (11)), we obtain from Proposition 2.1 that

[Mi(z — 2°) || 2 < V/CplIMol[|zk — 2| 2,

(74)
[M1(z0 —2°)|| 2 < /CplIMol|l|z0 — 2"[| 22 a1, < Cpv/ | Molll|z0 — 2" 2 1o

(75)

Next step is to estimate the general term in the summation in (73). To do this, first note that using condition
C1, we find

0=Li:=Mi1 —Mi+ciMis1 2 ci(2+¢)

(76)
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and so
(M1 —Mi)(zi = ") || 2 = [[(Li = ciMig1) (zi = 2) || 2 < [|Li(zi = )| 2 +cilMiga (zi =) | 2. (TT)
It follows from the last inequality in (76) and (11) that L; < ¢;(2 + ¢;)M; and M; < CpM). Hence, we have

ILizi— 2% = (L@ — 7)), L (2 — 7)) < i@+ ) (ML (2 — 7)), L P (@ — 7))
< ¢i(2+e)Cp(Mo(L)* (zi— 7)), L)% (i — 7))
< ¢i(24¢)Cp||Moll|zi — 2" [|% 4,

< ¢ (2+ ) CplIMollllzi = 21 ug,- (78)
Again, using the facts that M| < CpMp and M| < (1+c¢;)M; (see (11)), and Proposition 2.1, we obtain

Mit1(zi =)l 2 < \/CpllMolll|zi — 2" || 22 m,, < V/Cpl[Mol|(1+ci)llzi — 2" || 2 ;- (79)

Hence, using (11) and (77)—(79), we find

i1 = M) =2 2, < i/ ColIMol| (14 (1) + /T ) =2
< er/ColMoll (1+Co+v/Cp ) 2= |7 (80)

Finally, using the definition of dy in (14), (73)—(75), (80) and Lemma A.2(b), we conclude that

k=1

klrgllz < 1M1 (z0 =) |2 + IMi(ze = 2| 2 + ) (|(Mis1 = M) (zi = 2") ||
i=1

< (CP+ v/Cp+Cs+/Cp (1 +Cp++/ CP)) vV IMo||  max l|lzi —z*

< V/ColMo]| (Cp+/Cp+Csv/Cp (14 Co+/Cp ) ) y/dG + 10
< ((1+Cs)(1+ V/Cp)Cr+CsCR) v/ M1y /3 + 10

2 M;
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which gives (19) for the case k > 2. Note now that by (11), we have M| < CpMj and so, using the second

identity in (18) with k = 1, Proposition 2.1, Lemma A.2(b) and (14), we find

[l 2 = M1 (z0 —21) [l 22 < /Cp|Moll||lz0 — 21| 2 m,
</ Cp|Mo|(llz0 — 2"
< VCp[Mo|[(/Cpllzo —2*
< (Cr+ \/CTD)\/mggﬁ |z —z*

< (Cp+ @)VCP||M0||\/d§+n0,

o 2 =2z m)

M+l =2 zm)

7 M

which, in turn, gives (19) for k = 1. O
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