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Abstract

During past years Dragomir has contributed a lot of work providing different kinds
of bounds on the distance, information and divergence measures. In this paper, we have
unified some of his results using the relative information of type s and relating it with the
Csiszar’s f-divergence.
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i=1

be the set of complete finite discrete probability distributions.
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Kullback and Leibler’s [12] relative information is given by

K(P|Q) = Zplln (p’> (1.1)

forall P,Q € 4,.

In 4,, we have taken all p; > 0. If we take p; > 0, Vi = 1,2,...,n, then in this
case we have to suppose that 0In0 = 01In(3) = 0. It is generally common to
take all the logarithms with base 2, but here we have taken only natural log-
arithms.

We can observe that the measure (1.1) is not symmetric in P and Q. Its
symmetric version famous as J—divergence [11,12] is given by

J(PO) = K(P| Q) + K(Q|P) = Z@, 0 1n(p’) (1.2)

In this paper our aim is to present one parametric generalizations of the
measure (1.1), calling relative information of type s and then to consider it in
terms of Csiszar’s f-divergence. Aim is also to obtain bounds on these mea-
sures using Dragomir’s approach. Some particular cases are also studied.

2. Relative information of type s
Rényi (1961) for the first time gave one parametric generalization of the
relative information given in (1.1). Later other authors presented alternative

ways of generalizing it. These generalizations are as follows:

o Relative information of order r [16]

K'(P|O)=(r—1) <Zp,’q3 ) 41, r>0. (2.1)
o Relative information of type s [17]
K(P||Q) = (s — 1)~ lzp;q; s—1 ] s#1, s>0. (2.2)

In particular we have

lim K'(P|[0) = lim 'K.(P||Q) = K(P|Q).

Let us consider the modified version of the measure (2.2) given by

K (PQ) = [s(s — 1)] [Zp:qf‘—ll, s#0,1. (2.3)
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In this case we have the following limiting cases
lim*K,(P[|Q) = K(P[|Q)
and
lim K, (P[|0) = K(0|P).

The expression (2.3) has been studied by Vajda [22].
We have the following particular cases of the measures (2.2) and (2.3).

(i) When s = 0, one gets
'Ko(P||Q) =0
and
lim K, (P|0) = K(Q|[P).
(ii) When s = 1, we have
lim 'K,(P|0) = K(PI|Q)
and
lim K, (P[|0) = K(P||Q).
(iii) When s = 1, we note

2'K12(PllQ) = *Ki2(PlIQ) = 4[1 — B(P||Q)] = 4h(P(|Q),

where

B(P||Q) = Z\/IT% (2.4)

is the famous as Bhattacharyya’s [1] distance, and

h(P|Q) = ZZ¢‘VF (23)

is famous as the Hellinger’s [10] discrimination.
(iv) When s = 2, we have

'K>(P||Q) = 2'K:(P||Q) = £ (p, q),

where
2(PlQ) = Z(p 4 Zp’— (2.6)

is the y?-divergence [14].
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For simplicity, let us write the measures (2.2) and (2.3) in the unified
way:

_JK(PIO), s #1,
P, (P||Q) = {K(P|Q)7 . (2.7)
and
2K (P|Q), s#0,1,
P,(P|Q) = { K(Q|IP), s=0, (2.8)
K(PQ), s=1,
respectively.

More details on the generalized information and divergence measures can be
seen in Taneja [18-21].

3. Csiszars f-divergence and information inequalities

In this section we shall present Csiszar’s f-divergence and bounds on it in
terms of measure (2.3). Some bounds due to Dragomir [5-9] are also specified.

Given a convex function f : [0,00) — R, the f-divergence measure intro-
duced by Csiszar [3] is given by

Crlp,q) :q,—f@), (3.1)

where p,q € R’.
The following two theorems are due to Csiszar and Korner [4].

Theorem 3.1 (Joint convexity). Let f : [0,00) — R be convex, then Cr(p,q) is
Jjointly convex in p and q, where p,q € R'...

Theorem 3.2 (Jensen’s inequality). Let f : [0,00) — R be a convex function.
Then for any p,q € R', with P, =%" p; >0, Q, =>_1_ p; > 0, we have the
inequality

C/p.q) > an(§").

The equality sign holds iff

A A —

q1 92 Qn.
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In particular, for all P,Q € A,, we have
Cr(PlO) = f(1),
with equality iff P = Q.
In view of Theorems 3.1 and 3.2, we can state the following results.
Result 3.1. For all P,Q € A,, we note that

1) P(P||Q) =0, s = 0 with equality iff P = Q;
(it) @,(P||Q) = 0 for any s € R, with equality iff P = Q;
(i) P,(P||Q), s =0 a convex function of the pair of distributions (P,Q) €
An X An;
(iv) @4(P||Q) a convex function of the pair of distributions (P, Q) € A, x A, and
for any s € R.

Proof. Take

me{@_l)%f_w’s#L (3.2)

ulnu, s=1,

for all u > 0 in (3.1). Then

C/(Pl0) = P1o) = { i 47

Moreover,

TN (s— D st =1), s#1,

W (u) {1+m% O (3.3)
and

” ,5'727 17

HORS B (34

Thus we have ¥ (u) > 0 for all u > 0 and s > 0, and hence, () is convex
for all u > 0. Also, we have (1) = 0. In view of Theorems 3.1 and 3.2 we have
the proof of parts (i) and (iii), respectively.

Again take

{b@—lﬂﬂw—l—du—UL s£0,1,
¢y(u) =< u—1-Inu, s=0, (3.3)

1 —u+ulnu, s=1,
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then for all # > 0 in (3.1). Then we get

*K,(Pl|Q), s#0,1,
Cr(PlQ) = @:(P|Q) = { K(Q|P), s=0,
KP|Q), s=1.

Moreover,

(s—D7'ar ' =1), s#0,1,

() =q1—-ul, s =0, (3.6)
Inu, s=1

and

w2 s#£0,1,

¢lu)=1< u? s=0, (3.7)
ul, s=1.

Thus we have ¢! (u) > 0 for all u > 0, and any s € R, and hence, ¢, (u) is
convex for all u > 0. Also, we have ¢ (1) = 0. In view of Theorems 3.1 and 3.2
we have the proof of parts (ii) and (iv), respectively. [

For some studies on the measure (3.5) refer to Liese and Vajda [13],
Osterreicher [15] and Cerone et al. [2].

Since the measure (2.3) gives more particular cases rather than measure (2.2)
and is also nonnegative for all s € R, from now onward, we shall consider only
the measure (2.3).

The following theorem is due to Dragomir [5,6].

Theorem 3.3. Let f : R, — R be a differentiable convex function. Then for all
p,q € R, we have the inequalities:

FE - 0)<Crpg) — 0 ()< (%p) —Cpg) (3.8)

and

2
Ogcf”(p,q)—an(ﬂ)ng/(%J)) _gcf/(p’q)a (39)

n

where f' : R, — R is the derivative of f.
If f is strictly convex then the equalities in (3.8) and (3.9) hold iff p = q.
We can also write

ps(prg) = Cp (%2,17> - Crp,q) = lzn;(pz— - qz-)f’(%). (3.10)
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From the information-theoretic point of view we shall use the following
proposition.

Proposition 3.1. Let f : R, — R be differentiable convex. If P,Q € A,, then we
can state

PZ
0<cPlo) - 1) <6 (G 1P) - o) G.11)
with equalities iff P = Q.
In view of Proposition 3.1, we have the following result.

Result 3.2. Let P,Q € 4, and s € R. Then

0< @,(P[lQ) <n,(P||0), (3.12)
where
P2
n(PlO) = C (5 ||P) (PO
1 i s—1
:{<s—1> Shm—a)(2) . s o)
Y- q)in (%), s=1.

The proof is an immediate consequence of the Proposition 3.1 by substi-

tuting f'(-) by ¢,(-), where ¢,(-) is given by (3.5).
The measure (3.13) admits the following particular cases:

() no(PIQ) = 2*(QIIP),
(i) n,(PlQ) = J(PI|Q),
(iii) n,(PQ) = 2*(P|Q).

We state the following corollaries as particular cases of Result 3.2.

Corollary 3.1. We have

0<K(0IP) < 2(0lP), (3.14)
0<K(P|Q) <J(Pl), (3.15)
0<4H(P0) <mya(PQ). (3.16)
0< 3Pl < 2(PI0). (317)

Proof. (3.14) follows by taking s = 0, (3.15) follows by taking s =1, (3.16)
follows by taking s = 1 and (3.17) follows by taking s = 2 in (3.12). O
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The measure 7, /2(P||Q) appearing in (3.16) is given by

maP10) =5 3 (a2 (3.18)

The expression (3.18) is the same as (3.13) for s =

We observe that the inequalities (3.15) and (3.17) of the above corollary are
quite obvious.

Now, we shall present a theorem that generalizes the one studied by
Dragomir [7-9]. The theorem studied here cover three theorems studied in each
of the papers [7-9] separately. Its particular cases are given in Section 4.

B—

Theorem 3.4. Let f: 1 C R, — R be a mapping which is normalized, i.e.,
f(1) = 0 and suppose the assumptions:

(1) f is twice differentiable on (r,R), where 0 <r< 1< R< o0;
(i) there exists the real constants m, M such that m < M and

m<x " (x) <M, Vx € (r,R), s€R. (3.19)

If P,Q € A, are discrete probability distributions satisfying the assumption

p.
—1<R<oo,

i

0<r<

then we have the inequalities:
m®,(P||Q) < C/(P||Q) <M ®s(P||Q) (3.20)

and

m(n,(P||Q) — @,(P[|Q)) < p,(P|Q) — Cr(PI|Q) < M(ny(P||Q) — ®5(P||Q)),
(3.21)

where @s(P||Q), p;(P||Q) and n,(P||Q) are as given by (2.8), (3.10) and (3.13),
respectively.

Proof. Let us consider the functions F,,(-) and Fy,(-) given by

Fons(u) = f(u) — meg(u) (3.22)
and

Fus(u) = M (u) = f(u), (3.23)

respectively, where m and M are as given by (3.19) and function ¢ (-) is as given
by (3.5).
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Since f(u) and ¢,(u) are normalized, then F, () and Fy,(-) are also nor-
malized, i.e., F, (1) =0 and Fy; (1) = 0. Moreover, the functions f(u) and
¢,(u) are twice differentiable. Then in view of (3.7), we have

Fo ) = ") = m > =2 ) = m) > 0

and

Fypo(u) = Mu™ — f"(u) = u (M — =" (u)) >0,

for allu € (r,R) and s € R. Thus the functions F,, () and Fj,,(-) are convex on

(r,R).
According to Proposition 3.1, we have
Cr,,(Pl|Q) = C/(P|Q) — m®(P||Q) = 0 (3.24)
and
Cry (PQ) = M®,(P||Q) — C;(P||Q) = 0. (3.25)

Combining (3.24) and (3.25) we have the proof of (3.20).

We shall now prove the validity of inequalities (3.21). We have seen above
that the real mappings F,,(-) and Fj,(-) defined over R, given by (3.22) and
(3.23), respectively are normalized, twice differentiable and convex related to
(r,R). Applying the r.h.s. of the inequalities (3.11), we have

P2
s, (P10) < Coe. (51P) - Coe (Pl0) (3.26)
and
PZ
Cr (PI0) <, (5 1P) - s, (Pl (327)
respectively.
Moreover,
Cr,,(P||Q) = Cy(P||Q) — m®,(P|| Q) (3.28)
and
Cr,(P||Q) = M®y(P||Q) — Cr(P||Q). (3.29)

In view of (3.26) and (3.28), we have
2

P
C,(P|0) — m,(P||0) <cffm4,g( ) ¢y (P1O)-

—|P
ol
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Thus,

P2 P2
¢,(P|0) - ma,(P|0) < C; (Q ||P) —mC (Q ||P) — ¢, (Plo)
+ mC¢; (P)O).
Equivalently,

nlea (% 1P) - curlo) - a.10)

P2
<Cp (5 ||P) c(Plo) - (PO,
This gives,

m(n,(Pl|Q) — @,(P||Q)) < p;(P||Q) — C/(P[|Q).

Thus, we have the L.h.s. of the inequalities (3.23).
Again in view of (3.27) and (3.29), we have

P2
MO.(PIQ) - C/(PI0) < Cuy (5 1P) = Cu 1 P10
Thus,
PZ P2
M®.(P|0) - C/(P|l0) < MC,y (Q ||P) ¢ (Q |P)
— MCy(P|Q) + Cr(P||0).
This gives,

o (% ||P) ¢, (PlO) - ¢ (PlO)

<ufey (5 1P) - cuPl) - a.pl0)].

Finally,

ps(PIlQ) = Cr(PQ) < M(n,(P[|Q) — @:(P[|Q))-
Thus we have the r.h.s. of the inequalities (3.22) O

Remark 3.1. The above theorem unifies and generalizes the three different
theorems studied by Dragomir in three different papers [7] (for s = 2), [8] (for
s = 1) and [9] (for s = 1). These particular cases will appear in the next section.
Moreover, we have one more particular case for s = 0 which was not studied
before. The above theorem also admits one more interesting case for s = 3, and
it shall be studied elsewhere.
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4. Information inequalities

In this section, we shall present particular cases of Theorem 3.4. Some of
these particular cases include the results due to Dragomir [7-9].

4.1. Information bounds in terms of y’-divergence
The case s = 2 of Theorem 3.4 gives:

Proposition 4.1. Let f : I C R, — R be a mapping which is normalized, i.e.,
f(1) = 0 and suppose the assumptions:

(1) f is twice differentiable on (r,R), where 0 <r< 1< R< o0;
(i) there exists the real constants m, M such that m < M and
m<f(x) <M, Vxe(rR).
If P,Q € A, are discrete probability distributions satisfying the assumption
b <R < o0,

1

0<r<

then we have the inequalities:

S2PI0) (4.1)

F2(PIO) <G (PIQ) <
and

m , M,

Z72(PIO) < p,(PIO) = € (PIIO) < T 2(PIIO), (4.2)

where p,(P||Q) and y*(P||Q) are as given by (3.10) and (2.6), respectively.
In view of Proposition 4.1 we can state the following result.

Result 4.1. Let P,Q € A, and s € R. Let there exists r, R such that r < R and

&§R<oo, Vie{l,2,...,n},

1

0<r<

then Proposition 4.1 yields

Rs—2 rs'—Z

—7(PI0) < 8,(PI0) < - £(PI0).s <2 (43)
s—2 RS—2

—7(PI0) < 9,(PIQ) < S 2(P|Q).s > 2. (44)
R? r

2
51 (P1OQ) <n,(PlIQ) — &,(PI0) < ' (P0),s <2, (4.5)
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rv72 R,v72

51 (PIO) <n(PQ) = &,(PIQ) < -7 (PlIQ).s > 2. (4.6)
Proof. According to expression (3.7), we have
#lw) =
Now if u € [a,b] C (0,00), then we have
b572 < ¢Ivl(u) <a5727 S<2,
or accordingly,
" g "5‘727 X 27
{75055 @7)
and
<R, 522,
q’)';(u){ > R572 s < 2 (48)

where r and R are as defined above.

Thus in view of (4.7), (4.8) and (4.1), we get the inequalities (4.3) and (4.4).
Again, in view of (4.7), (4.8) and (4.2), we get the inequalities (4.5) and
(4.6). O

In view of Result 4.1, we obtain the following corollary.

Corollary 4.1. Under the conditions of Result 4.1, we have

1 1
S (P10 <K(QIP) < 5.5 2(Pl0), (49)
1 1
S (PIO) <K (PIO) < 5. 2(PI0), (4.10)
1 1
<! (PIO)<h(PIO) < 7 (PlO), (4.11)
R+1 1
o (PI0) <J(PlO) < T A (Pll0) (4.12)

Proof. (4.9) follows by taking s = 0, (4.10) follows by taking s = 1 and (4.11)
follows by taking s = 1 in (4.3). (4.12) follows by adding (4.9) and (4.10). While
for s = 2, we have equality sign. O
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Corollary 4.2. Under the conditions of Result 4.1, one gets

1
s X (PlO) < (QlIP) = K(QIIP) < 357 (Pl|Q), (4.13)
1 1
s (PIO) <K(QIP) < 5-7(PllQ), (4.14)
1 1 1
8\/ﬁ;fz(PHQ) < gmpPlQ) = APIQ) < 87\/73%2(1’||Q)~ (4.15)

Proof. (4.13) follows by taking s = 0, (4.14) follows by taking s = 1 and (4.15)
follows by taking s = % in (4.5). While for s = 2, we have equality sign. [

4.2. Information bounds in terms of Kullback—Leibler relative information
The case s = 1 of Theorem 3.4 gives:

Proposition 4.2. Let [ : I C R, — R be a mapping which is normalized, i.e.,
f(1) = 0 and suppose the assumptions:

(1) f is twice differentiable on (r,R), where 0 <r <1< R < o0;
(i) there exists the real constants m, M such that m < M and
m<xf’(x) <M, Vxe(r,R).
If P,Q € A, are discrete probability distributions satisfying the assumption
P <R < o0,

1

0<r<

then we have the inequalities:

mK (P||Q) < Cr(P[|Q) < MK(P||Q) (4.16)
and
mK(0||P) < ps(P||Q) — C/(P||Q) < MK(Q||P), (4.17)

where p(P||Q) and K(P||Q) are as given by (3.10) and (1.1), respectively.
In view of Proposition 4.2 we have the following result.

Result 4.2. Let P,Q € A, and s € R. Let there exists r, R such that r < R and

O<r<‘lﬁ<R<oo, vie{l,2,...,n},

then Proposition 4.2 yields
rK(PIO) < 9,(PIQ) <R TK(PO), s> 1, (4.18)
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RK(PIO) < 0,(PI0) < K (PQ), s<1, (4.19)
PIK(QIP) <, (PQ) - B.(PIQ) <RTK(QIP), s>1, (4.20)
RK(Q|IP) < n,(PIO) — €,(PII0) <P 'K(Q|IP), s<L. (4.21)

Proof. According to expression (3.7), we have
#) =i

Let us define the function g : [r,R] — R such that g(u) = u¢! (u) = v,
then

_ R s>
usel[lrg]g(u){rvl’ s< 1 (4.22)
and
_ sz
it e = {10 02 (423)

In view of (4.22), (4.23) and (4.16), we have the proof of the inequalities
(4.18) and 4.19. Again in view of (4.22), (4.23) and (4.17) we have the proof of
the inequalities (4.20) and (4.21). O

In view of Result 4.2, we state the following corollaries.

Corollary 4.3. Under the conditions of Result 4.2, one gets

LK(P|Q) <K(QIP) < K(P0) (4.24)
; f K(PIQ) <HPIQ)< 1~ K(PI0) (4.25)
2K(P|0) < 2(P]|0) < 2RK (P]|0). (4.26)

Proof. (4.24) follows by taking s = 0, (4.25) follows by taking s :% in (4.19)
and (4.26) follows by taking s =2 in (4.18). For s =1, we have equality
sign. [

Corollary 4.4. Under the conditions of Result 4.2, we obtain

l1<<Q||P> < 2(P0) — K(Q|P) < lK(QIIP), (4.27)

~

4\/— (PlQ) < 4171/2P||Q) h(P(|Q) < \[ K(QllP), (4.28)
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2rK(Q||P) < 2*(P||Q) < 2RK(Q||P). (4.29)

Proof. (4.27) follows by taking s = 0, (4.28) follows by taking s :% in (4.21)
and (4.29) follows by taking s =2 in (4.20). For s =1, we have equality
sign. [

The following corollary is a consequence of the Corollaries 4.3 and 4.4.

Corollary 4.5. Under the conditions of Result 4.2, one gets
K(PlQ)

r< Xl <R, (4.30)
K(P|Q)
4/r < WO <4VR, (4.31)
2 (PlO)
< Fl0) <2R. (4.32)

The inequalities given in Corollary 4.5 can also be written in different forms
given below.

Corollary 4.6. Under the conditions of Result 4.2, we obtain

2k plo) <aPlo) < T k(Plo) 433)
471 ~BPI0) < K(PI0) < 4R = BAIO), 434)
- 1K (PIO) <B(PIO) < 1~ K (7). (433)
S (PIO) <J(PIO) < 1 2 (P0), (4.36)
27 (PIO)<K(PIO)< 57 (PO). 4.37)

Inequalities (4.34) and (4.35) are equivalent but are written in different
forms.

In particular for s = 0 in Theorem 3.4, we can state the following propo-
sition.

Proposition 4.3. Let f : I C R, — R be a mapping which is normalized, i.e.,
f(1) = 0 and suppose the assumptions:

(1) f is twice differentiable on (r,R), where 0 <r<1<R< o0;
(i) there exists the real constants m, M such that m < M and
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m<xf"(x) <M, Vxé< (rR).

If P,Q € A, are discrete probability distributions satisfying the assumption
b <R < o0,

qi
then we have the inequalities:

mK (Q||P) < C;(P||Q) <MK (Q||P) (4.38)

0<r<

and
m(*(Q||P) — K(QIIP)) < p,(P|Q) — C/(P|O)
<M (7’ (0lIP) — K(QIIP)), (4.39)

where p(P||Q), 1*(P||Q) and K(P||Q) as given by (3.10), (2.6) and (1.1),
respectively.

Inequalities (4.38) and (4.39) are new and were not studied before.
In view of Proposition 4.3, we obtain the following result.

Result 4.3. Let P,Q € A, and s € R. Let there exists r, R such that r < R and
pi <R< oo, Vie{l,2,...,n},
qi

then Proposition 4.3 yields

0<r<

rK(Q|IP) < ®y(P|Q) < R'K(Q|IP), s=0, (4.40)
RK(Q||P) < ,(P||Q) < °K(Q|IP), s<0, (4.41)
r(2(QIP) — K(Q|P)) <n,(PQ) — #,(P|| Q)
<R(2(0lIP) - K(QIIP), s>0, (4.42)
R ((QIP) — K(QIIP) <n,(PQ) — @:(P[Q)
<P (7 (QlP) - K(Q|P)), s<0. (4.43)

Proof. According to expression (3.7), we can write
Pllu) =,
Let us define the function g : [r,R] — R such that g(u) = u’¢ (u) = ', then

{RS, s =0,

s 520 (4.44)

sup g(u) =

u€lr,R]
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and

. r, s=0,
f ) = {RS, s<0. (4.45)

In view of (4.44), (4.45) and (4.38) we have the inequalities (4.40) and (4.41).
Again in view of (4.44), (4.45) and (4.39) we have the inequalities (4.42) and
(4.43). O

In view of Result 4.3, we get the following corollaries.

Corollary 4.7. Under the conditions of Result 4.3, we have

K (Q|IP) <K(P|0) <RK(Q|P). (4.46)
L VIK(QIP) <H(PIO) < VRK(Q|P), (447)
22K(0IP) < 7(PI0) < 2RK(Q]1P) (4.48)

Proof. (4.46) follows by taking s = 1, (4.47) follows by taking s = % and (4.48)
follows by taking s = 2 in (4.40). For s = 0, we have equality sign. [

Corollary 4.8. Under the conditions of Result 4.3, we obtain

1+R 1
+R +

(0lIP) < 22(0lIP) < —ZK(0||P), (4.49)

7

R
VE0IP) ~ K(QIP) < 111 (PO) — WPIO)

|

< IVR(Z(QIP) ~ K(Q|P)). (450)
27 (2(0|IP) — K(QIIP)) < 2A(P|Q) <2R2(£(Q|IP) — K(Q||P)).  (4.51)

Proof. (4.49) follows by taking s = 1, (4.50) follows by taking s =1 and (4.51)
follows by taking s = 2 in (4.42). For s = 0, we have equality sign. [

4.3. Information bounds in terms of Hellinger’s discrimination
The case s = % of Theorem 3.4 gives:

Proposition 4.4. Let f : I C R, — R the generating mapping is normalized, i.e.,
f(1) =0 and satisfy the assumptions:

(i) f is twice differentiable on (r,R), where 0 <r< 1< R< o0;
(i) there exists the real constants m, M such that m < M and
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m<x*2f"(x) <M, Vx € (r,R).

If P,Q € A, are discrete probability distributions satisfying the assumption

p.
—l_<R<oo,

1

0<r<

then we have the inequalities:
4mh(P|Q) < Cy(P||Q) < 4Mh(P||Q) (4.52)

and
1
an( 12(PIO) = HPIO) ) <, PO) - C/(PIO)

<o (Jnarlo - urie). @y

where h(P||Q) is the Hellinger’s divergence given by (2.5), p,(P||Q) is as given by
(3.10) and n,5(P||Q) is as given by (3.18).

In view of Proposition 4.4, we state the following result.

Result 4.4. Let P,Q € A, and s € R. Let there exists r, R such that r < R and
0<r§&<R<oo, vie{l,2,...,n},
qi

then Proposition 4.4 yields

4H(PIQ) < (P Q) ARH(P0).5 > 1. (4.54)
ARH(PQ) < 9,(PIQ) <47 H(PQ). 5 < 5. (4.55)
w2 pua(PlO) - P19)) <n.(PIQ) - 2.(PQ)

<4 (JnaPlo) - HPI)). 5= 3. (456)
417 (31,:(P10) - HPIQ) ) <n(PIO) - 071

<% (GnalPlo) - HPI0)). s< 3. (@57

Proof. Let the function ¢,(u) given by (3.5) is defined over [r,R]. Defining
=u

g(u) = PP (u) = wPu? = w7, we get
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sup g(u) = {R £2 3 (4.58)
uelr.R] rz, s < )

and
) A s> L

In view of (4.58), (4.59) and (4.52) we get the proof of the inequalities (4.54)
and (4.55). Again in view of (4.58), (4.59) and (4.53) we get the proof of the
inequalities (4.56) and (4.57). O

In view of Result 4.4, we obtain the following corollary.

Corollary 4.9. Under the conditions of Result 4.4, one gets

%h(PIQ) <K(Q|P) < %h(PnQ), (4.60)
4v/rh(P|Q) < K (P]|0) < 4/RA(P| Q). (4.61)
8VER(Pl|Q) < 2(P|0) < 8VEh(P||Q). (4.62)

Proof. (4.60) follows by taking s = 0 in (4.55). (4.61) follows by taking s =1
and (4.62) follows by taking s =2 in (4.57). For s =1, we have equality
sign. [

Corollary 4.10. Under the conditions of Result 4.4, we have

2 (Gmaelo) - uelo)) < 2olp) - klp)

VR

<2 (Gmaelo - wr10)). (4.63)

1
P 3mPI0) ~ HPIO) ) <K(PIO) <4VR( 31aP0) - H(PIO) ).
(4.64)

1
SV y(PI0) - HP1Q)) < £(PIO) < 8VR (3 (PI0) ~ HPIQ) ).
(4.65)

Proof. (4.63) follows by taking s = 0, (4.64) follows by taking s = 1 and (4.65)
follows by taking s = 2 in Result 4.4. For s = 1, we have equality sign. O
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